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PREFACE 


A COURSE in theoretical mechanics often lacks the strength and 
vitality resulting from practical applications, whereas a course in 
applied mechanics is likely to be so technical and limited in its 
range as to obscure the meaning and scope of the fundamental 
principles involved. By properly combining theory and practice 
the efficiency of instruction is greatly increased, and mechanics 
also becomes a powerful instrument for coordinating mathematics 
and physics with technology. 

In this text the aim is to present the fundamental principles of 
mechanics in such a way as to emphasize their actual significance 
and relationship, and at the same time make them a matter of 
intelligent interest to the average student of junior grade in col- 
leges and universities, and in technical and engineering schools. 
In each article the explanation is given a body by direct applica- 
tion to some practical problem within the range of the student’s 
experience or understanding. 

Much of the subject matter will be found useful in reviewing 
earlier work in related subjects, thus unifying and correlating the 
student’s knowledge, and breaking down the artificial boundaries 
between “pure” mathematics,- “theoretical” physics, and “ap- 
plied” mechanics. For instance, the subject of elastic vibrations, 
presented in Articles 105 and 106, involves a physical interpreta- 
tion of Maclaurin’s theorem, simple trigonometric relations, the 
graphical representation of trigonometric functions, elementary 
differential equations, simple integration, the definition and proper- 
ties of harmonic motion, the composition of waves, the formation of 
nodes in vibrating strings, and practical engineering applications, 
although the discussion is so simple as to be easily intelligible. 
This aim has been kept in mind throughout the preparation of 
the text. 

The writer also believes that a student’s college text in me- 
chanics should find a permanent place in his professional library, 
as he will feel greater confidence in consulting a book with which 
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Wkkjuts anm> Mkasttuks — Condniteti 

('ruic\ OR Solid, Mkastuk 

United States and British 

17*28 cubic iiichcK I cubii* foot. 

‘J7 1 ‘ubic fci't I cubic yard. 

A coni of wood L x L 8' ■ 12H cubic feet.. 

A perch of luaKoury Id.fd x l.r>' x L 24.75 cubic feet, in geutuitliy JW 
Huuu'd at 25 cubic bad.. 


Buy Mkasi’ur 


United States Only 
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tlfliU? IfstetfL* 

1 4 12. 
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i 1 8. 
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517. n 

1 ' ’ 

2 i 

u]25 i 

(17.2 

' (t.o ! 

1 j 

0.125 1 

.11,0 

^ ' 

H 

1. 

1 *208.8 


A gallon of liquid nteiwtre ■ 2-11 cubic iiudicH. 

A lumped buMhtd Ij atruck bUHhelH. The cone In a bcaiicd btiHliel uuihI be 
not lewi than 0 inelnm hiidL 

A barrel of L. S, hydraulic cctuent 3 (K) to «110 pounda imually and of genuine 
Lortincnt cement 425 poundn. 

To retluce r S. dry meiwurim to liritinh iiiqH'rhd of tlie name name divide by 
l.OTi. 


Nautical Mkahi^uk 

A niiiiiiciil tu* Hell mllti m the length td a minnte of longitude, of the. imitli iti the 
et|ui«or lit llie level of the nm. It la aaHunnni aa tKJHd.UT feet l.lf»2dd4 utiitiile or 
bind iiiilci by ibe T. S. Survey. 
ll iiaiitlciil miles ■ ■ I league, 

1 knot 'v I niniticiil mile per hour. 
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VmcxntFF.iiK^cKs and Ahkas of CrurLKH — Ctmtinimi 
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.TKU 

FKUKNt'K 

SqfAUK 

KTKU 
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Hquahu 

OTKIt 

FKUKNfK 

hm-\ur, 

'{(’HKH 
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Inchkh 

; Infiikh 

Inchkh 
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iNClIKH 
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270.002 

0221.1 1 
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XXXIX 


\Vr-n(nirs of \L\iuouh SuBrtTAK<’KH — 


M.vtkui.m, 


XXr.Utni i\ 
Un Ft ^ 
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d Ilydraulu*. 
Ceuu‘ait 


Quickliuus loose (strufk Imshtd (Ul) 
Qiiiokliiue, well sliaken 
Aiiic'deaii Louisville, loose 
Auu'i'ieaii Uosendale, 1 (»oh(* 
AnuM'ieau C^uiuberlaud, knise 
Aiutu'ieau (’umluu’laiul, well shaken 
English Portland 
Aineriean Portland, loom* 

Anuuiean PorMamU well shaken 
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TABLE Ti 


MKNSmiATIONf 
Cuu’ULAu Mkahuuk 
'Sircumferenet^ of circle*, rr dianu'U'r x H.141H, 

DiaineU'r of circle* circumference* x D.JllHH. 

^itle of Hejuan^ of Hamt* periphery an circle diameter X 0.7B54, 
Diameter of circU* of aame periplu‘ry an Hepiare = aide X L27Ji2. 
■>ide of an Inacrihed aquare^ r- dlameteu' of circle x 0.7071. 
[auigth of arc -- number of degn*eH x diam(*ter x O.OOB727. 
Dircumforence of circle who«e diameUu' in I — r. 
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0.24Hf*7404 


/ ihHdiHlOl 
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I mitiiin : : angle by circular arc cqtial in length tt* the ratliuw of the circhq 

w riuiilinH IHU «legree«; 

1 ratliiin ^ j ■ ■■ 

of ciKsle iirpii m^epir lean triangle; uLo for flat HeMtnf*nr#i vt^ry 

irly i 

\ '4 

4lde of aqiiiire of a|i|iriixiitiately wtine area m circle ■■■■. lUiitneter x ; uimn 

ciiitifenuice 

Dianirter of cinde of wiiue area m i^quare >title I J2H-I approxlmait^lv . 

\rcii «if immlMila hwe k | height. 

\nm of etll|»»i+ long iMaiiieief x ahort tliiim«?ter x 0,7H/»I. 

Xrm of w^giilar indygiut Mim of ultlcii n half |ii*r|auiflicuhir iliJ^tanee from miter 
ilileii. 
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TAHLKS OF <'«>NSTAN rs 


Siirfact* of ryliiwli'f " r ifouiafor»*Ht*i‘ h ? iu*%t »•! **iv-i*» 

SurfiU!o of Hjthoro tliiiaifior H«|uaroil «, ^--o-ninfrir.iir,- 

Surfiw*o c»! a right pymmiti or ooiio ■ |-«'ii|»ht'rv »»r rirruiofrir^io.-*- -f l>4m- ♦ |t, 4 || 
Hliuit hoight. 

SurfatHM»f a fruHtniu of a tvgular right pu‘4mi4 or s*>ojr -. 0,111 |;r*ii|.hrrir,i4 lif 
oircuiuforoiu’o.H <»f t!io twootulH luilf hriijht » aroa *4 rii.l-i, 

Th«i follofwiiig forniulio aro usod to obtain tho *4 is fr ., -4i,ir pman- »iiirliiri'i 

which arc boiuuiiHl by 11 aial t«o o aird ,ri |o-r 
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'rio' fonimhc arc given in the nrdor of their ai*»nira*'y, 
iu’curatt'. 

Th<^ aurfaw la dhidotl Into ntiy intmbrr »*.l »*f parallel ni^i^ iijr .«,.i|i||„ 

whiUiH claiul whoao midtUoordinateM are reiin-fti’iited by hu h:, h-,, . aij4 

I. Anta - tJxSA I '.''{H.j ( . .'j***- < K , ■ ^ 

1 I'l !x f'di'ip I 

n. Ami - il X XA i ‘f (« ~ A|) . *■ A, i I'. H, . :. i » ,t,i„ j 

12 

IIL Arm-dxZh, 

Sot.in 

IVIntn, right or oblli|ni’% fr areii of ba^e - be.ij,;'bi. 

Cyllmler, right i»r «»bllt|Ui% iiri^atif mn^km at lichi 

Hphero ■■■:’ duunefer mbcil h , ali**» #otl 4 rr | HlsjUio'.’iiiRi 

Pyrainkl tir cone, right or obii*|tt»% regular or irregnliii, a#r.tfi *4 1 ,^..^ * | 
pcrpondhndar heigid. 

A prinmoid Ik a «olld boiimh^d by ali plane only . f »fr. m 

1*0 find ihf^ I’oiiteiiU of li prkiiioitt, mU logeiliet ih*. *4 rkc. !•».>, 

i«rfiira*fi find four tittmi itw iiroit of n.i 

tliitifl, itiiii iiiiiili|4y ihomim by | of the |W|»ii4i*-nlar 41*1.111. « thr 

allitl mrhmm, 

Aup>a 

Triiiiigle ’ liaM^ *. half |a*r|»fndieiilar hei«tii,. 

Fitridlrlo«raiti * l«u|t«*ntlirt$lar loduhl. 

Tra|**‘»iiil - luilf fli«* *4 tfie parallid uhle* ¥, br.ighi 

Trafii^riiiiii* fiiutiil tiy dnidoig into two ifiaiigle*, 

I ifldf^ ■ t||lltltt’l#»r ««|ltafrii % IhTHol, elfiJtitiitefrarr® ♦ il 

Hi’«4or of rirrii* r Iriinlli of iirr >■ half w»b»t» 


THE THEORY AND PRACTICE OF MECHANKJS 


CIIAFTKIi I 


KINEMATICS 


1. Classification. pn^scnt. t>l nuH'haiiioH iiiakrH it 

(IcHirahle, i^njunnally lor purpost^n of iustruotinn, to cU%‘uto llio 
Hul^ject imto Hovt‘ral hranrhos, 'Flu* folluwin^^ in iho euHtoiiiary 
meiliod of division : 


Kinematics ; 


Mechanics 


(fcoinotry of nu>tion, I'Kchidin^^ tlio idoas<»f forrt* 
and inatt<*r. 

Dynamics; Kinetics; Foihm* u.nd niotiini. 

Aft ion td' h»rt*f - 

npon nnitUn*. (Statics; Forofs in tH|tiili!irium. 


It is also fonvoniiOd Ui Hulnlividf dynaniifs arfi^rdini*; to tin* 
naturf of tlu^ hodios (‘onHidtnaal. Tho ftdlowtno is tin* fUntoniary 
f lussilifut ion, thf nainoH tin tho right being thoso ftninuon!} Iioind 
in tt*xtb«iokH: 


DynanufH of 


rhiHH’ft it‘nl i>r analvtiful inetdiainf •’«»- 


PartiflfH ; 1 

lUgid iHidiosil 
Khistif bodifs; AppUtal nnadianifs or MirfUigth of 
rnati*riulH. 

FlnidH ; IlydrodynninifH or hydrstuln’H, 

C ; llnn’modyinimtfH ami a.f rodvimnuf h. 


2* Motion, - Mt*fliiudfH is fomannifil jirirnarily with, tin- ariistii 
of fori'o upon ijiatter. Many prtddfins, lanvfVfr, ndatf .sinipl^ i** 
dfHrriptiotw Ilf motion, without roffrimre to iho riiimo iif nifiiinii 
or the iiiitiiro of tint body movrd, 'rids hm givtai in u -ipn-ijil 
bratudi of tlio Hubjeoi tmllfil Kinematici c ^*rffk, pniaiiiiii^ i*t 
intilioti whioti was tlio first to riHadvi* sfifiilitif «if vidt»|iitir”iii, 
and offcirs ii tiiiiiiriil iiitroduotioti to tho sindy of tho oiiitn^ f%tibjfii, . 

I 
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THEORY AND PHACTH'K OF MKOIlWfos 




nujtion invc>lvt»H twt» qunntit I iimi* am! kiiiriii 4 |. 

icH may ba tlmunlnnl m ilit* m! 'flir Iiiiiit 4 , 

laeutal oaicoptH uptai whirh kininiiat h’h ^4 haHnl ari* iliii^i |}||» 
intuitive idean of tinu* anti npare. llio uiiif-t in frriu^* mC ttliti.fi 
theme quantitum are exprirnmnl are llii» oriliiiiir\- niu!** mI lrii|r||| 
and time in eomimm tme. A diHeuanioii of ih*** ^u.iiitliiniii fri,||| 
which they are obtained ig given in ('hapter II. 

The pemitiem of a InhIv in tHiinpleleli dofiuaiiiiii'«l ulii’n |1,|» 
poBitiouH of three of it« point-gf not in the mine .^^ir.iurhl, lim,^ 
given. In gtmeraU therefore, problems in iiniiiiui b«^ rriinn.ij 
to the Htudy of i\m motion i»f iitiitheiiiiilieiit prniit^i. ‘Hioi 
taten bouu^ iiieanH of hamting points, giieh iig or 

polar syntem of etnirdinaieH. Siieli ii eoorttiiiiili.^ nu%y ilii^n 

he UHetl an a frame of reference upon whieh ifm piifJoi fMll«ri%i«ij |iy 
any number of moving pointa, tir other eliiininm ifn^ii- 

motion, may be mappt^d out and their reliilioiifi itei«oiiiiiiftb 

Tlie path followed liy a moving poiiil lungf be ginre 

it ig obvioualy imponaible for a body to dimpjimr bo' am intrrviil 
of timoj however mnall, and then reiijqiear iiioi ri-^niino tin 
Theeurvaturaof tlie path nuiat hIho tHM.'t»ntmiiotiH, pit?,A|tib* 

at points where some new faetiir authleiily in the 

motion, in which eiwe tliere are two or more gepiinile miil 
give Btiitcm of motion to he conaidered. 

3. Scalars and Vectors, — In folliovs it %tiU 
to eonnider two kinda of i|imriiitie*i : lliowe wlnrb iti%i4%p 
tilde only, and tlnwe which involve both iitiiginitide mi4 
Quaniititm involving miigiiitndo on!>%, giieh m Imiijn^riilnrr, 
deiwity, work, vtwrgy, etc., may W repremmted by iitimb.r^ «ii a 
icale, and are therefore ciiilled Kallfi* Tho#e mliirJi im’tim 
direction iw well na magnitiidii, siieh m 

force, iiioiiient, etc., are enlled wmMm. t*r utejm, A thm. m 

niiriply II tiiiiiiericiil magiiiiiide, when^ii# ii vrrt«*r tiiiiy !.» irprii. 
giiitol liy a ntniight line, mnm il inv*4ve,fi dirwiirin it,4t n,! 
iimgnil title. 

^Hctdiiri are added or anliiriteted by mmply taking t}ir loim t# 
ditfereiieti of the nnmlatrs nqirim»tiliiig lionii, Ik. m44 tiio 
or more mnitum, however, ititatm to t^le thr 

reprimeiited by them. Thus In Fig, 1, if mie 
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KINEMATK''H 




vector and BO anotlu^r, these two steps xnay hv n‘plaeeti Uy a 
single st(‘}) AO, which accordingly represents tlieir gt*onietrii’ sum 


or resultant It^versing tln^ 
proiH\ss, a singU^ vendor AO 
may he rtnsolvtnl into tavo or 
more v(H*tors OD and B(^, 
called its components. 

To add si'veral vtndors, the 
first two, AB and BO{ Kig. 2), 
may be eomhimul into a nssnlt- 
antiip this combined with tht^ 
third vector 01) into a result- 
ant <d<’M the last n»sultaut 


4 ^* 




VUL 


obtained being the gtoumtric. sum of all those prt^viously iMlcled, 

Or what amounts to t he same thing, 
the veetors AB, BO, OI>, etc., may 
ht^ laiil olT HueecHsively in unlei\eai*h 
Hturting from the ituaninal point of 
tlm erne preceding, in whitdi vmv the 
final resultant is simjdy the closing 
Hule of thi^ vtHdor p(»lyg<m h(» formett, 
taken in the direction frtun tin* ini- 
tial to the terminal point (Kig. Hu 
If Um initial and teriiiinal points uf 
the series (»f vei’.tors coinridiu it is 
eviilent that ilu‘ir resultant is /,ero. 
Tills coimtrue.tion is eallial the vector polygon, ami will lai iijijiliett 
in what hdlows to the eoniposition 
ami resolution of ilisplaeaunents, 
velocities, luaaderaiitins, for<mH, mo- 
ments, sectoriiil velocities, and otln*r 
vecitors. 

Note that in a vector piilygon the 
arrows imlieiiting t!ie direction of 
tlie vcietori are direi*ted from tlie 
initiiil toward tlie terminal point, 
wliitlier tlii piitli followed is that 
hidieiitiid liy tliii coitipoiient vecUirs 
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]' iiir. I 


or by tlunr renultant, dinniion uf tin* im 

a Hide of the force jH>Iy.iron thtn-eft*re ahvavs aj*|»i%irH fti Hr 
to that of itH compoueiilH. 

4- Composition and Resolution of DispliicemeiitH. ii .1 

eonHintH of Hcveral HOcs‘eHHive diH|*lac«oiieul^, O oi .iiaain i*f|tiH“a» 
lent to a ninifle dis|ilacemeiit rt^jn’entoili'il \n itn’ Im*^ ifm 

initial an<l tenninal pointH* Tfaw if in frMin piiim 

A to anotlier B the |>ath eonHisiH ef a t 4 m- 

iuirved Hiu^h, there m idwnys a Hiii||!e pafh h^i4iiiif diri*iilv in 
tlie nanu^ dcHtinaiion; nainety, the Hirat^fit line j^nutu;* J iip,| 

In other words a disjiliieeiiient in a %‘erli»r *|siaii!if 1 » ,iii4 ilii* 
rc'Hidtant of two or more tltH|ilaeetttenti4 itiiiy iheri'f.o-*^ oIw.ivh In* 

repn^nenfed l»i f he ?4ide 

of Ii %'riiMr 
plaim^d iil*oie. 

41ie ‘’lanie llirlfiod m| 
jlimitiiOi leild-H Iilhrihri liiii 
dlHpiiieeinrlit % pior-ict 

i-esniudy *n' ^oiiivtlFioeMicdr. 
To ttlioarale, no 1. 1 .1 
is ntccieii ible Jooih 1*1 rM|i|* 
(iii.sM and at iti*’ naiiie tone is 



carried dinu'ily west by tlie enrreiii. Hm hm.iimus nut ilirn 
take plane Hiinultiuieoimly. uith the resnlf ihat lip- *4 ilw 

vessel will be went of norlln Kvidenily Ihi^ rrioiliaiii doipliice* 
ineni would br the Hiiittti 
in nut^piilnde and direc‘tiorn 
when her tin* Cfanponeni dis- 
plac’enieiitH an* eonsidered 
n« taking place siinullane* 
otisly or i4iit*ecsi4iv«dy (Fig. 

4)* From tlie Hiimo nnghml 
of riiiiHfitiing it follows tliiii 
the reiiiltaiil of iiny set of 
veotor iliMplucioiient H irmy 
!)« fouiul by Iiiyini' tlii.iii off »ii i,. ,il.- ,ui.| 

(Imwiiig the ebwiiig «itl« of tjio v«tTt*ir imhgHO 
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By r(^ versing the. process, any given displatHnneui may he 
resolved into two or more (‘omponents by simply drawing a sm*- 
e.ession of lines, or vectors, which will form with the givtm 
displacement a closed poly- 
gon. This aftords a con- 
venient method f<n' finding 
analytically tlu^ nssultant of 
any given md of vetdor dis- 
placements. Thus let a 
rectangular eo(lrdinat(^ sys- 
tem be chosen and rt‘Holv(i 
each displacement into com- 
ponents parallel to the axi*s. 

I'hen the sum of tlie com- 
ponents paralhd t(» tdther 
axis will hi! the* comp(»m*nt of the resultant parallel to that nxis. 
For instance, in Fig. let (>A and OH r(*preHent twe^ vector 
diHpla(*ements lying in the same plane, and OX^ fM" tin* axes t»f 
co<>rtlinatt^H. I'hen if .fp //j denote the rectangtdar components 
of //a o{ (JH, and y of their resultant li, we Intve 

X ^ y « //j + y*| ; 

that is to say, t!ie X and V (amiponetits of the n*Hidtant H are 
e(|ual to the sums of the X and V eornponents respeetivtdy of 
0/1 ami OH. llie length of the veetor H is then found from 
the relation 

ft ^ V.!*^ y*-^, 

and its diretdioii from 0 ^ tan ^ 

r 

Althoiigli more indirect than the grapliiciil inethod nf itir^ 
vcid^or polygon, the analytical nictliod of residvini^ eimli 
placiiiiicnt Into its contponents parallel tc* the hxc.h anti ilirii 
linditig the resttlliiiit from the sums of these several etiiiipiuitoils 
is more coiivtitiietit to apply in pructiee. 
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M u ir. I 


mOUhEM 

1. Wluni li hitm i^urvi^v In ntiMl*s uf i** 4iit| 

iia bearing, «r angle with a nnrth atnl atiuth lsn«% taken, IIpa 
tlie Hiirvey nt^ten of ii tive-«i<led liebi : 



I'^.'/Si-:} » , ItH'' 

1 

N. :itf K. r;.i 

2 

K. Ho' tv 1 2^^ 

a 

S. ' Iv 

i 

H. dll'* W. .i.si 

a i 

K. rul|'' W . .vjn 




To l^ot Miolt a anrvey the niethoil t-timiitimly nw,i i** 

Into a north aiui aonth eiiiii|itntintl, atnl iiii »’aat atj*! iumtinmr.nt, In- winiii. 
plying ifcii kingfeh by the mna ami wmiiie iif lU A tunnuhi^$t i,* ifi^n 

laki off through tho inoit wentorly atothim »ml ilm K|}4 ,-41 *|„||| 

thk morltiian and lairiauulHudar to it ri*s|*»*etive|y, I;ii 4 .,it ||,|» 

im^ridiiifi are rall«^*i liifv-hi.lri, <iii 4 Ifnnis 
|i«’r|*»mdiet||#i |«* it .ite r#l|ri 4 

Iti^rvideiil llml mhr^i a lit-i 

gnii»» «fiitir»d>’‘ ar«#tiiii| %hr. iir.| 4 ^ ii« 

giiiiK m fat 11**1 ill m mid 

im-«t m we#t. ll lliP ttifA 

vey i«i rnrtvel. ll»»^ #001 «4 th*^ Lnttih latl* 
|iide*i iiui.ifcl lh*t mm% *4 lls#^ ».:»iil|| 

lalltmle% ami ilie »iir*i .4 ib« riiAi 4»» 

parii-lt’e# t%nii|| 1 14« Sirs 111 «>i| llurj 

depatlUf*^^, Tliiii i<i r^.|«|%a|rr,l hi 

ifig th#t if ilm Vii^ii,ir ilie 

ail<| br«'.,€;« 11,.^ ir:«,i.||||%t* 

itPiil,# are alM* f 1-10 1 1 

If m al4*t nr-t Ts„:i*b' Ms 

iitimitiriiig wiy liide, it will !w# ahowit by Ibe f^t that .4 

latiliiilra ami ile|tiirtiireii urn mit mhM% tbai iIk 

jwlygmi iitii In thin if ihr, #i|i| mm% 

dopartiirei li iletntted by x, and Iwtwiwti t|^ iwrili and mmth bf %, llie 

error in iti#i»iiwttieiit m ii|iproiiifi»tfdy 

t • %/ g^ ' ^ 
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and occurs in the cours (3 the direction 

$ = tiin“^ 

X 

thus affording a means by which a cjirelesa mistake may fnH|uently be locatiHl. 

In the premmt j)r<)blem de.teriiiine wlu^ther or not the survey ebisi'H by eniti. 
puling the latitudes and departures, and then balancing the north and 
latitudes and east and west dt‘partur<\s. 


5. Speed and Velocity. — I'o doHcriho the motion of ii poiiii it 
us ncccHHary to givt^ not only tho path it travornos, but also itM 
rate of travtd, calltMl thtj speed. If (Kpuil distaiHHiH are piiHHod 
over in ecjiial tiinen, thci motion in said to be uniform. In 
case tlie speed in tlu^ dintauee paHHe<l over in a unit of time, «iiy 
one second, and is obtaine<l by dividing th<^ lengtli of any {Hirtkni 
of the path by the interval of time in which it wim deHeribeiL 
Thus for uniform motion, if i denotes the distance described in 
the time i, the speed p is givtm by 

s 

t 

From tluH <lofhutittn it in ovitUmt thut 8 p«is(l is a scjilsr (jmuitily. 

If tlui <U 8 tiuu;iw jmsHixI ovor ill tuiual inUirvuls of timo uro not 
tho motion is oallod noa-uniform. In tliis oaso tho quo- 
tiout of distamus by timo givos moroly tho avorugo spood of tho 
point in llio intorval oonsidorod. Tho actual Hjtoi’d at tiny 
instant is tin* limit of this ratio as tho intorval of timo is iinloli 
nitoly diininishod. Thus, in tho notation of tho cnloiiluH, if 
ropri'Simts tho distauco itassod ovor in an intorval of tinn* At, tho 
spood » at tho instant in question is givon by 


ri 30 


niu 


Tho formor dotinition, »>* ", is a spooial oaso of tho oin* just oh 
taimsd. For in tho oaso of uniform motion, o is ootistanl, and 

hence writing tho gonoral dotinition, in tho form t Jt, 

tii 

it miiy, ill this eiise, be integrated directly, giving t pt -f If 
the iiieticm is iiistiiiiiid to start at the origin, then t -a H 

f 0, and lioiice e » D. In this case i ^ pf, t>r e hh ubtaiiit^il 

iiliove. ^ 
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I* inr, I 


If tha unitH of ^lintimaa anti iUnv iiw rloHi’ii lln^ fiiMt .inn} 
HaacmcU tha unit t»f Hjannl from tin' al»t»vr ilri'iniiuiii \iir! ho ifni 
foot par Haamid, UHually ahbravmti^tl iiitt* fi./.ni-a. 

Valoaity tliiTarH from apaatl in that it iinulvrH ftn^ dirniiHii nf 
motion m wall m Uh rata, 11 am, in Fi|^^ H, if n jiMint i*, iiiiHing' 

ahmg a atirvt% llio ilirt’iimii nf 
motion at an) jnoiii .1 in hy 

® tha tanitaiit * 4 // to fhr nirva ^it ihtii 
{Haiti. If, llialu tha Iriiiftli nf ||j|^ 
'» taiigaiit in liiid i»fl HOiilr Ih rajira. 

Haiti ttia HjH*ath tha AH 

A both tha diriiatioii aini ratr nf 

Hi tha gtvaii iimliiiil* and lln'rabira 
rajiraHaiilH tha valontv of iho jwiim 
at ihm iimliyil. 

From thin dafinition c»f valoaity, it in iHmiaiif 1I14I *%|irril in 
rapranantad by tin* Hauliir piirt c»f tha valority %aftMr ; ihiii in, tiv 
itn langth- Ilancu! aoiiHtiint npaatl ttmm iimI mijdi mnstiitii 
valoaity, fm* tha langtli of tin* vaattir AH mm iioioiiii iho 
and yat itn diraathm ba aoiiHtanily alho^aib For infitiiiir-r. if n 
body ravolvan uniformly in a ativla, liha 11 pmiii im tin. |■|||| ,4 g 
llywltatd, or tha bidln of 11 nimpla Witii ^n»variii*r, iha njirrd 111,1 v 
be aonitant, but the valoaity in not, ninra il iiltrrfi iIa tlirartinn 
from point to point. 

In what folhnvH, vtltadly will la* dmliiiniimfiril 
wliara naaiwtry by danotiitg it by a ; tliiil m, tiy jdiiriiin' n lintf 
iilKiva fha a to imliaata thiit it ih 11 vnit^r i|tniiitilv. Iltr urtiini 
nofafitm will ba follovvnd tlirotiglintii, *1 linn Imrng umnl ii* t}|*, 
tinguiHli a vaatt*r from a naiihir cjiianlily. 



mmmms 


A itiftii difiiim iiml hritr,i< Ili« miiii itnri -wrNiiil || iiir 

ioiittil Ii lUm ft,/w«fr„ him far tiway m tliw pbjrrt wlnrh |.f.*|iirrt 


t||« 



%* In ti tliiittilrr»t,»rii4 tfi,* rlnp wan hmmt nm- afirt ii.r i»t, itvi, 

IIciw fur ftwiiy wm ilm tii«4iarg»»? 

4 . A jmw.ntg.-r in « tf»ii. tj,« 4,^1,. U »« 

jnutwtig tm-r lit.- riril .«.,1 fl„d« Uml llw i. fA l< 

till* rwln tin* HK( ft. fling, tlmt tin* .jimHl of iIhi tmiii. 
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A train on tho N, YA\ik H. R. R. R. inakoH the trip fnnn N%‘w Ym k to 
Albany, 100 mi., in 180 min. Find its avt‘rage H|MH‘d. 

The diHtane(‘ from t^noenstown to Sandy Hook in 2770 nauticiil mih-H. 
How long' will it t4ikt‘ a vosstd having an average speed of 2b knots Iti make thr 
trip? ('l'ht‘ knot : : 1 nautical milt* per lu>ur. ) 

'^7. An <‘ngint* maktm 150 r. p. m. If the lengt h of stroke is IH in., Iliid the 
piston spt*t*d in ft. / min, 

8. d'hc! H|M‘<*d ol a moviitg point is given by the* rtdation v r\ k?, where t* 
denotes a constant. Find tht» relation between tin* distance iiml ilm I inn*. 

9, A {Hunt tlt*scribt*H tin* diamt*tt‘r of a cireltt with a sjaanl proportional to 
the* corresponding ordinab*. Fiml the law of tlistanee. 

*4o. The minute haml of a chs'k is P in. king. Find the veha'lty of its ex- 
tremity at a cpiarter past three. 

11. If the H|K*ed of light Is PH4,000,(HMt ft. /set*., how long will it take a ray 
of light to reach tin* earth frtna the nt'arest i\xM star, Alpha (‘entanri, tiistant 
255,(11)0 timt*s ns far as tin* sun V 

avt*ragt* star distance is ahoul twice m great as that fm* Alpha 

Centauri. 

6. Composition and Resolution of Velocities. — If n point movi s 
in a Htmijitlil liiu* with volotnly v fora liiiio ^ thu rlTfct ia tti prt*- 
<hu-n a (liaphuHtnioiit » auOi that »» vL If, tht>n, lht« motion of 
a point ia imnin np of arvoral indopendtmt volotntica r,, r^, etc., 

an i-(|ual mimlwr of diaplacmmiiita «g, otn., would hi> prodncnl 
ill any given interval of tiino ^ onoh parallol to tho oorn-aponding 
velocity vector anti proptirtioiial tti it in length, ainfu 



'I'htwe aevtn-id diaphiforntmta, however, may he eomhinetl into 
a single reaidtant diajihteenient hy nieiina of a voettir polygon, 
as t'Xplained in t\rt. 4. Hut aineo the vehieity veetora arc 
parallel and jirojairtiomd in length to the eorreaponding di'. 
plaeeuumta, they will also form a vta-tor jmlygon aimilai to the 
diaplfwammnt polygon, 'riie eloaiiig aide tif thia polygon ia tltere- 
fore parallel and proportional to the reatiUatil liiaphteement, iind 
eonstsquently must represent the reauUant velocity. It i-. m idmt, 
therefore, that veloeities may be eomhlned hy meana of a v. ctof 
polygon in the sumo manner aa tIiaplaeetuentM. 
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If the polygon foniunl hy llm vi>hH-ii> «Iohi>h, th«> 

nssultaut velocity Ih /.ono If. tl»m, those vi'l.tcitioH uto etsij. 
Hidored as existing Hiiuultanoously, the i-l<w»H}' i.f the vector 
polygon moans that they oumpletely neutrali/e or annnl one 
another. P'or instaiuio, if a l«Hit moves upstream at tin- siuno 
rate that the current is carrying it tlown. it vv«U appmu- Inuii the 
shore to he stationary, the R»aw>n being that the tw*» veUH'ities 
are exactly ocpial in amount ami opposite in ilireetiou. 

A velocity may be resolvetl into two <ir uuue eoiupommts by 
drawing a succession of vectors whieli will form with the given 
velocity vector a elosod jadygoii. As in the ease of disphtee. 
ments, it is often convenient to resolve a veloeiiy mio eompo- 
nenta by projecting it U{s>n the eoiirdiiiate axes. Kor inviiiijee, 
to combine several velocitira* P|, Vp T>p ete., iiuaiytn allv , tis!.! (iiitl 
the projeotions of each ttjwn the tlmm coordumte the coiu. 

ponents of 5, being rlcnoted liv iv : of e, hv e^, e^ 

etc. Then the sum of tliese iumipmustjls along any one .wia 
equal to the component of the resultant altmg this avis ; that is. 
If v„ Vp V, denote the oom|Kmeats of the resullitiii e, then 

t 


V, sa + l>it + »’j. + 
aa 1')^ 4- 4* 4' ”• 

e, — t’j, 4- I'it + e„ 4 ••• 

li 

from wliidi tlio Uuigih of llm rrimlliifii in fotititi to Im^' 

|f a Vlf/ 4. 



iinct its in<*!iniitio«ii to ihii iinoii aro gtvoii hy 


/ 

%>■ 


i 


t'-K< 


COS' 


cos 


*1 

It 


m COS" 


Problems in curvilinear ntution ituiv often W wmpliiicil by 
choosing the axes of referenee 0.Y and (Ji* m the diieriem >4 
the tangent and normal to the path at the piint in as 

explained in Art. ‘i*J. Each veloeity is then r»-s.4vcd into 
tangential ami normal uomponunls, the siiitis nf ttlmh are 
resiwctively the tangential and normal eonijioiteiiu of ilm icswit- 
ant velocity. 
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PROBLEMS 

12. The table of a planer haH a Hpeetl of 40 ft./miu. ami tlie t4»u! hiw *1 ?4|n*t**l 
at right angles to this motion of 10 l:t./min. Fiiul the dinuttioii and H|M*fd ith 
which the tool w'ill mov<i over a piece of work clamped tci tlit‘ t4d»le. 

13. A Htn*e\v thn*ad iiaving B threads to the inch is to tnii in a 

•on a rod ont‘ inch in diameter. If the spesed of tiui lathe is llO r. p, im, liow 
fast must the tool advance pairalhd to tlie rod? 

7. Acceleration. — If tho velocity of a moving |HHnt vmim 
with the linus thti rate of ehange^ of velocuty in called tlie accelera- 
tion. vSince vehunty in a ve(‘.tor quantity, it may clnmge eitlier in 
amount or (lirecti<m. 

In the ease of non-uniform motion in a ntraight line, the direo 
tion of the velocity veotor remainH luudiangtul, hut itH kmgtli 
vuricH ; as, f(»r iuHtance, in the motion of a street cur, which m 
constantly changing its speed to ac.eonunodaie the trathc. 

If the p(unt moves in a tmrved path, tins velocity is tMsnHtuntly 
changing in direction, since the diretsiicm of nnstion at any in- 
stant is always tangential to the path at the point in <jneHtiun. 
Curvilinear motion is therefore always accalerattsd, wlndln*r tlie 
sp(HHl varies or not. For example, the motion of the isartli iirotiml 
tlu‘ sun has an amseleration directed towards the sun, wliicli con- 
stantly eliangcH tins direction of the earth's motion, causing it to 
traverse an elliptical orbit instead of moving ofT in a straight line. 

Since cliange in any vector, such as velocity, must tako place 
in a certain ilircction m well as have a dethute numerical valnci 
mua'leration is also a vector tiuantity. Wlum it is desinal In 
iutlieaie this in what follows, it will he deuotial by n, 

The mtfiierical value of the aca*.ehu'ati<m is tln^ riii'C at wldcli 
the velocity is changing. If this change is uniform, the rale is 
ftiuiid by dividing tlie change in spisnh c.j iq, in any giv«ni iiticr- 
Viil of time by this interval, giving 



If the pciirit starts from rest ami attains a sjassl p in the time f, 
■this relation laicoities simply or 
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TIIKtiflV Mt* 'Hwu h 


^ II %p, I 




If lilt* rliilliili* IH liMl li^r- ^ 

ligt* iiiiiiirririi! i^*t M'^iUir i f!;^ ^, 4 |s,| 

tillll\ III tli*^ -it »’»Sj .it .i?n nrit.ii'! 

Ilf llltJ4 i|ll*»l|i’Ht ii^ tltr *4 iMii*' i«i il}4r!:;r.’!»’ :% 4; 

If itlPII Ar V.-3? ■■ t‘| *irllM!.r,% thr- *4 ii|.rvr*l ,|| ||,p yi|r|l 4 } 

lif tillii* ■'■ tj ■ ^l» til*' ;ii‘r«4«^riil5i4t tn In' .1 

H- ‘ 

$ti 

4# 

Siiiri* !’■ , tliH i'«4iil»*»ii iii*H iifilii’ii 






Ji 




If lliu i'llilIlKr Ifl %rlrM-|ly i% ||,*1 if I# *;'ii||- 

itillll. Ill l}ll'»*' if lis*’* illwrir r |..*s l|||||r.J| ill iti*'' Infill 

ill’ » iitll* it limy Iv mu* 


^ St 


It littf |WI|||| uliirla fi's:4ii lijrf'4 f cy J||p,l 

ijtiiffitly r Cl. in Ihm r — ^ \ fiifrntni m 4 lli 

lliiMlniililllW'i 

If lllil lil'||t<i Iff t||fil4i|i«‘.ff firs«l liisif'^ rliOiW-ti tlir; f*^*| #11*1 *i.rr«»||i|* 

tlliH 'HillPtf lllif llliil «4 #j*t?r«i in j^'i n«' *■:!*, .*11 it ^ llsr niiil «f 

^culemlirtll Will llli^ rlmiig*^' ill m Ir..i 4 j^tr in 

«ia<i}i wilful, imiitliy wnlltni lr«^i mn'tm4 j*i*r wc«iii«i, ^titl 

iililiri*viiili*4 ifilii 

li. 4 r#t lln M%*t « 1*4*4 ll «« R?«l 

«ll<l l|t«*i 4m4l% «-'=;4t if I4« I..!*! 

tiiiit III mmhrn I* ;*«* , Iin*l il#ir grnmum 

15* A Will* # m| I*'? |l- »■ mu ‘ ' M 

to lllllf’li |:|# #1 f iglll ^|||iW ^illl # -r4 |1 *rt‘ I %Li >| I 

it'iii iiiitnifit mi III# li 

i§* I ,li#« p#|||* l||P Is. HI*. 1?^#! .-ffl i! ,4, 

I'ifflliifj llml li*w i# |#.«*lf I t|»'-l ♦M-'ntAalv 

tirtoriliiiiit #|l^||i#f I# lip# Iii«li»»f|. » 4 IW 

ilirrrf|4*ii pf III# f#lli«i 
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8. The Hodograph. — Consider a point moving in a curvilinear 
path, and Uh. v,^ ri^prcscnt the velocities of the point at two 
successive positions in the path 

(Kig, h). Then the change in velocity, 
or vector accHderation, is represented l)y 
the closing side of the vector triangle 
formed on Cp as adjatamt sides. 

Now suppose that during any motion 
of a point the vt‘locitit‘s at each instant 
are all laid ofT from the same tixi‘d center 
0 (Fig, 10). Hum th(‘, hums of tlu^ir 
outer extremiti(‘H will 1 h‘ a continuous 
curve, (uilled tht^ hodograph. From this 
eonstriudion it is <d)vious that to any portion of the path 

there tH)rrt^sponds a portion of the hodograph, such that 

the tangent U\ the hodograph at any (yoint gives the direction of 

the change in velocity at the e.orn^- 
spiuiding point of tins path. More- 
ovtu*, since any portion of tlu^ 
hodograph, say Pi i« dt‘.se.ribed 
in the same length of ti nu^ as the 
eorrespoiuling portion, P{P*j^’> 
the patli, the i*atci at wliieh tin? 
pt)int /y dt‘,se4’il)t':H the hodograph 
is ecpial to the rat(5 of change of 
the vehnuty of ilu’i eonnmponding 
point P^ in the path. This, how* 
evm\ is tlu* aceeh*ration of P^ in Uu» path, llemm, tlu', vadotniy of 
/y at any ptdnt of the hodograph n^pn^stmts tlu^ acauderaticm 
«d‘ the atdiUal nmtion at the eorn^Hpomling point P^ of tlu5 path. 

Hu* nnportam»e cd the hodograph (consists in tlui fatd. tlnit it 
gives a inciinHof repn^seniingaiHudcsrationH as vtdo(diiies,aiul thertdiy 
eoiisitleraldy HiinpUftes certain problems in motion, as illustrated 
in Art, b and U). 



PROBLEMS 

17. Ftiiil till* li<nltigm|ih for a |H»itit moving with varying in a ,Htratght 

httii. 

, 18 . Hliiiw that the luMlognipii of a projectib b a v«‘rii<'al linn. 


,#«*>***tT*t ITC 
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THECUtY AS1> liCAlTH'K OF MVAliWU'S hnu‘. ^ 


9. Compositioa and Resolatiaii of Aca4i*riitii)iii. hy 

imnuiHc4 the luHlt^grajihiuTelt-nitiMiiM luai, hr rr|.i%--.riiir4 ,i,.h wh.ei. 

the Huine law <if luhliUrii »ij»|4ir‘4 Iij hr! h. !Irnri» 

the msultiuit ef any given net tif vm-ler arrrir rat imiH Iw finiinl 

by iiu*iuiH uf a veettir {Hilygeiunii in lh«^ eiiHe *4 wUn'iiu'-n^n- 
iiuntlH, Itiilno folltnvH iiiiit a vertur iiereleraUrii 111.13 tn^ 

Inin twu m nmm euiii|tiiiieiita by mtiijdy vamttnrtmit a i,r 

eltiHed ptdygnli wliirh uliiiU hiive the given verier i»iir 

Tliti reHtUtaiii cif iiiiy given ayatmu i»f vrrli»r iii,iy 

liho he fnimtl iuialytitmlt)\ iih in llie tnm^. nf rir *tiH| 4 .iir'e- 

iiieiit.s hv tirHt reHnlvitig eiieli iiiHaderiitiHn iiil** ririatieul.ir mm. 
pniientji. 1 Handing the mttm nf iliiw riiiiijiiniriiF-i piU'^lIrl 1*1 ibif 
three einirdinate mim liy ^*#1* re«|»tH*li%"eh\ the iiiiiti«*‘rir4i 

luiunuii uf the reHultiint iieeeleritttoti k givwii by 

t$ Va#/ 4" 4 

iitid it» iiielinnthiim In the aiceii by 

0 ^ m Vim I (L ® e«i|i * m ^ 

II if *1 

In the vmv nf titirviliiieiir mnltinu >1 m mnveineiii 1 I lift 

eiHinUniitn lixeti tiingent itnd tinrinnl U* the |»iii!i, siiiiin. nf 

the eniiifaiiieiitii t*f the given arr«4er#il$Mn.ii in will 

thnii be the tiniginitiiil iiiiti iiiirniid rniinwnieiii.# nl llip r*'’«itili*iiit 
veetnr aeeelemtinin lunl limy freijtieiiily l*«' nwl iii ImI'Ih im 
uteiicl of reentnhiniiig them t4i liitil the iirtiinl rtmiiliatil. 

mmimB 

If, A liiw Ilirpr «»l I'J It ^ ¥ ll wf \ 

ftlltl III ft. / w»r.^, Ilit4ilir«l at 1;^)'* Un m**' minll^n 

ftllil fiiittiiiiil. «if tlii^ 

k fitiliit iliwrilw^^ II piirmbd# I f»M wslli mmiimm il^ 

mmpnmut nf the neeidmitiMii fiaralM fm Ui^ mi* *4 lii*» |*#f 41 ^. 4 # 

ai, A m iin tdllpllml li^lli nWsit iH*-; mm m m II #1 „% 

givmi iieitiiiit flir ii’rtur m *4 aA'' iF*? \i-^' 

ailti llfl* l|lTr|#»f^ln!l|| n»W||ft| IIjN* MW I* l-t .1^ * .uii 

giaitlal Mill iitirtiiii nf tlm .Ai«-i «|clr aI 

tlir |#ii||#ftitifil tif mmkmikm I* 4 ««« 

iiiCrrt^? I lie n^mnl »l l|ir«# ftoltitA, 
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§ 101 


10. Central Acceleration. — As previously mentioned, it is often 
convenient to rc^solvc^ th(‘, acceleration into components tanj>f(mtial 
and normal to the path. Since the normal component is ptn-ptm- 
dicular to tht‘ tan^jimt, it is directed toward the center of curva- 
ture. The effect of the normal component of the acceleration is, 
then, to alter the dirct;tiou of the motion, whereas the effect of 
the iang(‘ntial component is to alter the speed. 

In Art. 7 the tangential component of the acceleration was 
found to bo ^ 


whercj a demotes tlu^ distance travm’sed along the path. 

The normal component of tlu'. ac.c.eleration may ha found by 
considering uniform motion in a c/iride, simui the actual motion in 
the path at any instant is ecpiivaUmt to motion in the oHculaiing 
circle, that is, a circle whose center eoineides with the center of 
curvatnn^ of tlu^ path at tlu$ point in question. 

(lonsider, then, a ptnnt nu^ving with uniform speed v in a eireh^ 
of radius r. In tins ease the hodograph is evidently a eir(‘T^ (ff 
radius c, whieli is (leserihed in 
the sanu* iinu* as the path. 

( -onstHjuent ly the speeds with 
whi('h these two circles are 
ch^Hcrihed are proportional to 
tlnur radii- Therefore, since 
the speed with whieli the hodo- 
graph is tleseribed is tlm re- 
(juirisl acceleration, say we 
liavtj : V m If : r, nr 



Moreover, it is evident from Fig. 11 that is perpcvndieidar 
i; and therefore parallel to r; that is to say, it is dire(‘.ied toward 
the etinier of curvature, or normal Ui the patlu 


FR0BI.EMS 

22. A pail «»f water ia swung in a vi^rtical cirrli* hy a striiig at.t.a<*h«*<i t4i it. 
Wlifit veliitaij liiuil tl» |»il Imve at iluf highest |H>int in tlial, ihi» water 
itiity reiiiaiii in it? 



H) 


THKORV AND I'UArTICK tU’ .\n;< IIVM< 


M il*. I 



33 . A l.-.ll ... !, , ,, 

W.iil .-H .1 I I ■!_ I-*! 

fimkrH 1*31 r. |r Hi. I'u .1 tU ^ ^ 

IlMUi lli’t' 

ill ttliH'h Ihi.’ 


af. sli t|i. 4 f Uts’ 
in *4 il 




II 


as. III il 

IrMiii tii*^ 
llii^y i 0 Vsi 4 v#i ill-*'' 

it, l*»ii||. If 


.1 s'MiJtrul 
slllil 

f tlr-*-' ...11 in. 

■: ‘ I:, ||_ 

= 1 .: AM -1 %|*|.ri| 


4 -i . 1 ., 




utitil t.li0 0iil*!04 iiiiikit an iiiiul*' <;4 4ii' milh ti»*^ 
iltlHilH’ii? 

26 . Whnf. v«’l»« 4 ty wihiIiI $t li*< iitv0.^iii'v l*.% # hulh-i .a. 

IImI f*ill Ih I III' Mil-Ill Imt **l»rU '«40 |l a n.ilr.'; 

tiii^ riiilhiM tif tli 0 Mirtli til ht’ iiii. 


■•■■A ‘.hhv.-:, 3 j,j 


Il 


IL Analytical Dtrivation* 

l*»ll iilitiuiif^t ill till* 

aiiiilytbitll}* iiH fiillowH: 

{’tiitHtilin* It jitiuii^ {mill mill 
li‘i luiit fij, clniciii^ Ihti 
iif thi» 

pitmlkil t,u any pair uf ri*t4iiit- 
gtiliir iixi'H in lilt’ mrni» plniif^ 
iiH ilin j»iti!i, llirii fnaii Fi*|. 
1*1, till* niirmal aiTi’li^riitinti 
in t(i\'rn by 


■ Tln^ tl.n iH.iriihil 

iirln'i 0 hj.m U- 4 rrivr 4 



OF, niiitto Hill « .. iiihI vi.m mm ^ itn-^ 

tin 

. , i/m 


Furlhermuri*, ninri* 

fin ,it ,U 


'*« «* I <V'. 


•tf , ./« if . 

, .U .4 «, , ?*,!.. IIMV 

*»• i* 4 * 




Ijtf wfittifii 
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§ 12] 


It is shown in the ealculus, however, that when the e.oonlinatt^s 
1 / of any point of a curve are expressed in terms of a single 
parametiu* the radius of tuirvature r of the curve at the point x, t/ 
is given by the expression 


r 




<ix (ih/ ^ (it/ (th' 
(it (it dt^ 


d»y 

dfj 

v^ity — Vya^ 


Therefore eliminating v^dy -- 
we have finally 


it 


Vyii^ between these two expressionH, 



r r ’ 


as the gtmeral expressionH for tlui normal acceleration in any 
curved i>ath in tmaus of its radius of curvature. 


12. Uniformly Accelerated Motion. — In Art. 7 the fundamental 
eipiation for ret;tiliiu^ar motion was found to be 


a 


d^H 


When the acaaderation a is constant, the motion is said to la* uni- 
formly accelerated. In this ease, integrating tliis relation with 
resptH’t t<» tlie iinm t we have 


r/s 

dt 


®S3 (ft "p Cp 


whei’i* Cj dimoti^H a et>imtant of integration. Integrating again, 


t » I at^ -P e^f 4" 

where is also a constant id integrati(»n. 
integral miiv las written 

V « at 4 . 


Simu* 


^ P e, t In^ first 
dt 


I'o dideriiiiiie the constants of intcgrati«m let denote i\w ini« 
iial caducity, tbai is, at the time and the initial distaiice 

of iliii point frniii the origin. Hnhstituting thcsi* si limit ancons 
ViiliiiM, iiiiiiitdy. If » % for and ^ for t 0, in tin* alarvc 
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TilKOKY ANI> I'UACTICK oF SJKt H\\|i s 


I* li I 


wlalit>n«, tlui con.stiUitH of iiiti’j'nUiMii air t’numl i.. !.i, 

Cjj^ ly th« iihnvf tvlutinu'* l >« h muh' 

V i if) 

S . = S„ M>„M (‘Jf 

Kimio th« orijftu of ooonliuntiiH in nrbiUiirv, it mai ?«' •ai .-huHrii 
tliat «„s®0. If tho [Miiitt HtarN from ivut, i„ i*> aKo .ri,,, iU,,] |j,„ 
formulas Himiilify into ^ ^ ^ 

s ^afi. tl) 

lly f b^lwwii III 4ii«t i i 

um*ful n*lntif»n tuny 


f- 2 a( $ ■ i.j< l ,V| 

If iH m*rtu iIh?^ hi»iMiitti»K f 2m> 

tuitl if llw iiiitiid vt’tfH'ity in iiku it fnrlln'^r %itini|iilr#i imu 

(fl) 

Thi« r<4iitiofi iiiii,y hImo hi^ tilitiiiiiml ilim'tly ffonj 4r.iirtiiim$ 
o! vuloiniy iiihI hy miillijilvitig il»«^ nirrn* 


wliirli ginm 


p & \ , iitid 

iii 




“ *1* 


V m *# 

4t 




iiri tiiiitllitig llii« rfiiiiisifiii fittiur 

Pi#-? a#, 

wliirli fiir tiiiiffiriii wlmity, llml *# iriir|#r#i.*4 iiitu 

Ki|. 


pmBim 

if, _A |mriiiil« I* |ip*j»^rtrt| with iiiiiiiil at ,»!« it,c 

Illllt*i (F%* ll|, Ih^ *4 %tm mkf. .4 Hi# 

pill tir tlip ttmnmium ihr. *4 •! ^ 

i4ti¥ttltiii fur itisiJtiiiiitt r»fig»*. 
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§ l‘-^l 


Solution. The. equations of 
motion in this ease an^ 

dh' n 1 

the int(‘|»Tals of whieh an^ 

X ; (\t [ <•- ; 

!/ ■ • "" 'i ^ e 

From the initial (‘onditiouH t he 
values of the constants of inte- 
gration are fouinl to ht^ 

ci /'j, cos $; 



cn : 0; f\j Co sin C4 0. 


Suhstituting these values ami eliminating f, th<‘ (‘(giation of the trajectory hi^ 
comes 


y “ X tan 0 


2 Vit^ coB'^ 0 


The greatest height // is obtained from tlm condition rr 0, whenct^ 

(ix 


B 


p,;-* sin'-* 0 

ig 


(7) 


C) 


I'he range Is found hy putting y 0 in the equation of the trajectory and 
aolving for .i\ whence « , 


The angle t»f tdevati«m for maximum range is found from the cmidition 
(t w hence COM 2 ^ 0 and cons«ujuently $ 45 ". Substituting this value 

of 0 in Kq, (h) we have 

Maximum range • . (lb) 

0 

When the resistance of tlie air is taken into account^ the probletn iMammei* 
mf»re coiiiplieiitiHL l*he ec|uatiou of the trajt^ctory in this case has Iwen did..er- 
mined empirically hy Itibie 

y^xUni-J^.J\+^A (U) 

' 2cos''<l\u„^ v,J 

whkh k ft iiuMiiilfathui of Kt|. (7) olitaitii'tl liy th« iiitroductitio <>f ati oiniiii- 
ioiil oiiuMtftUt k, givDii hy iho forinttia 

k (UKKHKHKH.'.h''''. 

1C 

where il Is the iliiiftiet#»r cif the projectile hi inches anti w k its weight in |■Hllllld^. 
From tills forifiulii ii raiigts toldt* may easily Isi constructed. 
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THKOHY AN1> I'UAt TH ‘K i‘F \! Kf ii v \ i' > 


It %l\ I 


28. Itt fli«' ttf tli»’ lul*n'hiirina»h t •iis.i-.'i iji<- |>'44 

lilwT, hetwiH^u Ytirk mul iIm- 4 I |-4 .--ji? i i,.,. yniiiiii 

of tht** Huuth tiiti!it‘l, Hroiiklyu t«» r* iu I 

giviui lw4ng for tlio fml ^rvii-o. I'h*’ 4-in4Ji 






rarh l*kwk lii aHHUitii»4 i'i>t M |K»r in >4 tl-i*? .aIsss*? 4r44ii!i». 

Cfivi^n timt thf^ Imigth nf thoi»aloiy »t«i|» f**r ili*’ •■4 ‘J-* nn i?s- iim i,j|i 
of fclltl gril4*^ in <I(HI ft., littii tliO lottgfli?* ut ih** f.-s -«v.|. li ,4 \hn ollmr 

i|iti«i«l« loitlmtiHl on tli«» |»rt4il*n 

29* A train in iiariitiK attains iu fall ^4 nn v.s r* ..yit'f 

nutniiig ftir a m*rUiln length nt turn iit 4134 

iinto|»n III 4 lulii. If tho |o iio^. fisi4 ik*- 

3©* A »timninlii|» a|*|»roai4ion a fkliarf wiili nr.il'«»sir»H f«'i>tf4r4 |f 

It iiii»¥f!n *ilMI ft. In tlio lt> wv, *4 tli*^ r*44i'4f!4 10^1 r,*?* iiis4 :#» ii iim 
um.% 14 noit,, lit»w loiig will It \m Iwfoio it ^%ill 

31. hi laiii»rliii»g 4 !i«« tiiiio of ulnhn^ 4^^'?«i*o ti<*^ sif 

«1fMI ft., wa?4 III ,»♦»% Allor oiitortiin llto ;i Hs.'^.i!j|«sriii 

ri’HiMtiiiffi’, iiii4 %to|»|w''iI iiftor iii*»%nni| ^4 ft ii„r. ^•..,.,A, ,4 lli.p 

way a. Fiii4 liio tnirtl timm 

32. All iiiiti»i|p»hi|o ftnUmm iln n^wm\ fm$$t l<i m% hf !«* 4^* jsai hf ih 4 

If iIp^ rpt.4i4iiti«ni ift liiiifornn h«*w mm4t ii Iw |«^| 

iiiiil liiiw far mill ii iravol In lliln kngtl* lirop '* 

IS. Oftphictl K«prtii8tali©»* ■ Tiio ir-Liii*»ii«# 

sjitietl, itor«4t^riit i*iii, iiinl ilmo mm i'ojiir«*iioiito4 |*t4|4roMl4% 1*^ 

lliyitig till lilirm* ijlliilitillOHi lllwltl^ trrli|||||iiliit' 4fi4 

iiif fitrfrM liiniiiglt tho jiuinin wi liuntir-*!, r%|4,i«iP'4 ui Atl. 

tl'4l# III miHYiig .niiiijilo jimWoitiJi III iiiiiftorm 

litiii in iticiil fiit.fiily 11141111104 lyv iliti nm- i,ff ilo^ 

ill Art. l:i» III iitiiri^ r«iitijiltft ik«'' Iia* 
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§ 14] 

^^oveniing' tlu^ niotioii is to be dotoriuiiuHl from observc‘(! dafa ob- 
taiiuid by ox|K‘rimi‘nb the gni])hi(uil motbod is often pnderubh^. 

Tlu^ graphical nu^hod also has tlu^ advantage of showing at a 
glance the nature^ of tlu^ entire motion, thns fiaapiently bringing 
out facts which might otluirwiso bo overlooked. 

14. Distance-time Curve. — To represtmt the nudion of a point 
graphically, const met a, pair <jf reetangidar axes and lay otT the 
distance's travtn-s(‘d by tlu‘ point siiu^e starting along one axis, 
say OF (Kig. lb), ami the 
corr(‘sponding times along 
the other axis, OX. Thc‘ 
hums of the points h(» ob« 
taiiHid will thtm a. curves 
(or straight lim*) calhul tht^ 
distance-time curve, N<do 
that tiuMlistanct*“tlme tmrve 
dtK‘s not reprtisent tla* path 
folhnved by the nnnnrjg 
point, hut mt*rely f*xhihits 
the ndation ladwtam llu^ space passed over and the tinu^ consumed. 

At tlu^ tim<‘ Oil/, or th<5 <listaneo travtu'stul sima' starting is 
3fK or Sj : at tlu^ timt^ OH, or the distamu^ is HQ, or <*tc. 

( onsecpieiitly in tlu* interval of time MH, or — (j, (he (listancc 
pasmal c»ver is QT, or — tj, and thendore the average speed 
during this interval of time is 

h h ^ 

As tin* interval of time A'r is imhdinitcly diminishe<l, the ehord 
SQ approacdies iangmicy, and tlie aviU’age speed approuches tin* 
at;iuiil Hptsnl at Htmui p«dnt P the interval coimideretl. 'rhere-. 
fore the slope of the tangtmt to the distatnu'-time mirve at any 
point represents the speed at that partieidur instant. 

This k equivitleiit to saying that tlie dcdiiution of speed given 
ih 

in Art, f), naitiely, e « is the difTerential etpiation of tin* 
dktiinee-tiiiie eiirve, F<»r unthnau nudlmt the speetl is conHliiiit, 
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ami cmimtHimnitly ilm lUHtama'-tiim* mirvi^ h.tH th** 
tlmmglunii; that m to nay. it Ihvhhh^h a Hir.u-ta liu*'. 

TIu*f fai‘t that tlm avt^ragi' hiwhhI hi any iiilt-ryil tif liin,. y 
etiual to tlm imtiial Hjanal iil hoIiio iiiiifaiit ilniiiii^ !hy iiili^rviil 
m m oxample of what in kii-own in Itio iMlroiluH a.f4 ihv tinHiriiin 
of mimn valmn 


15, Spedi-time Curm™If t!io nt a iii*oiiiif |i*iiiti lin* 

I'llottial m orttiiiatoa ami itm iairroi4{ioii«liinr linii-i ly 

itiO l««ri|»^ ni llir ;i4i» 

iliiloi'inOirti m ifni 

In Fn*. ly h‘^t am ijivwii 
tilin'* tw** r*'j»i i’‘triiir*t liy 

iiinl ill*" t'l .it ling 

infill til 1*1 «VJ|, I'hli^i h«ni|t- 
ilill il S *.*! tii«‘ I’ II tar. 

Stiiiihirh', mn ^ 

i,?i tlrli'*riiiiio*4 !*i r'*w»r4r^'. 

pl-*\ 


r 

1 


0 




/* 




1 

>1 



Timiff ... 


M N 
Fill. I? 




ur 


■ ' itin 

rhannfo in HpotHl in Urn interval ttf tinio MU, - f|, aii4 tlimr 

qiiotiont m tlia avoriigo rato of oliiingi' m iliin liioovat nf 

timti, or tlio avorago atHHiloriiiioii •» llnii if^ l« nay* 




f, 


itf 

.sf 


tail 


Ah tlni inforval of timo in tfi*lolifntf4y ilii«iiii«lir4 iIip rhiit*! 

itpj»roarIi«*i4 liini^inmy* iiml itw ttvomu*- iiiipratiriiit^ 

tliiiiirttiiil in*t’o!t*riil ioiuti «oiini jaanl /* *4 tlm itiimal r*4r>i4*''i'^'‘4. 

Iliillctt tho n!o|»o of tho taiigoilt l« llt*^ tiiin* ,*1 4 Sii' 

point roprtfiaiiilii tin* nonoloriilioii al llinl patiirtihir iinti.mi. 

Tint liotliitfioit of iiroolormltofi giirii in lit 'F n4in4i 

f f t* 

II as luiiy alwi Ihi I'ltiwiiluml na tint .4 ilw* 

HjKHHi-tiUMJ OUrVB. 

nutf«t*iiily iietsBlBratini iimtiuii ihw » »* « «*i»»t«ntn 

ami thwrwfnro tlw aiieml'ttina Burvn betwiiw# a Iihb. 
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§ 171 


16. Acceleration-time Curve. — An aoceleration-tiiue cuirvt^ may 
be obtained in ilu‘ same way as tho^dintanco and speiHl (‘urven 
by plotting the acuuderations at given iustantB m ordinateH and 
the eorn^sponding times as abscissas. . 

The slope of the atuaderation-time curve has no speeial sig- 
nitieanee, but thi‘. are, a under the curve has a physical nnsaning, as 
explained in what follows. 


17. Relations between the Distance, Speed, and Acceleration 
Curves. -In referring to tlusse (uirvt^s in the present articdcs h 
will be convenitmt to omit the word ^‘'time.” 

Let the e(iuati(m of thti distaiua^ (Uirve detioted by # =»/(/), 
where /(^) (Umott^s sonu'. function of the tim(^ Whether or not 
the form of this fumUion can he acdauilly dtitermined from the 
given data is immaterial for tht^ priusimt purpose. 
tin 

Simu‘, V = the ordinate v to the speed e,nrve at any instant t 


m numerically e(|ual to the slope of the distamu^ eurve at th(‘ same 

instant. Similarlv, sincai a » any ordinate to the acceieniiitm 

(it 

(Uirve is numerically ecpial to the corresponding Hl(4)e of the 
spt‘ed curvi*. 'riit* ecpiution of the three curvt's may then bci 


wriltt'u 


$ t) ; p 3 x ^ f^it) ; n 
(it 


iPn 
' (it^ ' 




wlun‘e/'(t) and^/^'(l') denote the first and second derivatives of 
fit), respectively* 

Since the ealeuluH condition that /(O shall he a maximum or ii 
minimum is/'CO “ follows that the ilistance curve has a max- 
imiuii or minimum point where the specal curve croHses tins axis. 
Since a Himilar reliithiii exists l>etween/'(f.) and/'^(f-), tln^ Hptnal 
curve lias a maximum or minimum point where the ma-clcndiun 
curve crimstm the axis. 

Furthermore, the tmkulus condition that /(O sliall have a 
point of itifleciioii f^Xt) (•onstapumtly at a i>oini wlnu’e 

the digtiincMi tuirvti has a point of intlectiiin, the aiuudtu'aiitm curve 
erossew tlui axis. 

These reliitioiis are illustrated graplikadly in Fig. IH. 



24 


THKiHiY AN‘I> I*HA<*Tit*K ni*’ MK* liWIt n 


If \i\ I 


The amis uiidor tlitw curveH an- ah.* r.-lat.-.i 

the n‘lati<tii r in the form ./* './f an.l sn!. 

di 

liitutH, %vt» !ui\r 


t liiih w rii iiig 




T\w mtniiliar tliin hm%-t^vtn\ hi t}ii^ diHUnm 

tltmerilMHl ill thi^ iiili*rviil «»f tvAit 



k tliti t-riiii iiililt*n4ri} hy lliii rtir%’p f«*r lli*^ itiinihii 

Tliiii m t« miv, if *»rt|iiiiiu*ii tirw ilriiwii t*i ilifi* nj^mt rnii'r at ik* 
tilllilS tj liinl ip till! iimi tllitlitr lliw rtir%'t* 

iitiiiieriritlly tti i|rtri'ilw4 *» ll# 

gtvtiti itilurfiii ul 

di 
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twecii corresponding limits, 

/'‘•u 

I dv = I adt. 

Hence tlu‘ Jirea uiultn' tlie actuderaiion (Uirve betwcnm any two 
ordinaU‘s drawn at the tinu^s and reprcscntB the iucrinusu i!i 
speed during this interval of time. 


PROBLEMS 


33. A train st art inf; from r(‘Ht (‘ovnrs tht‘. <liHtanceH feet in t HeenudH an 
follows: 



0 j r> ; !•_> 

17 

20 i 

20 

:U 

10 

-15 

51 

57 

(15 

s 

0 ! 25 1 (U» 

. 125 

. 2t)0 ■ 

non 

lot) 

; 5510 ' 

^ 1 

1 IKtO 

1 

750 

K05 ! 

! 

HIIO 


Find tlie average HpetsU at intervals of lo stu*., and plot a HpcHHl4.inie eurv<*. 


34. Frtym the s}ieetl«tinH* eurve ohtaiued in tin* pnaasUng prohhun <l(*h»nnint* 
thi' aee(‘lerati(ni at int«‘rvals (»f and from them^ n^snltH plot an ac'etderie 

tion-tinn* eurve. 


35. A ear .starting from rest has sjmislH of v feet per .mutond afhu* t Heeouds 
from starting as follows; 



0 

5 1 1 

10 

21 

•-*1. 

04 

00 

•17 

50 1 00 

'• 1 

i 

1 10 ■ n» ; 

10 

iU) j 

1 

(Ill 

OH 

00 

45 

27 i Ot? 


DrtiM'mini' thi' average aeeeleratitm at a.si*eoiul intervaln^ and draw t he aeeel 
eration-iime eurve. 


36. From thi‘ aeeeleratlon-thue eurv<^ obtained in the preceding probleiit, 
fieiermine the average s|Ma*dH at restH*ond int4*rvals, ami <lraw the H|H*ed4lm« 
eurve. 


18. Palling BMies. ™ It has boon found by olmorvation ami c^* 
porimcnt iliiit ilto motion of a btaly falling freely toward tin* eartli 
umlor tint atlraeiion of gravitatiem in uniforndy ac^celerutifd. In 
other wtualu, tlio aeatoloratiim of a falling body, unri^HiHietl in its 
inotiori, is eonstaiit. 

Thii iieeftlenitioii in ilds imm* in donotetl by//, tin.* initiiil lt*tler 
of tlio word ^'gravityC* I'ho value of // deptnnis on tlie «lii4faiiee 
(mm tlif! eaiitar of the tmrih, and it b thorebu’o cuuistant. only for 




TilFiOEY AND liiAtTK/K UF .MFr!i\\I<-> 


n\p, I 


2(5 

a partit’ular pliuas, elmiigiiig with iln* aini lUr 1^11^4111.111 

abovii Ht'a laviil. Froiti thtniry aiai rs|»rriiiir.i4! Ih*' i..,iliir *t| 

Imhiii diiiianiiiiHKl m 

(j = S 2 J)Htl 4 ( 1 + il.DDfFiHTa Hiii ^ ^ n I 

wharo ^ cUiiiiiiim th^ liitltuili^ uf lla^ j>l<irr in dri^rrrH, ;iti4 /,* 1 ,^ 
alnvatii.m al.Miva nea kivni in Pri»li. .»!, A.ri, *J‘J. i 

Fcir imrjiomm of aiim|iuiiition it ih titori’ i'oiv^«'iiif'Sii !»* Ifn^ 

tixprtmmon in ilin form 

'=2 *12*1784 iK0H4 «hih 2 m ■ 

from whieli tha viiitio of g at m»ii kn-^ol in jiitilini*^ 4** ’ h ly 

ht* r/ » 22 . 1784 It m thorof*»ro m |»i'.isii.i'|i In 

HHHUim* uH an livorngii %aitun g m 82,2 **r in iji*' 111*0 nr 

tom // » i>Hl oiiK /Hmn^* 

Hiiuai n falling body m nniftirmly iioork^min!, ii^ *‘i|si4tn»iw. nf 
moiicm tiro obtiuiiotl from tlio ounitlmiiH |»r*n"iMtoih 4 r*|iirr 4 fni- 
uniformly tmaolnratod motion by MutiHiiitiiing */ t^r 4. Tlntn for 
a boily falling from roat wo tiavo 

. « J 

S p. 

rK0iiiiii 

37 , A Htoijo in info a witll mol ilif* *i4mh i* :i 

tlif^ v«r 4 ««’iFV miiiitti to tm I loo |i, , litm f#i i» o ilm 

ut ilii^ WiOrr? 

30. A tif matt In ilirowfi tailiif n l.♦lllt#*li 1 % »iOi *« 

©riitiMii of fi If ti nm^kpm It^ m *1 l|*# 

tmllfx)ii wfiiai ill*’ 'mm t lirowfi out I 

3t. Tilts mill** 1.4 im i4*^¥iinir 11$^* *»## 1* iFm 

l«ltt*ilti«f lliii iliiifn tVilh %%|iiit v^lwiiy mill tt i|sfi ^ 

40, lit ffnltirhig ilii^ hmn MUm imMmi twlM Mh 4^*^$, 
ill itiflliirii iiini In markitig off .4 I, ii,r 

tiiiif iliit mem n, ii r 

1 » *i, 8 , i‘»tr. hlitiw l|ii.t ilijn « .-. | ,0^ 

phnm nm*l In i« rr?,#f4 o.r an4 ih.i* 

ittti mmw A frttin «i %$4m m f-w *4 In 

Atwmnl\ iitarlilfii^^ t#»|4aliiwl in m. 
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19 . Inclined Plane. — Consider the motion of a point <‘oust raintui 
to move along a plane inelined at an angle a to the horizontal. 
If acted npon only by gravity, the 
aeeelcration is of amount /; directed 
verti(uilly downward, tlie (dTecti ve 
component of which along the plane, 
that is, tangential to the path, is </ 
sin («. 

If then the point starts from A 
(Fig. 19), its spcHul when it reaches ^ 

B is given by 

t as ; n» 

or since in the i>n*st‘nt {^as(^ the aec(d(n*ation a in the direction of 
motion is^^ sin a, and s AB^ this ridation becomes 

r- == 2 /; sin aA B, 

Since AB mx «=» /IC, this may also be written 

Thercdons tln^ v(doc*ity of the moving point at B is inde|)endent 
of the length of the phum, and is the same as though the particle 
had fallen fnady through the heiglit AO- 

This rc‘Hult is a special case of a more general theormn, nanudy, 
that whaiewar the ft»rm of the path, the veloeaty of a particle nnjv- 
ing under the action gravity depends only on tln^ vm’tical dis- 
tance fallen. Ftw a demonstration of this theorem Ht*e Art. IdU. 

din* time of slitling down the plane AB is found frimi the 
cn|uaticm $ » .1 at% where AB^ ami a g sin «. Tlierefore 

AB^ I // sin 

From the samci relation the time of falling throngli the veriic!al 
distamte AO is given by AO ^ | //f/h 

Dividing one of these equations by the otlnn*, substituling Ai* - 
/til sin and taking the Hcpiare ro<»t, we find that 

t sin m. 

< 'otiiecmently, the time of sliding down the plane AB is ,gr<*iiter 
tliiiii the time of fulling through the height /I II in the miiu 1 : sin iit, 
although the »|i©§d aequirtai in each ease is ilie same. 
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TIIKCIUV AXl) VUM rU h: up MPi’liWii N 


,■* ii If, f 


mmiiunH 

43L. A IhhIv ii|ui |iLi!i<uijrhiir4 .i! .ni witii^ 

ul HH Wlji’U itilil \%hu-** ^uli it ?-• 

42. A t'irelt’ ban ii uI rhMi4*» u.,; 

Sliuw lliiit till* liliif ri’i|}iir*^*l b** a 4 -v%u 

muius luitl tn|tui.| ta flit* «tf fallitsg 4M%%ii vriU,';U , 

43. Fiiiti tlif Hlraiglit litiwii ivlmii a tu tbr 

t iiiH* II givt*u |M*iiit' J ti.i iiii nrhitrury hiin’’ 14’ isi ils*^ ■!,.i.ifjr i.rfi|,r||| 

pliiiif. 

IIiMr - Mitkf tiiHi* <4 lia* i»f iltt* |*rrri<4iii^* I^y44r.yi 

44. A ball rrifl.H t»tf H nmi ill 4ir l«» IIp'? 1 1 y •;!,»:« I, ^ |4 

ft, frtirti till* nf Uii» nmt, mmi %n U. *}!-.»*,*’■ ih^ i,;;t...;i.in 4 , inpi 

wlirri* th«' ill 4rj|y’ tin* grtmml. 


20. Angular Motion. In timvtnjj finni i(})i< i,..u,l .t «■• in..fl„., 
li, a jmrtifh' imiifi'jfni’H an ungitlac iti.>ij.l4ii'ti»*nl ai-.ini am 
pnint <K mnuHnml by the ungb- .!('/# tin;. | ..| 









llii*nt N, m ,^,fr|iri 4 l» *4 4 ll!rrr||| 
lUliHMIll. tfi i^ 4 hm% iUi^uUf 

*|i|r#’'ii|r III %% ill n Ir ii* I tiV 

iK him! i*%|iri'w^«l 111 |■ll4l.|||?l. 

I fit* vmv 1 4 liip*-ai y , it# 


III 


ifiy illft* nf r-if Hl||,*l||s|f' 

<lisjtllli'iyiit*llt. It IH riwtlllliiiry lt» ilninl*^ thr j*,iii I..f*i}||i 

viH’tcir, tir itii^niliir hy «» in ^%iiirfi mm 


'M , 

dt 

m i.H b,«ir < in rtwlwim jan nn,} m>%\ 8 , ub^r 

tiiitftiritt tir Vilrylll|^^ 

Ssiiniltul) , unt'nl.if a.-,-nlftiaii.n i<* .IhimI...! bv a, «i„! .bimwi 
iw tilt! iiilt' «if i bunnn’ aiigitlur vi*l«« itv, ubmici 

i i 

dft df* 

Sinn* w i-jtim-ah.*.} ii, rtul. w,-.. m ih ,ii i a.baiw |*-r 

sntHMifl jHT W'l’nii!!, abbri viatcti iiiJu r«tl. m«, 3. 
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Since these delinitions are precisely similar to those for liiu‘ar 
speed and acceleration, the equations of angular moticm, or 
integrals of the above differential equation, will also be similar 
to those for linear motion. For convenience of cu>mj)arison and 
rcferen(*,e, tlu^y are givtm below in parallel columns. 



Linear 

Motion, Translation 

Angular Motion, notation 



ds 

V r.,; rX 

dt 

dB 

tn tr. ■ 

dt 

Definitions 


^ dv , rf** 
dt d^ 

„ .. , <l’‘9 

“ dt dt^ 



vdv ads 

<*>d*»i udB 

Special equations for 
initial velocity zero i 
and motion starting at * 
origin 


V at 

a J at'^ 

% as 

w at 

B i aO 

iw“ 2 uB 

General aquations 

r 

s 

0^ - 

Vii 4* at 

-4 Oid 4 i aO 
tfii^ j2a(s S(,) 

1 

(i> ii)(, } at 

B e„ f wof f 1 

w"' w,,*’ f 2 0 0ii) 


PKOBtEMS 

45. A whin*! laiikiai^ 20 rev./#im*. \h hrought to ront iu half a iiuuuit*. I low 
uiuay nwoliitioim did it aiako aftf*r the brake wan uppUini? 

46. What i« tin* angular valority of tho earth about its {Oci«? 

47. An luUoinolnlo with whindn SO in. in diunu*tt‘r in moving at -10 
niL/hr If it nUmn down in 20 ini./hr. in 10 him *., what m the angular rniardii' 
lion of tin* W' lit'idH ? 

21 . Vector Representation. - - The method of vecdor reprt'seiitii- 
tion used fur linimr ViihH’dtieH aud aee.eh!rati<mH tnay Im eKtended 
to iingttliir vidocities and aceelerutions, 11018 suppose that the 
radiuH 04 (Fig. 21) rotates abmtt O with angtilar velocity m. 
Then the Hm* Off, drawn ihroitgh O perpemru-iilar to tlm plane 
of the iiiotiofi, is the axis of rotation, fleiunnif tlie distance 0/1 
in laid off iilorig this axis to repremmt the nunit*rii*al or Heatiir, 
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ViOue <if S’, the v%*vUn* iH»iiij4i’li4y dvimvH ihv imi^nhiv whn^ity^ 
It Is i'UHtciiiuirj lt> rlicHiUtJ thr ut OH an lliiil in tt'liirfi n 

ri^ht4ijmd*'tt ^H-nm tt*4ilil *iilviiiii/|» 
if liiriitnl in llw r-Hiiin^ Oim.iuiii im 
thsit in vvliirli iliii TiiiliiiH 11,1 fii, 

V*4vnH. III ihr^ **}*j**«itt| 

ti^ t tnii in 2't 

wuuUl ilirrrf»'*ri^ !«^ iinti**,.ilrit liy 
ri^irrsing lhiMlir«‘^*-iir»n m| fi/|, flmg 

iniikiiiii il jwntil ini ;ir4 

Itit’ iiinlinitl ut ti|»Wiirtl. 

Stttilliirl)% itininkir 

lliliy lil^n til’ rrj4«-t*v|ilrt| |iv n 

viH’tnr. rtwiliniii iif 11 nynimti nf iiiinnliir *»r iirrrl- 

iniitiniis niii)% tlittwftirii* Im ntilitiiiiHl liy «»! #1 irriMi* |**»Iuf**ii* 

iiH in thii of tiiioiir %^oltioilioi^ iiiitl iiori’loriiti**n*i. A j»r*w4 nf 
ilia vaator jiolygoii aotiulriiatiiiii fur roiiiinniitit iiiiitiikir 
ii glvan III Art* 

22* Normal and Tamgtailal Compoaeiii. r^nnntliir *1 j»iitit 
moving ill II atraki of rinlius r with iiiigiil*ir m, ah*! Irt t» 

ilanoki ili lltitmr iitoiig i!io 

lliiit li, toitgiintiiil to ilia airala (¥ig. ‘i‘ik 
Tliefti If fl# tlaiirik*« tiia liligla tkwriknl 
iilifittt ttia aontar in iiii iiilarval of lima tir. 

Ilia kmgth of tin* nrt* «« ilaimrslii*«l U niih 
Also, siiira P is ilia liiianr ttlmig tin* 

lira, tin* longlli of llm lira in wdL Utmra, 

niffBaviil, «)«• wiiri' ‘y thitt 

m 

beciiintM il «• m. 1 1 'i I 

Tlw »f a jinint ititiviitK Iti a I'iMis lUti* 

cm ite (UsteiHw frcKt ih*' i wiitur »n4 il* «»}»ul»r ali.an ilm 

jMtiiit. 

DifTcircntintitig Eij. ( I'ij with r»i«|ii!ci i«* ihi’ w<* !,*«», 

»iiu!o r h ewjBtttMi, 

tip lim 






Kia ;!l 
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or, since 


~ and = a, this becomes 
(it (it 


at = ra, 


(Id) 


which gives a similar relation between the angular aecideration 
and tlie tangential component of the linear acceleration. 

The normal cujmpommt of the linear acceleration Wiis found in 

Art. 11 to bt^ or, since r = m, this may bo written 

a,, -ml (14) 


The effect of the tangential component is to eJiange i!u^ 
speed along tlui path, wherinis tlu^ effect of the normal comptment 
is to alter the diiH'ction of motion. 

For a point moving in a curved path other than a cinde, tliat is, 
one in which the radius of cairvature varies from point to point, 
the vector vt'huuty may be resolved into two compoiumts; a ra- 


dial cHunponent of amount 
(id 


dr 

dt 


, and a transverse (a)mpommt of 

(h 


amount = ^ f] ' speed of the point along the path, 


is therefore giviui by the relation 



This relation may alm» be obtained from the calculus (apressicui 
for the length of an are of a curve in polar coordinates* 'rims, 
if r, $ demote p<dar coordinates, the hmgth of an elementary art* 
(h is fouiul in iliii diffcirential calcidus to bt^ 


(h 



Dividing both sides l>y dU and stpmring, we have 


which «im{»Ufh>a into 

(ST-K^^T-ar- 
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IliKHliV I'il I* t'l* I' * *i \lt.* 


If ii». I 


If llio l*al!i a riivlr, f -iia-i •aiii|4|||„^ 

ililit I* ^ tt*h a.H 

llii» riiliijn»lirl^tH m! th»^ f-'i .1 iiiiiii||| 

Ahmii . 111 % .-ui ^ .'4 . 11 .' 

J. : -K - ■ ' , :t, ■■ * 

If* ' ' ,|f4 

I 4*ii^**«|iN*tiiU , Ill'S* I llm 

i^»i* s*» 



riti 


# 1 ^ 


.1*— 1 

iiii4 ll.<i *n 

Py i-,. 

I?'* 


I-/ 3 


if' 

riiH I a 4” I ■' ■ ■ ^•'' 1 ^s'**-** i 4 -■■■' 

.1 


i j.jj S' 

.1 ■ ■ .1 j 


tl t*llll Ini i%}|*»WH* lliiit -‘.4 J a-i 5:i'a irs 

#11 

inillttl l«^ ^ ' |•r}»|■^’?^*■*!ll-•% ihr V 

* itfl 

lltllv tll*» tflliltlll'*’ III h'U^lh<*4 Ih*' .iii4 ^'^4 ll^cl|i|||||irt 

ill ilirm^it^ii* i* ,* 

i^iinv.imiriii i«»r tliii iiofiii.iil .%v *--r-lrt r 

itilllltlli lilt wlitli «»l ri|f%4|li|f<' *4 ihe- 
m ulitiwii in An* 1 1 . 


mmim^ 

€§, A iiiiinilli liilii I* ii#lltii^ si mm ^ ^Is|c| 

it r^^liiHr^ ifitll mi 41 vri llsr. /« ,4 m 

r«*iii«f‘' 1*^ *1 

it. A W»4||ilt i* |»^ S iStitig iff -% »4r>r«;.:a1 .• fiij-v :r. | 1; . 4 

Wiitl' liltl^l In* It# Si |||» liig^'4 ar. .. til##. ■'. #* ;4*l 

r«nttitli* frtfiil||lil f 

W* A |*ilflkirt ll^ ;4 # I ■•fi'y. 1.., /:<,-,.4ri i 

l‘;ifiiiiH r llisl il life- .v-.. 4 .; % '•■«'' 

i*f , rtliil Ibrii tWf %4l|f l#i%».* t-r,« i 

SI. Ill 4 rfiilriltiiigl ■:♦ ^ v .i* ‘J iw 

4l lip* *«4 hm^-^% a...S . '* r 

ill»4%» %l||pr*'^ r /|rl|«lr# III# <4 |%4n« 
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52. If the loop in th<‘ preceding problem in 15 ft. in diameter, from vvliat 
height must the. ear desiumd iu order to atick to the loop? 

53. How much fastm' than at pn'sent would the earth have b) rt‘.vt>lve in 
order that a hotly at the etpiator ahouUl have no weight? E(|uatorial ratliua 

20,0‘J(MH52 ft. 

54. I)t‘l(‘rmim‘ tht‘ tdleet of iht* rotation of tht^ (‘arth on tin^ a<‘t*tdt*ration 
diu^ to gravity. 

Solution. A place ot latitudts </> d(‘Hcriht‘.s a circle of radiuH reoH^(Fig. 
24). Iltmct^ if <t> is tlu‘ angular sptaid with which the earth revolvt^s on its 
axis, tlu^ cmitrifugal acc<dt‘ration at 

th(' latitudt' is r cos ^ Tlu^ 

resultant of this and tiu‘ actual \ 

acceh'ration a dut‘ to gravity is 

thtm tht^ appanmt acctderation y. / ^ 

Resolvt^ the (umtrifugal acctdtu-a- / 

tion cos into tangtmtial ami j \ 

normal components of amonnts i ^ 1 

cos sin and /W** cos- rc- \ j 

specUvtdy. Thtm \ / 

<7 u - rw-cos’** ^ \ / 

or, sinct^ cos'**^ I sin'*^ ami 
a -- //o, tht' acctderation at ^ 

thtMHpiuittr wht»re ^ 0, tldm rela- 

tion may bt' writt4m 

tj s yt, I na^sin'** 

Sinctt tlie jHTiotl of revolntitm of the earth is 22 hr. 52 min. 4.01) sts’., or 
HtiUM.tHt HtHL, its angular sptsnl is 


» IT 

HiutM.tm 


d).0C)0072t)2 ratl./st‘c. 


Mtireovtm, by pendulum ex|»erimeuts the valu<‘ t>f y at iht^ et|uator has be»m 
ftamtl to be yo 22,CMM ft./secA Hence assuming tht^ eartli tt) b«t a H|diere of 
ratlins li - 2tM»tMMW)0 ft., we have tlrmlly y 22.OH0I f. 0.111122 sin’^ or 

y : 22.0224 (I p 0.002 122 sin'^ ^). 

The fuel tlmt tlie earth Is not truly splnnacat but tlatt4*nt‘d at the poles 
changes the value of the ctnmtant inside the partmthi'Hts. By means <if |Hmdm' 
littn experiments it has been fouml that the actual valuta of y at mu level is 
given bv tim formula 

* “ i; 22dMH (I f 0.0052275 sin^^). 

For a point at an elevation H abovr^ sea level, tins vahie «»f y must be cor- 
reeietl by multiplying by the quantity (1 • O,OOtMMH)O057 /v), as staiml in Art. IH. 

23. M0,noitttts. —--Tliti relation iif a veutor tt> the nuditoi f»f ii 
luirtick fraciuiiiitly tlopoiiclH cm tin* (lintatumof tin* vmdor from Huiiiti 
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Mui*, I 


fixi'cl puiiit. For oxHiiiplo flit* lin**ar Nj»orti i»f p.iriirlr rHi.iiing 
iihciut a tixinl nxiH with mir^nhir i#> ih i^ivfoi r „ 

tliinvturt* iloprittln iiu tho lUHtaui-o r ihi* |»*iiio'|r* li^^ni 

of rotalitin. 

TIiIh givoH rino to ii HjnH-iiit kiiitl of r.ilh-il 

whoro tliti iiiomoiit of ii vmior iihoiit mix el i>, ilriiiin} 

iho jij-uOioi *.4 I hr irriiir 


hy IH F*0|=^*0i4l*,-i||,ir ilk, 

I'rMiii II. 

A inoiiii'iil Hi.iv hr I'rp. 
nmmUnl i:i 4 | 4 iis-a!Iv in 

%^nrioti,!i ‘Thn^ in 

Fijj. ‘J.”* « .1 1 , i! AH i.-j,r«.. 
.Hl'ltlji tin’ iiluj f/ l},(, 

ill.' itiKinnit 

• »f A fi t> t‘i 1 ’^ uli'litlv 

rt!|ireHeutt«l jf^Htnu^trirally by twin' tbit iui ii <•( ilu' iiii»iu;bi Aoit, 
A mdment inuy uIh** Im ri'jiri'jii'tilfil by n »■ « t..f. l lun ut Fij*. 
•25 (ft), if AM t’djitvwntM tlm v«-i i.»r j.aii «f ib.. 
givnn ami AOH tho iilam- nf tln' imdn. nt, ii,i a jj „ j„„, 

ClJ iH drawn throtigh O, |HtrjM*mli« iibir t.» tin' j.lrtu.' „f ii,„ nn,jnidit, 
ami df kmgth wjtiiil {«» ita nium'iif.il t.ilim, tb«’ iuxuh ui wiji 
(JdiniildtMly r«iirtwdutcd by tlw vin-titi f'H. 

Th« aiga df tim tiidimmt ia td>b«-.it<'<l liy ibn >bii-rii.,(, „f ()„, 
veetor. 'Hm mi-tlnul umihI fur tb'tdinuiiifig ti,„ ,,, j,, 
tlm viH'tdr UH pdint iti tlm ilinn-tiun m wba. b .» r.jibi !,„i,tiw| 
w'lfw WdiiUl julvaucd if furimil almiil t’H a*, .iti ui li,,, 

<lirt'riidn iw that imlicutml by tlm rcvdluid.n mI AH t$. 



84. Fundameatal Theorem of Moments. — In I si.* j*;, I, i j' 
ami Imi uiiy uvd vta-tdrs, amt T ibrir r«-»dS».idt. Al<«« Iri 
0 Im any givmi jidint, am! 0 ^ 4 ^ u,.. .,dt.;b « OA 

ami tlm vw tdia 1 ], Tg. 11 rwjau ih. l) . I br*, takini? m .mrMt* 
iilmiil 0 m i'urding i.. tlm »lefiHiti,.« ..f imm,, til gun, it,„ 
javn-ding artifli', «*> bsud 


Mdtmnii of f' alaait fi ,« **»)i f*|, 

Mduietit of aboitt Hm r,»4 if,, 
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whence by addition 

f j C/1 sin <9j -f" I 2 sin 6^., = O/t ( J Hin -f* J 2 ^ 

= OA • C^ sin 

since /’' sin <p = Tj^ sin -f- ( ^ ^^ 2 * 


The hist ternn howevin*, is ilu^ inoiuent of the resultant F with 
respect to 0. Tluu’cfore, since 0 is arbitrary, the suni of the 
inonients of auiy two vectors 
with r(‘spci*t to a ^iven |)oint 
is equal to the moment of 
their rt'stdtant with respecd 
to this point. o 

This proof nuiy obviously \ 
bt‘. extended to any imndHu* \ \ 
of vectors by combining the \ 
moment of any two of them 
into a rc^sultant moment, <umi- 
bining this resultant with the moment of the third vector, etc., thus 
leading linally to the fundanumtal theorem of monnmtH, namtdy : 

T/ii* mini of the momenh 0 / mu/ mimlmr of veetor» with renpeet to 
a (jiven point in et/util to the moment of their rendtant with renpeet to 
thin />oint. 



Fkj. 2(i 


25. Composition of Angular Velocities. '-(h)jmider two angular 

velocities, Wj and repre» 
sent(al in Fig. 27 by thii via*- 
tors 0/1 and 0/^, respectively, 
and let the planes J/2Vand iOV 
perpenditmlar to these vec- 
tors be tlui plamsH of their 
moments. Assuming the di- 
reeiitm id tlie Vind^orn as in- 
iUtaited in the figure, the 
angular veloeity causes a 
right-hanchsl rotation about 
tlie axis O/l, wbii:h movtm 
any pciiitt P hi tint plane j4 0/i ouUvant towanls tin* eye. Htmt- 
liirly the rotation % prcalma’s a rotation about the axis OP which 
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:«5 

till* jKiilit Uiifkwanl auav Irtiin l!ir I ln’ jiiiiuiijii 

cif ifui 4‘ltn‘iit lull ur i!rpri’?*^»iuii i»l thr’ I* «»r l»s*ii.ni' ilm 

plains uf till* prupurtiuiuil lu f inMiiHi.iiirr* ..i /* ntiirr 

iixin ami lha luif^tilar iiltutii this h\ih jMiiitli . It, ihrii, ilm 

jH*rpt*mli«’uliir itintaiiri'H tit P fruiii i)A ami >%rr- Pv 

dp rttHpiH*tivt*ly. Ilm lUiiuiintH uf iIiih uU*vaU*»n ami niH 

Im |iruvitli,'il that 

ih’i X i/| Pif X ilp 

But fruiii t!i** it in m'lttuitl tliitl lliH *'»|iii%fi|rii| 

tci 

A run OP A A run OP it 

lliurufiiri* tilt* cHiiitliiiiiii ilint I* Hlmll ruttiitiii i^iiiluuiarv if4 tltiii n 
hIiiiII liu uii tlm ttiiijfuiiiil «*f lliu piiriilluluifmiii riifinifiirirtl nn 1.1.4 
iuid OB m lidjiumiit Hitlufi. lliin ilini^^rimil i.»i iliiuadur*' i!ir im% uf 
llui wiiltimt ruliilitiii* 

Moriic>¥ii% tlwi iiiigitliir «lb|iliiui*muitl uf uvrry pumt m iliu j4iiiiu 
AOB ii pr«i{iirrlliiiml In llm itlgubnur *4' iii^um^ula uf 
utitl ^ iilmut tlii» piititi* But by iJimtnuii uf numumitf pmird 
iu Art. *24, ttik in in ilm imuimiil >4 OO* nbuiii ib,- .l»ivuii 
point. IltiiKJii 00 rapromtiiin, Inilb m jwwiiiuii* tin? 

ruiultuiit of ^1 nml 

Thin thtioroiiumn ovtiloiitly in iuiv *4 niiiiii* 

lar ¥olociiiaH by aombiuitiK tlmitt twu ni n iiitnt h% tmnim *4 titu 
imriillalogriim law junt obtiiiiirtb 14m %ur|ur p»4i,|.p»n ruiianm- 
lion oijiliiimHl in Art. Il iiml P uitti I##*' utlitmlpil to 

iurlmlo {inguliir vutiwnii«»H* 

By Hiiuilnr mw«iii$U|( it in iilno inliNii iliiil iiiinukr 
limy iiIhu bi' uuiubiimil liy iiiifiiiii of n vimiur pnriili«lii||'r#iii *ir 'Vui'Oir 
polygiiii, 

I®. Emmmk Motion. — Iti Ifm iiioiiuim no fur ib<^ 

mionkriitioti liim buuii miimiimi or ut mtiijili* ity nru 

iiwtiiiiw ill wtiirli tbr ntnmliiriititiii in it fiiiiuiooi «»! ili«» 

pliioiiitioiit. Fur u^iiiiijibf, ill tliw uion? #4 tbu %*ilirnto«ii ^4 a 
or of liio nlriiig of 11 $itufiit?it! iimlfiiuiriii, ibi^ iir.-riri.ituoi m 
diroolly |ir«iioiiiiiitit| tu ibti ilmpbruituoii: from tbr mi44h'^' puri* 
f4oti, m ©tpiiiitimi fiirilmr iii Art. tm. 11m uooiMii 10 llm 
c**inii w niifil Ilf 111 * hftnfflioiilc. A Imrtuiittli! m ilrimnl ifirtit* 
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fore us the motion of a j)article which moves in a straig'ht lin(‘ 
with an a<*f.elt‘ration directed towards the origin and proportional 
to its distance x from it. 

The etfuation of motion in this case is therefore 

== — 0)%, 


where tne constant of proportionality is denoted oy for reaisons 

(fv 

which will appear in tlie next, article. Hince a = -T-, this may be 

. , , (tt 

wvliim 





(t'O 


To integrate this (*.xpri‘,HHiou tlui variables xnay be separated by 
multiplying by dx. 'FIkoi 

dr = — (0^rdj\ 


or, sinca^ = e, this bee.omes 
dt 

vdr - 


which integruit's into 


— (d^rdr^ 

- +'h- 


To determine the (umstant of integratioti let v = h wlie.n r 
attains a <*ertain maximum value n This is not an arbitrary 
assumption, but is ehanicdaristic of the motion, since in any mo- 
tion id oseilhition the point comes to rest at a certain tliHiancc 
fnun its initial position, and then reverses its direction td motion. 
Substituting i» il, r ms r in the last etiuaiion, the eonstant Is 

found to be Cjsa ^*^*^^* , and tlie integral becomes -j,' ' 

which may be simplified into 


Btiiee m and r are constants, this relation expiamHcs the speed p 
in terms of the disfilacemant r, Evidently v « 0 wlien r « r, ami 
p « mr when r » 0, that is to say, tliei motion is an iwctllatioii 
ahotit tliii filed jaiiiii 0, and the speed is greatc^st whtm |,iaHHing 
through this point, Tlie motion may he illnstratial hy means of 
a spiral spring to which a weight is atta<‘hecb If pnlhst d*»wii 



rnmitv axi> aiki itwii i.im,. j 




btilow the mC r♦^Hl iiii»l ihm ih,- u, •thrill 

vi!>mte ti{HViir«l iiiei «hHviaviir*i, lu whI .ii r 

iihuve lUitl IteloW' iiiihal j«»^iti«»ii» .iii*! iiiLtiiuiiif it*, i|rr.ili.t,l 
h|iihh 1 when tlirMU^fh iI.h iiiitnil |n*H4!i«»ii. 

rtMibtHill II lieeHini infri^ivil, r*^}*hi*'r r Hi Kij, I |i;| In If,*, ri|ltiil 


dx 

di 


Then He|»iiriitiiu| t!ie %%iii*il4e‘i, K*j. i 1*1 1 In 




i. 


\ r* 




m 


du 


wliirlt iiife*imteH inti* nin 


x* 
mf I e^. 


I'o ileterniiiie the uf iiite|»riitii»i» 

nine i.?4 ^ when i *« Iw^ itein*lril In r. 
r 

X 


illle^riil iMHHtllien ;«44ll 


I 


mf k t, «»r 


X ■- 4^- « i. 


* 1 , lei I he ■iiiu|Iri ivlitlfie 
t li*’n j|||«| llii'i 


fill 


Fnrllie ■Hjveiiil in i%lneli f -.-n, tln.si *niin4ilie?* mta jr r %iii '^l. 

Til give II griijifninil illti*n.r4tuiii *4 ihe imiitre i»f tiiiniitniir 

rtttiliiiii* it m eniiveiinnii l** lir^4 jait. e.jniitniii^ i,if iiiifinni in 

the irigiiritiiiiilrie birsn. KijimliMn i IT | u {ilitni4i' in fnriin 

iihiiiiiIax 

X m r ^in I mi i r 

SilttliirlVt li|» (tiT| iiiiiy tm W'nllen 

tl# 


di 


t- sp|* 


mill Ki}, (ini hmmmm 


If m - ^ - i^r %iii t mi X i |„ 


Tb§ ilm tliiiirtiii-e* «i|ii.--e4» tiii*! 4 ^ ha 

III tJli»iw et|iiiilisiii#s ire ulnniit ifr^pliniilh in I 
wlilili k ilriwii f«ir m njital tii liiitiv, 
lw|lialimi fill w rli#iriii?leri«tle nf »ill imitnniA nf lilft.iteni* iie*f 

sill# tieiiig i |^♦ril«lk fiiwlkiii iIa % 4lite wliriiner ||«ii 

mtfl# #1 eliAiigi^ liy 1% ititiltijilti wf m Wt «»it « Inif t^i 

tJifl KAnt« ttilng, wliKiwvBr tlm tiwit* # oIwijib* In .* 

m 
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Thus if ^ 2 - ;{ . "''1^ ...^ r t,ln 5 value of the sine is 

0) O) CO CO 

the Ksaine in each case, and consequently the clisphuunnent from 
the mean position is also the same. Therefore the moving* })oi!iit 



occupies the sauH^ positions at intervals of time dilTering by - - • 
The interval of time rtajuired f(»r a complete oscillation is (iulltHl 

o 

tlie period, and will be <lunoted by IK Consequently tn% 

since we have » v- in absolute value, and hence 

^ j 

P^2 7 r 2 ir ^displacement . ^ j ^ 

^ acceleration 

The theory of vibration and its applications will bti further con- 
sidered in (Tiapter V, 


PROBLEMS 

55 » A iiievi-*H with a harnunue iieSitm Hu«*h that Itn in *i0 

tL/mw, whi'it it m Jl in. from the eiaittn* of its motion, and f) whim 

12 III, from tho eimter. Detnrmina tho poriod and ampUtndo of th«< motitiii, 
and thit »iit.iinnnm aectderatlon of tim 

56. A winglit flints on ihti mmlo pan of a spring Imliumo whiidi i>i ptillod 
tiowit amt tinm nderwed, that it rximtitoH a harmouir. vibration liiiving a 
porioil Ilf (hifi mm, Fiml tim griaUmt poHaiblo amplitud** of viliration no tinil. Itn* 
Wright shall licit tliti pan. 

5t* The ipriiig of an aiibimobilo deflects i In. under a nmldindy appliwl 
lOiAi Find tliti imriml of tliii vihratbn. 
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27. Uniform Circular Motion. A .-.j.m- ..i h.irm.-uir nm. 

tiuit is tliut tif llii' I'll n r n! um!>*nn t unilstr 

iniition. An I'XiUiii'lf >>t' ^n> ii nt"li*in luMusia-O 1*^ .t •.u-.|.futlcti 

111 .( tii>j i.'xiil.ti I’lK'lc 


/' ^ 

/ 


ri,i T-.i «« 

III! in riillr4 ii I. I'lif. ***| ^iihI tiiiii 

t% jiiwliriil ii|i}4imli«*ii in lln^ Will I H'liii-'iiiMt 

WtiiAii ill «»f ill*'* ni*»tn»fi» il****^ fiiA'iiiiir j.*rtt!.i w 

tliln ii Nlriitittif liln* iilnn|| llm #• 4ij*|*riir:fi In 

tllMVi* ivilll %Air) il||| iij*ri’4* iijn 
j*iir«nitl) iil miliar 

i^ipl mill iti tin* 

t'rtili’i'A *ri»n r'«’ii.*wni fiur in 

ih.il snjiml ;ir«i |Hn»'%r-4 i»vi?r 

in rijinil inil llw 

i%ir% nii n 

riiit f4 till’ m »liriitn 

ill Fi|fA «ln* llm «4 }*iwiirf 

ii%'’rr ii iilnng 

l.lin ilniitirirr lini’iirtt 

inllnn «nii| *4 iIip iiiHii *ii, 

Tti tliti iipitioin 

ill ^ tirelti «if rtniitiii r f M,||* *il |, llriiw -iinv 4n4 

ilritfi i. i*# fmiit J* mt ilib iltiiinrirr, irt 

Im lit 4 wii«ii f m <l| iiiitl tiniinl# ili« inglr 4fll* l»i' f* 1 l»rn 4 ^ 
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denotes the aiejfle deseribed in the time we have from tlie figure 

f/ = r sin (0 4- €) ; 

or, if o) denotes the angular speed with whit4i $ is described, then 
0 = cot^ and hencii 

// = r sin(a)f + e). 

This, howtwer, is th(». same as K([. (17) of Art. 2b. Ilcmet^ as P 
revolves uniformly in a e.irele, its diametral projection H exe- 
cut(‘s a harnnaiic oscillation backward and forward along any 
diauu‘ter IHJil 

From th(^ ligun^ tlie horizontal (aanpomuit of v is 
pj, = V sin {0 4" €), 

or, simte sin (fM-c) — auul r = m, this bt‘c.om(‘s I’j. = mj/. More- 
over, sima* thi^ equation of the. path is = r^, we have 

t/ Ks Vr^ — ami hence 

*■ Pj, rs M V 

which is identical with I'ap ( lb) of the presieding ariitbtn 

For uniform cinmlar motion, the acaaberation is directed bnvard 

the (uuiter and is of amount ^' t)r as shown in Art. 10 and 

r 

22. Tin? Injrizjuital (simpcuumt of this is — raV (U)s ( 0 4 t ), 

JT * 

and siiu'c cos (0 T c) » , this htajornes 

r 

((g » — . 


whicdi agnms with tlm delinititm of harmonic nudion given liy 
Im|. (1*7) c»f Art. 2b. 

The time required for tlm p(unt to tnakt^ a (uunplete nwolution 
is called th«^ period, and will be <hmt»ttal by P, as in the preceHling 
artiede. Since the angular displaeement. in om^ rcw«)luiicm is 2 w 
radians, and tlie angular speed is rad. /see., we have 




as in Ei|, ( 1H| of the preceding artiele. 

The reci|irot!id of the period, namely, « = is called ilii! 

quency, aiicl gives the numlau’ of oseillations peu' unit, of time. 
The riidiiw r is called tlie amplitude of the nmlion, and the angle 
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€ tli<‘ epoch or phajse. 4'!ii' l.iiifr t-. uU.. .-.illr-i sh.- lend «!i,.u 
jiiisitivf ami tin- lag vvlimi it. sjat a i-. 1? lio' j—uit ’.'..lUs Unui t!t« 

iuilial liiif liOV.r tii<' .-.jimtiiai ..f . .u,, ', v.iuj.ly 

g ss r Hin (at- 

It HhoultUnMinli’it that m itt'twml, 

wllilti*V«’r In <1^* 'Villi liisniMlI m rirrl**. I li*^ Iililr4niliii|| 
JilH^ tif I 1 1* ’-*11 oil *1 * I ' I iiiiiImiiii i ii< iiiiii iiiii* 

tioii m iiHoful in iriunit ii ||in»ni»'irn’iil rii*niiiur^f to iIp' 
iiiVuIvinL iiiitl prov'iiliini i4iiuj*!o iiirmti?* f*»r ihr %' 4 ri. 

miH tvhiticniH, Init Hhoulit iirvor ho rrtt4r4*^^t ;ih » 4rfiiiiiii»ii uf 
hiirinonio 

28 . Motioiii appraxiiiiittlf ltr»§ak, Tho ,»! Imr- 

iiiuniu III lilrrhiini?^siiM iinrv ilhi!4r:itr4 ihr fiilliHi-- 

in, It Hiiiiplo 

CNitwithn' itio iiiutiuii of n j»rn*liilnirii ’^vN'h ili-iil i*f a 

biilkii ill a hiiiiiU mr. ni tlio mit *4 a hip^ throiiil 

(Fin, 4*ii. If iJiit frrply* 

iho «*ntv iiiwlrr*iin'»ii iPimo *il I* m 
iliiil lino lo nrn' ilv, iO'iinn 'm'lirnHy 
tloWilWliril. lliO oilrrinr Ar'i/'i 4 rf|'*lf l*»|| 
iitiiiin tlio jiiilts till’ll <to* liiiiifimtnil 
r*iUiji»nioHl t4 */, «»!' g mu * 

ilio un’lifiiilioii of ilip riiilnin 
til till! vortioiih 

Ssiioo «| 1*1 iiii*| 

iflo offorltl-'O ltO'r^f4or.ittloli |*|ojM»r^’ 
lltlllill to tilo tlinlillliw r of P front iho %‘rH|r.il Hriint 

if liifi {iiitll Wiiii llio rliiinl ilifilriiit of iho iilo i*ti, I ho 

t>f P vfiiiilil tw For -fiiiwtl itrr#, or iiirnp r iphi, ihp 

nr iiliiinl* ttiijirotiitiiitoly roittin4o^ wiili iho uri-^ iiii4 
itmll iniiiiiiitniii limniliilion,^ itrn ii|ntrt»iiiiitsiii4y- liiiriii«iiir. 

From Ki|. f l^| lln^ jiortoil of m Imrinoiiip iiMniliiiiwn m 





|ilkj4iir«niloiil 




III ial^ Iho 

iihiiif Iti# pill in f «ii «, Hiilwfiiyiiiig ilnw ilio 
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mate value of tlus period, or time of awin^j, of a aim[)lti ptuululum 
ia found to bo 


P=2Tr 


V'- 

^ /Y 


(VJ) 


A more accurate expression for the period is given iu Art. 112 
and llfh 

From this (^xpre^ssiou for the period an approximates value of// 
may be found (sxpesrinuuitally by measuring the length I of a 
pendulum formed of a small lunivy weight suspended by a long 
line liber, and obsesrving its time of swing, or period J\ 

The erosshead of a sUsam engine affords anotlier example of a 
motion which is apiu-oximaUsly Imrmonic*.. In this case the cum- 
needing rod AB^ Kig. 22, e,on- 
verts the uniform tnnndar 
motion at B into a reedpro- 
cating motion at A- If the 
coniujcting rocl was inlinitely 
long, lias motion of A would 
be harmonic*. For ecmnecd- 
ing rods of ordinary length it is approximately harmonic!. (Hei* 
Art. 14U.) 

An ingc^nicum a{)plieation of such motion has beam tuadc! in 
(lornwuil, (ircnit Britain, in what is known as a man-pump, usc^d 

in raising and Iowt!ring miners to unci 
from their work. 'Fhe apparatus eem- 
Htsts of a vertical! rod or plunger. 
Fig. 24, whicth is given a reeiprcatiititig 
motion by numm of a cuauik and tion- 
neeting rod, as shown in the flguri'. 
On this rod nrn fasUmcul at ecpial intiu*- 
vals a mrim of platforms, f/j, 
ete., while! against the wall of tin* shaft 
art! fastened at the same intervals an- 
other series of jdat forms />j, ele. 

These arc! arrangttd at Hindi distatiecH 
apart that the traved <d' tla^ plunger 
is just to the distance between two HuemeHsivt! platforms. In 

opariition eiicti pliitforiii, for examplt! 0^ is raised by tln^ eriiiik 
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anil iihuigor until at itn !ii.M:in‘Sl point it pi »iih tin* cuii-,,. 

HputuUiiK platfurm It tlfui t.. .in.i is Imvt'rwl 

until at its lowpst positiitu it in ..ppusitp th.- pLitionu /j^, ’p,, 

«lt‘swnil tin* shaft, tln-ri'foris a man waits ii|...ii il..- platt'..itn 
until tin* platfurm rtsi's to that h-s> l. U hm « .tups td 
ruviTsii its inutinn, Im slcps ttpuii it ami m lowrml to Wlum 
tho motion n^^nill stops, ho slops ofT upon am! waits t.>r tu 
riso, in this wav passim^ siiooi-ssivolv from .mo platform i,, anuthor 
nntil !m roaolios tin* liotloni, A ooiitinuoiis str.-aiii of inoii ouh 
thus ho Iu\vor**(l ami ratsotl at iho -saim* tuuo. 

raOBLiMS 

58 , 'I'lii' I'nuik of nil oiujitio is miu f»«il l«iii|^ nn«l nint.'s a<«i t p ju. j( 

tim riM.| ifi m» it»itg Ilii« i.»f th*'* jin.i |..i,yb,i| ttmf 

Im* rrgi4ril»*«i 11,14 llittl il»»4r ^ii4 

III tlii* |*riwiiiii|| ilniw 11 rtii'Vi» 

III 111! iwiiiln ut til*' iilrt*k«n 

€0* Iliiw ttiaiiy iw'llhitiMiH 1,;^ *1 

mill tfii'lin' l*»ii||? 1 1 fii. ■■ 4P.4T tu | 

631* Whiil li llii* k'lrgtli f«»r 11 .a? t»n.i iu Itii* 

\29. ,)Relati ?0 Motloa* — A!! h ri'liiinr, ilmt, 1 % u 

tha fiiiturii cif i4tij iiiiitiuit tlrju'inU *111 lli«^ i4 %irw $4 itus 

ab8tir%^iir, Fiir hwiiiiit^tv if ilit* uf |*r4i nf *1 |iis||„ 

tliilum is viinvcHl fritin 11 {i-uiiit pii ihi* ril!i»'r *iti*»i. *'* I*f4**it 
tlia pliiiia Ilf tliii iiiiitiiiji, tlifi Isiti %vilf iH'i|»«nir l«i iiiiifsiiiiih:' m 

II firrlis \v!ii"ri*it.H if it is viiiwisl in lin' «4 iii**' 

iiitit, t!ii' liii!i \%il! itjijitnir to hiivo n linriir loiroioiiii,^- m rt* 

|iliiiiitnl in Art. 27. Tliii iiiiittoii of' l!o' iiottli %t#r* t*«44iri#, m 
iiiiotlior i!Xiiiin»to of tlris kiml, for tli« roliiiioii of iIip 
I t III iiji|ioiir to no otmorvor iil ilio jiolo to in « -11110111 nrrlii 

iiKimitl lliii |iii!i% wtmnmn to m in tin' ip#rl}i*oii it. 

to lllliV® PilSt \%vHi throogli pt.|liii.| mioiII oll ntlo'i m4r *4 

ilttf jiolo, ifitli II iioitioii similar III llw tiloiilooi f4 4 

siiiifilt* jwiiiliiliiiii.* 

• if i*l»n^rvli4ii Willi a tr»ii4i m iinfO-iiMl 

Ulifl ll|^f*li||g ifiP llip IIUmI im *lrlr.|l|»iNr«|, itw' to* 

illlliSt Uiltf In? lino *1 
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§ 29 ] 

Since in order to define a motion it is necjeasary to havc^ sonu^ 
frame of refereiKu^ to which it may bo referred, the doHcrijdion of 
a motion dt*,pen<hs on the ])articular coordinate -Hys tern Hcdcurted for 
reference. As then^ are no fixtal lines or planes in natiu*e, the 
description of any motion is therefore nec;essarily relative rather 
than al)solut(‘. 

To illustratts U*t A and B any two points referreal to 
an arbitrary cu)(»rdinate system X(> r, Fi-. ar,, and suppose ilmt 
A recuuves a displae.emeut ^L4', 
and B a disphuumumt Bli\ 
relatives to these ax(^s. 'rium 
A has also received a disphua^.- 
ment relative to B; that is to 
say, the distaiuu^ and diree.tion 
of A from B has been chanj^md 
from AB to A^Ii\ 

The amount of tins (duini^e 
of position of A ndatlve^ to B 
may be found by <’ombining 
the disphuunnent cd' A ndative to tlie axes with the displacement 
of B relativt^ U> tlie axes by means of a V(H‘,tor trian|iCle. Thus 
draw /I (/parallel ami m\iml to the displacement BB\ ami find the 
nvHultant yT(/ td AA* and AO. Then AH) represents tlu^ displaces- 
ment (»f A ndative to B. In other words, the original disiamm 
and dirtadion of A from B was ^iven by AB or CB'^ whertaw ilu^ 
m*w distance and direction is A^B'. 'rin? change in displaeinnent 
is th<*ndt»ri% AUX the e.losing side of tlie vector triangle A^B*(I^ 
which is obviously Imlependent of the choicsi of coordinate axes* 

The relative vcdot;tty of one point with respecd. to another may 
also he femnd l>y adding the vecd.or veloeilit^s of eacli of ilmse 
points with respetd it) a fixed set of coordinate axes. It is evt* 
dent, as alaive, that the clmitat of a eotirdinaU*. system is immate- 
riiiL In fact, this must necessarily he the inist^ sim.u‘. the rtdaiivc 
motion of one ptiint with respect to aimther is imU^j>ende,nt of tht^ 
clioitas of eodrilinate axes. The sanii! proposition alsi) hohlii for 
relative aecailerations. 

To further illustrate relative motion, cmisitler ilie nmt ion of a 
wheel rolling uniformly on a horixontiil surfact!. Lot m ilmiote 
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TilEOEY AXI> 1 ‘HAiTlfK 


|» il M\ I 


the iinijukr vt4tii4iv wUIji whkli iht^ %%\ivv\ ahuiit im 

lixm thnmgh iln waiter, llmt tUv Uiii^air Hpmi uf ai tin i.y^ 

mn relative Ui the <i*ia.rr V in rm { Eig* Ht;). Niiire tin* w'hrri m 
aHHUriUKl ti> rail without the t'onirr cMia*^ a \t*|«ns 

ity e? relative to the grinnah Therefore the wUn^ny u| a |,iiiii| /* 
oil the riui relaitive to the gnmial niiiv huiiul In; a44iii,i| ilm 

%'eh»iuly of I* reliilu*^ III C* in tlm 

%'elot'ity of to t liei,^riuiiii.h 

HlllK* a %'riiMr }».ir4l|i4ri- 

Ijriitti or iriaiH|lo uu rw iiii4 i» 
Iihlei4^ the re?%iiitaiit 41* rej»rr^muil« 
the veliieily of i* r«4iili%'’o in ifiii 

griHlIiih 

Fiir the lii|^h*o4 im*! hiwent 
jioilitii of the iiiio r aiel rm are 
juinilleh Siiit'it tlen- *ir«^ alnii mi* 
literieillly ei|ti*ih the tijirrilH iif 
ihofiis rehill'Vi* In lht' |P''r*ll||il 

are for thii hiKliest point e + rm, tir *i e. iiel f**r the hiiie^l peim 
ii w, or s^ 4 n*o. For tlib reie^oii the upper j*«.4rlioii *4 iln'i nw *4 n 
moving wliet4 iipfamra to lui olaierver *ui the uroiiuil I*-* neote 
tliim the lower, Thia ilitlereiiee k often iippiireiil m 
of riipiilly moving veliieltm, the tipinu’ ?*pi»ke.^ iti the uhreb iippeiir* 
iiig hlurrcah whtuwn thii lt»wer are tlwiiiiei. 

All Imporliint applieiitioii «4 relative iiioiirin nenirit m l■■ol|llt4■pr* 
iiig the iiu^jiUi of a point ivhieh i#i referretl l*» m *4 non mg 
aveH. For iiiHliitiee, ill eotiaiilering the inoiioii k4 h Ii!.i4y on ilm 
Kurfueti of tliii eiirthi Hiieli iw llial of a gyr*«*eojM% it t% iii** eii*»,iry in 
eeriiiiii vum^n to eoiimtltir not only tnouoii reliilii'e i»* a %ri «if 
i%%m iixiHl ill tlit' enrtln hut iilao the elleei jirwliireil l»y ilp^ liomo 
llieiit of tliene iOiifH iirii*iltg from lliii rotiili«ilt t#f iho' riiflh aipi it^ 
orhlial iiioiitin. 



mmmmB 

S 2 . A l*Miil riiweil «l tile rate of f* fiii.Jir. »rr*« » fiiwr it I 

nil Jii‘, III wliiii 4 if*«lieit nin«l lit** l»»nt in u» 4 if«lly 

mmm tle^ iiii»i with mluit will ii t|»»ni 10 *^%*^ 'f 

#S. Filiii tiie tnie mmrm'^ iiiwl t4 a |jf ^lit* 

l$m» at ll# rite ui |ii ihnnigli a 4-4iai4 ©nttpisi .^4i4s«g Ato 
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(loteriuiTU^ the alteration in direction by compass in ordc^r for the vessel to 
makt‘ a true northerly course. (1 knot = ()08() ft./hr.) 

64. An avStronomtu' in observinf^ a star tinda that it is neet^ssary eorret'i 

his observation for tht‘ nioti(»n of th(‘ earth around the sun, A.ssmiun|if tliat 
tlie s]uHsl of lii^ht is OShOOO, ()()(> ft./s(H‘. and 
tlu'- m<‘an sptsHl of tiu* <‘arth in its orbit is 
f)8,‘l00 ft./s(‘c., find tlu*. amount of the recpunal 
angular correction u 37). 

(This is calltMl thcs aberration of lij^ht, and 
was discov(‘red in 1727 by flames Bradley, 
afterward Astronouun* Royal of Eufijland.) 

65. The hour ami mimito hamls of a clock 

are 3 in. ami h in. r(‘Hj«*ctively. Kind the 

relative* velocity of iht*ir extn*mities at 2 o'clock. 


orbital 
velocity 
<{f mrth 



1 — 1 


66. Tw(^ trains on parallel track.s, moving 
in opposite dins’thms, pass in 5 h«*c. If the, 
traiiis art^ each 3o(» ft. long and moving with 
tha same spetnl, find this speed. 

67 . An aeroplane travels t*aHt\vard along the e<piator at tln^ rate of lt)3 
nu./hr. If the eireumferenee* of the etjuatt»r is 21,900 mi., how nmeh shorter 

will the day h(^ for the aviator? 

68. A jtd. of water strikf's a vane <if 
a Beltt)n wat«*r wheel moving with half 
the s|aH»d of the jet (Fig. 3H), If the 
cups forming tlu^ vatu* art* ht*ini.Hpht»r» 
ical, so as to comphd.tdy n*vcrNe tht* 
tlirectkm of tint jt*t, show tlmt tla^ 
absolute vt*loeity td tlie jet when it 
leaves t ht* vam* is y,t»ro. 

Sotu’TKiN. Let e denot4i the velocity 
of tin* jeT ami tla^ vtdocity tif the vane. 
I'hen wliiui the jet imjiingtts cm the vane, its vidotnty rtdaiivti b* tht^ vane 
Whmi tlie jet leaves tht^ vam*, Its veh»eity is rt*vm‘seil in tli» 
reatloii, ami ef'iti«tf|nently ihi ahstduiit velocity td tlm jet on heaving is 

. a 

2 2 

(Hinee there is no kitieikt eniirgy hdt in the wati*r, the theoretical efficiimcy 
of the wheel under the conditions stabs! is unity, Kcu* the iy*timl elliciency, 
sec^ Froh. 109, Art. Tl.) 

30. Rotatioa. — Any tlisfilaeninnut of a plum* ii‘jun> in i(H own 
plan« may Ixi reganiwl au a rotation about a <loiimif uxin pcrju'it- 



, e c 

m e -- or » 

2 2 
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TlIEtiHV A\H litAt'TirK ur MK«'ll\\|t\H 


iiii\ I 


tlitnilar to ilm } 4 ;iiio, 'T'** iIih liirMmtu ii 1% iiii|\ iiri*r,^,H5i|«^: 

rtiiisitlrr llio iiiolinn ut Ihio jMinuii-f *m% Ihm \Hntiis uf ijn* 

lijfurr, HilM'r .*||r lilir ‘.illflifii.nl 
ts'i itir |sMH||,|il|i Ilf II 

Siij*j»*w» i}i«oi, ih.tl ii 
HiriiHflii till**- *lll 1*4 ili*%j4*ii»t»t{ 
iniM iIp'* Illl'I. 

'rh»-’ii 4 o»*iili| hi%\v 4^ 

bv rotation 4b*oit m%\ |iinii| in 

llif^ ji«^rj*riiiiiriil,.ir 

U4»Miii»i4lo 4 4 . Siiiitl.irly II 
roiilil liiivo ri*iirlir*l If hy nlvuitt asH in ilp^ 

poiiiiiriilHr ! Ionian llin nivnii tli.?ij4*n‘ri$iriil i-i r«|ni\ .ilr^nt in 

<1 iiboiii i!io ill- 

rif till' j *nr print ir- 

tiltirii Oit iiinl wtarti 
pnivnji ttin llirrimn.. 

If liir prrprinliriibirH fill 
aiitl HIT iirr piiriilif'b lltr ^ 
rniiti»r rtf r«tliili«*ii ii in iti« 

fiiiilrly ilblAiil, 111 llii^n 
«»«© 4,4' iiiitl If If rt|iiiil 
Miil |»ralltfb iiipI linirr tint 

iititiciii ii II lriiti4Mi«r^ 'riirrrforr *1 ri|iinsib-iii in 

m itiliiiltiii iilititil sill iiiitiiitrly iliitiiiil rrnirr, 

11 tin’ fill iiliil 

iJfC r*<llirii|r* itirif niii ig 

Iti iliw 

riw*, lnn%'m'rr.| i| in nllirr rtl ill* 
iiiiity* pro%n4r«l llm up * 11**11 w #1 
willljitp triiiinbilptli, it tii#i tm 

fi»nit4 tiy 4lf *tti4 4’lf 

until ilipy m niisiifii iii 

Fin. -I*'!* 

F«r llir r*.itllti|| Itf|pf4 Itl llir |ifv* 

TOliiig iirtti‘li% tlip wm 

ilwrw i’«ti^t 4 p|rtl $kM 4 rpifilniipfl r«» 



II ^ I 



|"4i« 10 
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tation and translation, The motion of the point P on the* rim is 
then e(puvalent to a siipufle rotation about the point of tumtat’l 
2) of the wheel with tlui t^round (Fig. 41). lliat is, tlu'. re- 
sultant AP^ obtained by ad<ling the rotation rai about (7 tt> its 
liiunir velo(‘itv e, is perptaidieular to the radius i>/\ and etmsi*- 
(piently tlu^ motion of P is 
ecpiivalent to a rotation about 
1) with veloe.ity AI\ 

Thetheonnn just proveal may 
be extendi‘d to motion in thre(^ 
dimensions. For this purpose, 
it is sutru‘ient to t‘onsid(n’ tlu^ 
motion of any tlirta^ points 
forming a triangh*, simu*. tluau^ 
points not in tlui sanu* straight 
line determine thi‘. position of a 
body in spaei*. 

Suppose then that tin* thre<^ 
given j)oints forming tln^ triangle /l//f7 are displaetal inlt> somt? 
other position A^ HAP (Fig. PS), Prolong tin*, planes of the 
two ligun\H until they int<n‘Heet in a line NK, d'hen by r(nn)lv» 
ing tht^ first plane AHO about NK as an axis it tnin la^ made 
to coineide witli the plane A7/, and the triangle /l/^(7 will tak«‘ 
up some position in tins plane, say A^H^O^ Tin* prohhmi is 

tlius redueetl t(j tht^ ease of planar 
motion, whit‘h by tln^ tluauHsm just 
proved is always cnjuivalent iti a 
single rotation. llemus any «lis« 
plaeenumt whatt‘vt*r of a rigid body 
is always fMjuivahmt to (»ne or more 
rotations alami dt4inite axc*s. 

A eiise of Hpeeial inttn*esi is that 
whieli is met in plaint geinnetrv 
wlten two siniilar ainl equal triangles lie in the Hann^ plane 
but in n* versed positiims, as shown in Fig. 43,. In this easi* 
ilien^ is no planar motion whieh ean bring them into cminri- 
dence, and lienee Eiielid^s method of HUperpoHitiun is frequently 
critieized. If, Ittiwoviir, one of these triaiigh^s is rev«»Ived IHir* 
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hIkhU III! nxiH ill ilH plaiM-s ;ih by Ir4iiuii.: uvi'i* ii|i|-||| 

itm4f Uiii* JI fu it will rrtiirn iiiiu ih*' liLiin^ inn 

ill a ]H»sititiiu iuhI tbf^rrtHrr ihi^ iwt* <' 4 ii iiMm- }j|, 

liiiiib* tu inaiu’itb* l»y a phuiar 

3L lasttnt&neowi Center imd Cemlrock. An\ liruft^ r«itiittii|| 
nm\\ in ,i^n*iu*rab l«* lirnlu’ii Uji uilu a m! iiiiiniti^Hiiiiiil |’ii|j|^ 

i‘iirli cif wliirh laki’H j4ari’ about ntHuv- ib’liiiil*^ jvium, 
litnvi*vrt\ an tlio inotuui ju'oroo»t»i. "rtn^ jwiiiit 

whirli oiii' t»f thvHv iiiliiiitt'j^iiual rotaiuiiH jilars* m riii!i»tt 

tlio iastt»taiie 0 «s center* .Hiuro it in only tiioiiifiiiaii!i of 

rotatiou. 

Fur u.Kaiii{i!is in lliti eimu uf iht? rolliiig mdtrrl riiiiHiilin'*^i| alwna*, 
all iioinlH of tiio wtiind iir« mlMmK iil iiny ^irni iiitiliiii! iiboiii ilm 
{loint of eoiitnet IP nf l!i« %vIii,h 4 with iho urotiiub An t}p^ niutiiiii 

iHUititiiiitH, ihm {autti tif iHiiiliiet iiiHiiiiroii iilMti|.f ihi^ ifruiiinl m ifn* 

clirtietkiii in wdiieh Ifie %vlieoI in iiuivinij. llio lUMintii of ij|«^ 
wiimil miiy Ihiirefurii lat ri.i!ii4ittortHl lu^ a of 

rotatioiin iihoiti tlm jiiuni whieh in itmdf iii iiioisuii. 

To itliiHlniie ftirlliun thiil n litiu J/i »-Mfiiiiii|.. 

ciliily, Itn eiitln, A iitnl ii, will tlaut Irart^ nulairt m iiiilb 

eiiteil hi Fif* 44. Sineo ilio niotitui *»l *4 at utiy i*i m ih^ 

llltWtioit of t}i«^ In il.-ii jtatli, t| 

W rtjUtvahuil. to || rotation iifi..*i|| 
laiiiii of lh«’ iioriiiitl Jfl, Siitiilarlv iIip 

Itlotioll of /I I, II ri|i|t%ii|rn| to fi |o| 4 it|i»|| 
^ iilM'iiit noiiio j»oitii ill if|o niiiiii4l fill, 
\ lleiinoltio liifiiiuii Ilf lilt? liii*. ,4 Hill liny 
^ivntl hi^tiinl I** ahull to a rt4*i* 

turn alwitil ih tf#o iiitor#j*^i/'lioii f»f ihm 

iit^rtiiftl#* 1 hi*! |if.uiii i.i ifi ilitf 

tanisoun reiilt^r. An llin intiiioii fif Ait 

lliM tt „( ii„. 

iwriiwtn dtjuigi H ruutimujunly, ami ih,. 

iirt Htnli d iihitvr. «»f n •.ut cfjwiwi iif tHfituiritiiiiiil ak.iu » 

ju«vi!>^', Ml iuHtnntaimmiis i-mWr. I'Ih. 
by thf itwliitiiiiiiwitm wnlt-r in it* umtirm i* .aU.*! th.- wnfrdi* 

I ilitlit if illlV lim* a tllflim (M***U|ti«''fl rj^ li<<' j«i‘»i»i» 

tiiiiw 0’ t^T' I**)* fiml Iii imrli {notitjon inn*, aru 
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§ 32 ] 

drawn normal to the directions in which the ends -/I and i? are 
moving, their intersections 0, 0^, etc., will determine tlu^ 
corresponding instantaneous centers. If the motion o{ AB is 
continuous, the locus of 0 will also be continuous, the curve 
traced out laung the centrode for the motion in ([uestion 



Fiu. 45 Fh 4. 4a 


When the (‘entrod<^ has hmn <letermined, the path of any point 
of the body can bt^ ftmnd. Vur since at any instant tlu‘ entire 
body is revolving aboid. the instantaneous center 0, any point of 
the body, siu'h as O (Kig, 4(1), is moving in an arc, of a. circle 
with 0(UiH radius. If, then, the location of 0 is determined for 
various pemitions <»f AB, and for each position a small arc is dt‘- 
scriluHl with 0('^ as radius, the suceessiem of these arcts (y’.e. their 
cnvelopi*) will constitute the path of (/. 

FIOBLEM 

69, C’oaHtract tht^ naitredti 
fer thti coiuHfctiag mil /!/> cf 
the walkiiig-bnain ifUgiiHi 
Hkiitelicci in Fig. 47. 

S2, Piston Speed, — As 
an appliemtion of the i*en- 
trodc!,c<msider tlie imdlon 
of tlu^ camnecting rod of 
an engine ( Fig. 4H), As 
the crank |iin doicribes a tnnde of riidtus equal to the length 
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TliKiUiV A\!> l*HA< ‘Tic 'K uF \IKr||\\|ts 


1* 1141*, I 


r f»f tht* rraiik, flit* frtis.Hlu-aii 
ulc»iti( Jlr with all uiii{i!il ti«if 
«»r 2 r, Sinn* tin* jnith •♦I F" 


I 



/** hafln^.inl .iinl iunviiril 

I'.fiia! Im ihi* »*! th,. 

in ;i 4 liMiiii.il I hr |I4||| 

4irr. 41*41 i!„* r.itliiis 

/*/". Hi*’ |ntli Ml 
I’UT, n a 'Hf l aurh! Iiin^ i|j|^| 

' ■ hriH-r ||^» ||Mri||,il H 

l^’inlnaiLir U* J i/ 

I lir Mll*4 'irrf Is jfj IJ I 
ll li**illl.i]H i.^, fiirii III*, 

lllf4li|lil,|f|**Mt|M r,-iltrr fur 
lHi» |ioH|ti*ii} FF\ 

^\r4 II |.'5 ill,- iii?.si aiit^iiii,, 
1‘rlllrr !-l ! hr' |*M;Hitii,:i|| 


#*#*’, till* Hii|,Jiiliir t»f all jN»iiiN **1 FF' ii ,||,. ijp* 

lliii|^nvi*ii iiiNlatil, mil! Iimin* itii* hni’ai mi F .m 4 F* 

aril jiriijiiirtiniiiil in tin* riKlii fJF nud ^*F\ IfriM-r d i{ 4runUr^ 
iliii iiit4*rm»rtii*ii tif tlm liun nf tlm i’uiiiir* liinf io*| FF' fhi? 
vciriiriil lliriiiiKh Ik llini friiiit iHiiiiihir ti 

F ^ ffF i^ii 

SjmiHi of #*' ^^1” i*F 


If llifi nriiiik PF' k rnviilvtiii,^ nmintmh, ih*^ npr-i^d .if F' k 

etiiiiiiitii. Ill ifiiH eiimi Int FF' In* tli^uvn Im mu-h .i m'i%y m tn 
riijmmiint thti nnwiiiiii njirm! nf F\ 'rhnt ila* iiiifnrr.|ii |*||»| 
till! roil tils tlti* vm'liral |* ii*|.*ir^riilrt iIip %j.rn| 

of tlio {liNfoii I'ltr lliitgimi pirnitum ni lla- rotsin^-iTiii,^^ fM*! FF^, 
Htntn* l»y jiriijn'liitir Uni jniim fi mnm ilit* *-*r4iii*it*^ tluMii;*!* #* 
a {Hiiitl M iH diTorisiiitifit mi tin* rilin'^ 

(1%. 4H|. 


mmmm^ 

f0, lli*rif« lint n|iialsiiii i»f tim pkhm rnr%-^ 

hH r finiMlft ty, |*niglli **l ib.i rr^nls ,**.4 . y.r .4 

tim mtmrnMim rii^l /‘A' s Fin. IWF TJ*«ri if A" m,ih ^ ^ 

|W«it 1*11 f|i*‘ inMik rir*4-. nn.l 1/ »illt m *t o iH . 

I^iifit tm llift |iianst iMirVft, m*i if.mi U**. mmiUi ‘ho Ilf 

»lsi ^ / ufiil Imii ^ ■^'**^'* >• 
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Since tail <j> = ^ wo also have | 

\‘ 1 " ■ S 1 U“ <jt> 

// 

?/' - // I // 

X 




'I . //" *" jy* 


/- 


Elimitiaihi^' // hy m<*aus of Uu* 
relation x-^} ir^ r% this lH‘coni<‘s 

i/ -■ \^r* “■■ Vr- ■■ 

e ■' ■:■■ . ^ 

•<’ r- I y-* 

wluinee, after rculuetion, the 
ocluation of the piston Kp(*t‘<l curve finally heconu's 



If > f j 

V f x^ 

For an infinitely lon^ connectinj^ r<i<l, nc, / '^/is tln^ Hocoml term of this (upiii* 
tiou tliHap|H*ars, ami it siniplifn*s into 

y Vr- - 

wliich in the ecpiation of a circle. Hence for a couuecting rod of iufmiUi 
length, the motion of the piHt4m is harmtmic. 


71 Find the et|uatiou of the acceleration 41 me curve (Art. Id) for the pi«« 
tron, couNulering the conm*cting rod as infinitely long. 

SormoN. Since the tmlinate i/ to the Hjwed curve rt'premmiH tlu^ piston 
speed at any iiiHiant, tin* uccel«*ration of the piston is . For a (•ounecting 
rod of infinite length the s|me<l curve is the circh^ 



*'**^'*^^^ infinitely long connecting rod is, ilierefiiri% a 

striilgM line, m slmwn in Fig, 5(1, tlu'. ortiiuat4^ aC eiilier end being tin* wynC' 

nn the constiint ntirmal acceleration of the crank, namely, ''™. 

r 

Thin result wit! be applied in (’hapter VII, under tin* balancing of eitglites. 

72. In Prf»li. Illl draw the sjwed curve for /> on tht» aH.nuni|»t mn that the 
angular «|M*ed of /I k ccmstimt 
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rifi- .11 


33. Axode. -In aii\ i»f r*»iiiiiii||»|| 

rutatiiin hii«I t niiisliitinu, th** i-riiiiM.I*' »iriMir‘A| a-, ||j,, |ti|.||^^ 

uf tilt’ tn?4|;i|||iilirHtts fi'Ulrr r«‘!.i!Ur ! * » iiwd III ; f}| 4 | 

i<» HiiV, thr ilia 

iHMtailllUH*t»llH a\I.H uln*ul \\hirh lltr IimiI) ih |.*!4!lllvf ni^iv rliiiii^li 

it.H iHJHiti«»ii in tin* In iIun ihi* uiHtaiii.nirMiiH i‘riii|i|. 

4 IHU tnirt-H i*iil 4 i rnr%ii ridiiiui^ In 

lii llsr *||iil ruirtiliig 

iI. I In'! rlil-'lr |‘% ijiii 

aXIMlr* il ilrlr-riiiyirH |1|«« 

linil i.if tlip |.nij|, 

livii tt» I hit . * 

Lid At Mt i\ iK «'!*■., 

|wiiii|.fi at ilir mitrinlii, 
llsill |•l^*nh*l||f| ,,if |||.,| 

hmiimUumm^ miiun-' rrlainn in 

ihi? IwttL » 4ij*i !*■’! A \ if, V\ 

//, 01.11,1 rpjtrnilinil jtoii||.fi Ilf |li«^ itX^Ar-, tli.i! y?, HUvrm* 

nivt* jM.iMtiiitiH «tf iliin miller in ihi^ /|j|^ 

"riinil fli0 iiinliitii rifiiHiiitii tif n iiliutil A tililil if rMiiiri4i!,*i 

wilii IL Itndi iiLinil II iiiilil t*' I’ldiiriilt^n %viili i\ 
lltii iiitilinit in rnjiri^mfittint hy r^^4ltn|| *4 
titi lliii iilliiir* Fnr itiiif imi 

' If 

liiitli fiolygiiiti^ riiitliiiuinH 

mitmm. Iluiiaii iiiiy tlwjilitriniiina ni 
ft jiliitni flgttrii ill till |iliiti 0 
ri*prmmlm\ liy tlin rtilliiiK iif ii jitniin 
inirvn iittindiiiil tci it nil ii jiliiiis? nnrAn 
tk«nt lit ii|iiit?tf* 

11ii« nitty Imi illiintriilnil 
rttlly tiy fnitr Imru Itigidlmr 

ttl ilin im in Hg, 

Hindi lilt iirriiii||fniii»iit ift niilliml it Iliiagt, Hiijni#iw ilwi tint huk 
i*fi m iiini lint iiiltnr Imkn km in iipn-m TliPii A in 


0 V 


€. 


il*!*.. 


h 4 

M 


* Itt»* liilfiP'H iiiid air 4 !.4 4 ph 

tlirritrvr »r Iwir ralM i,,,* 4mm i - iw «4 

Mill if Itir Iil»l4i|l«i«iiw rHlPn, il in rMtitrtifeiil P* !»#'*• 4 ni*^* 1*. t f r*. h, 

aiid till* |* m iil»fi» 
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a circle about „Z> as center, and B rotates about 0 as iHOitiU'. 
Hence AD and BO arc normal to the paths of A and /A and 
therefore their intersection 0 is the in- 
stantaneous centtu' about whi(*.h the link 
AB is rotating'. The locus of the instan- 
taneous center, or centrode, so determined 
will be found to be an ellii>se (Kig. 5^). 

The axode in this easti is also an ellipse, 
since it is simply the curve traced out 
by 0 when AB is fixed and OD revolves 
around it. The motion of AB with 
rt‘spect to OD may tlum hi\ repn^sented 
by the rolling of one of these', ellipses 
upon the othtu*. 

The linkagt^ shown in Fig. f>2 is one 
frequently ustal in metdianisms for transmitting a varying ve- 
locity ratio. 


o 



Vtti. m 



34. Velocity Ratio in Mechanisms. — In the kinmnaticH of ma> 
cliinery it m oftiui noimsary to tlctiuniiiiie the relative Hj.H*ed, or 
‘^velocity ratio,’* of ilia various moving parts. To illiisiriiti!, 



THKOUV AN!) I'UAt "I’H K t»l' MK* HA\i( s 


r)(> 


b'im\ I 


li‘t /li# aiul rt’prrst’iil rraiik^ fMiuMTlfnl |*v .1 111^,1! Imji 
/Ifi ( *> 1 ). Ilifii iIh’ at aii\ ■iii.hI.iiiI lii it 

Ih* r<*t|uimi tt» t'lrti’nuuti- thv m| af th»* H,miv itHUint, 

i^r lUv !uik *1// fmiiiit ,|| 

<*f tin’ in»riiiu!H in ihi’ |utlH 1*1 .1 am! /#. Hium*. 
flitw piitliH niv vtVi'lvs, thi' liHriiiiil.^ ar«^ dir*-ii.i-s| alniiit ih*- 1-4, ii| 

BA iiittl iiifiTM'nUiiit tn iK thn rni|tiiri ‘4 iiiHfaiiliiiiriiiin 
nnatnr. At ihn all jMniitH i»l AB arn 

lilMiui B with tlin iun^ular vi’lnrtly. tli’iirr iln^ n^w-nl iif iiii|» 
{H»iiit of Al> propnrtitiiial to ilH ilihiiiiirn frniii In jiiiiiir'iikir^ 
the rnlativn HptnnlH of A iiinl iiro 

l\ OA 

Vf, til* 


Ntiw ilriip ?r*»m ii, uini Ou(i<in th«' r«*iitrr hm* 

of U«! link A If. Tltff» from tlm MmiUur lrjiii»]^l«'*> ff A ami tLHf, 

OA tf/{ 

Alt HM 


AIho from tin* similar Innna’Ii'H (flUt ami ('SI* 


(tlf OH 
VH ^ t\V 


la‘t »i aiul Wf, ili'iiot** thi* tMi$*:ttlar voltn itji'w ««f A ami tf. rimii 


'll, 


r 

m Hint roli^iinjnriilly 


’ AB ri/i' 411 * 

rifi iii»frliiig l!ni viiliin-Ni of rut ion I mm tlin tlit? njtrMil 

ratin ktt?fiiiitfii 

nil 

' n - f ■ Kpi 

W„ HM on HM 

riiirotwro, tkt ttmifulat u/ th»- armn l«r or-* *»*vr*f/y 

propm^nat to ffe pt^rp, /rum fht Hu- 1 *vafr r^ ..r 

M/io« thf! Mm of (ki iink. 
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Furihennorc, siiice tlio trian^^los MBP and ONP ar(‘ Hiniilar, 


ON ^ OP 
BM^ BP' 


and hence 


r.),, ^ OP 

<oj, BP' 


('^ons(i(iuentl\% thv atKjuhir apeedn of the arnm are invermdp propor^ 
tional to the sepoientH into whieh the line of the link divider the fine 
of eenters^ 

Motion 18 also frequently / 

coinmuuic^ated by nunins of a ^j\a 

flexible connector, such as a y 

belt, rojie, or chain drivt‘. V [ 

(Fig*. 55). In this case, if ^ 

lines an^ drawn from tlu» / \ 

centers A and 0 to tli(^ points V 

of contact B and I> of the 
flexible connector, tlu*. motion X j 

is the same as tlamgh trans- \ / 

mitted by a rigi<l linkwork Fas. 55 

ABDO. Htmce tlu^ relative speeds of B and 1) are given l»y the 

miles just dtaluced. 

Tht^ sanu^ is also true for motions produced by sliding (‘(m» 
tact, as in the case of cams or gears. 'Thus \i)i Fig. 5tJ nq»rt\stmt 
two cams turning about the fixed (‘.enters B and O, and let P 



Iks their point of (umtact. I)ru\v 
through P the (uimmon normal UN 
and common tangent TQ. lluiii if 
circular arcs arc^ drawn, liaving the 
samci (uirvatun^ as tlui cams at t he 
point /*, the motion of the (‘ams for 
a small diHjdacemtmt will be thi^ 
same as for these cir<ndar urc*H, 
Let A and D lie tin*, centers of 
these arcs, both of which lie on 
the common normal Idieii 

the motion at tlu^ instant conHid- 


ared is tins mitie iw for a rigid linkwork BAIBl C ’onHt»(}uetii!y 
the above rules for determining the velocity ratio also apply to 



ilS 


TlIFiOEY AXI) FHACTH*!-: UF MKillAMs-N 


tliiH emv. lliUH /I't *, tin* ^nluriiv 

ratiu i»f .p lilMiiii li mnl t' in %^ivvn In 

nn. PM PP 

m,r 

In itiiiny mmm it. m tlnmmlili^ U* iiniinliiin a 1 * 1 * 11 ^ 1,4111 ^nlnrin* 

Pi* 

riitin. Thn rniulition for tlitn in Unit f»r .Hiiinp 

BP + C^P =a whieh m iilm> tniiiHiiinl* llm jiuini 1101.^1 n^iiiiiiii 
tisctnl. IltOinn thn iHiiiiiiiioii for ii ooiiHtiittl viVliit*it\ r.itio iliiit 
tin* riirvnH in ofnitant iimat 1 .m^ mioh thiit llitiir l•»*lii^ 4 ll*l| lunitml At 
ilii* point <»f rontiini «hiill iilwiiyn inii llio lint’ t*{ in iJn^ 

Hiiimi point. In tlonigning gniir wIiooIh 1I115 tntrvr.i% i%liii'h iHiiiilly 
rhumni m having thw projHniy art? ojiuna^oitl ami ht p*»**3iioi4, 

For rolling oontimt tim vontliihiii fto* v«4**.iit i rat m in 

nimply tliat thn pthni iif tHmlimi iiuihI iihvays lir in tip* tinr nf 
iatntnra. 




raoitKHS 

73 . A m^i of gt*iir8 iip^hIipi! tonotlior ulinwit iti Fin if.jillitni «fi rniryrlin 
triiiii, Fhiii tho vi^liwity ralU* I'wawpini tip* flr^t hipI %%|p'.t'U 

Homitioh. ThiHtimniPt nwiiitpA m^4i 

tisollipr k tmllotl thinr 4iir/p*vi • tioil i^’* n» %iy» iIp* |pn*li ili«f 

*4 %mr* pp-inii Iliiit % Irif.® 

ti**tt liitp t||0 

i»ii4 iili** Iriitp 

f||0 <Msl4P* ft,ii 

tll*^ if M||W flr-#<‘s !■»» 

tip* i*ili«r hf f *411011 k’*:»iii#rn 

A wirtpsii 1*1 1 . |iilrli |*f 

it il figlil |t.i Iti. 

i* rsilir*! 4 4 Ifii#, 

WtiPll liip Of 11*1 I* rtiip 

itltiif* llik liiw |«-rrit<ir# i 

|fflr4 torr^r fFl^ I 

Tli« fipiii .*% i^put wi* 

otip tootii III 11 piirp*ii|«iip|toa %m lti*» |.iir|i 

piiliiiil flip rifr-wlpr /pfpfi. TIip ttiiiwlw «♦! 1 % thfi 

11.^ ilw tiaiitlar III fpptln mul mm n fr^lltniil hmth i* tlt»? 

mmUr |»it#ti iiiii»t tm uu ftlii|iitil p«n tlio virviiiiiirfpiirp «4 |..|fo|i 


ill 


I t****^! 

i f 


i C 1 *,inac!4' 

£: 1 1 ' '*1 1 

‘Q 


:jj:r 


riti. m 
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circ.k*. Th(> nuiiilxu' of tooth is also i^roportional to tla^ diamotor of tlie 
pitch circh‘., and tlio (piotitoit of this diameter by the minibor of tooth is 
monuu)nv(ou(ait to use in practice than the circular pitch. lu America this 
ratio is invtu’ted and its reciprocal is called the diametral pitch ; that is, dia- 
metrical pitch is dotiiHjd as the number of teeth per inch of diamotor of tlu^ 
pitch (drcli‘. For an epicyclic train the <liametral pitch is avidtmtly the same 
for (‘acli wlu‘ol. 

In the ])r(*.stmt case tlu^ diameters of the }>itch circles are assinmul to bt^. in 
the ratio U : 10 : 8 : 7 : (J : 5. Therefore assuming a diametral pitch of 5 for tln^ 
train, tlu^ numl)or of h^d-h in tlu‘ various wheels taken in the order of their 
si/.o art*, rt^H|M^ctivoly, 55, 50, 40, 85, 80, 25. The velocity ratio between the first 
anti last wht'tds, or value of the train, as it is called, is then given by 


Valuta of train 


numb(*r of revolutions of l ast wheel 
(U)rr(‘spon<ling number of revolutions of first wheel 


contimu'd product of number of teeth in drivers 
continued product of number of teeth in followers 


74 . A set of frict ion bt*v(‘l gt*ars are arranged as shown in Fig. 58. Fintl 
th«^ relativi^ sjweds t>f siiafts .1 and />, the diameters of the pitch circles of tlu*, 
various wheels being d - 8J in., H — 5 in., r =s 8 in., /) = (1 in. 



75. A lathe iti run from a countershaft by two sets of three-Btepped ptdleys, 
as shown in Fig. 5IK If the pulleys are 8 in., 10 in,, and 14 in. in diamnter, 
rt*s|M.!atively, find thii vtilocnly riitios ohtainablt,^. 

7§. Bhow that If a belt Is croHstnl, its length isconsbuit, provi<lcd the sinn of 
the radii of corr<«|»ttding pulleys is constant, as in the prec?e.ding probliun. 
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II 4 r. I 


Si»i t'‘ riiiK. Fruin Fii^. iHi, ihs^ mI’ lii«* I**-!! i-* 

I ‘Jiiuv . i /♦ « iu ' ^ air * in 


I* f ; * ^ ir^ . 


f/ Im till’ iiiHfiUH*!' ln'twiH'ii ri»iili’r’H ; ur, .Hinr*’ ‘tiii U 


ihi'i iM,iy Iw w riifr 


/ ^K'-i * ’-.)(F» -»• ‘'\;X 

wliirh i« roiistiuit, |»rovi«liH| t ii* rutiiit,iiiii. 


\ ' M , r I - 



Fill, l'i», lit 

77 * III tht^ tllflrnntikl |*ii}|#yv itt Fig, tU IIp’ r» tuitt fr„tri 

tht» drum niid wtmiitl tt|Mi« i\m hr^*\ i»r trr«< If ifp. ,.*411 i|»irt 
drtiitw iiri* H luid r, rf»«|»«n 4 ivrly. liiid «|tfr.i mltli %%liir|, i|*., ^%rt^.jit h 
niiiifd (ir iiHvrmil \vh»^ii ihr dmin*> rtn-Mh^ at Mi-^r: i-»*4a4tit.i»ii 
./' |H*r wh’uihI. 

1 ^ l4Mr|* «»f ii Ws*sil«»li i.||ff*ifr|j|.ial I'uiilny 

, , j id tWi» *d ladli n *iiid 1 % f*»lri 4 «;,l 

, y / iiitd 11 Fm-iif »*! # dir,.iv*i »#| 

V.., ' diaiiii*ft*i'' fi I ^1, Ail riuiiji ijifrw 

m itiiliriilt'il in Fi||- m> tliat ilw *lt 

\ y mlju lint ilriviiin rii-.iiii rnml lli*^ H 

\ /' »• . t .i 

• * lltill lllill tll*^ f illl*** l«' i II «’!Wf| |||f* 

\ ilrivitiii Fim^ P mill %\m If m'mmi 


^ 7 t. ff till, fd ihii |st*IFy!i in t|ir ^||♦|«“r 

Mdvniitiigi^ td tlin m»vtiwii*in, iarthn, 

Fruin 7 !», if tli«» tt-idMlil h U* lnw ,d 

i ■**'*’■« ^Fiil iliii ratiuil mliirli tli*. 

ax. III Iilafirr^i miti p|yi|-«n'^ ilin riit h mmh tu »s»*^ iiift»rli«i., if.*. i. 4 iirii 

nfrtik® liilitg itik Tti nmh* tlw n^tirii Alrtiku m qnirliiv «.% ,4 il,,. 

iiirWM emmmmlf um4 m Ih*. Wliiiwwtli t|tiirk rf^iinn im.in.i,. .n 
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Fij^. In the. fi|j!;nrn .1 is ih(‘ 

(‘«‘nt(*r of rotation of th<‘ 
crank vl/k and 11 is the. fixed 
])iv(h. ahoni \vhit‘h t,h(‘ arm Il(^ 
rotaU‘s. d'lu^ t)r Ui<‘ sirok(‘ 

is <‘vi<lently 2 IU\ and Uu* 
hni|((iis of tinu' taken for ilu‘ for- 
ward ainl hack s{rok<‘s are pro- 
portional to Mh‘ ar<’s MI>,\ and 
NSM, 'Fhe end.s of tlu» 4strok(^ 
ocenr when I* is at M ami N, 

Desii^n a Whiiw(»rth (fnick 
reinrn inotioii to have* pt'riods as ti to 1, and stroke of tool ; 



4 in. 


35. Sectorial Velocity. • Ltd- V.^ rt'.prosont two succeHsivo 
vtudor vtd(K‘iti(‘H (d' ji nioviniLC l>oint. ddien iho third nido of tlu) 
iriiupiifltj foriiUHl on and v,^ n'pnxstoitn th(‘ (diango or vector 
tuHH'U'ration, a ( Ki^^ t)4). Ly tlu^ theoreni 
of moimnihs, the Hum of tlii^ inoimuihs of 
iiny uiuuhiu* of vectorn about a given i)oint 
is (njual to the moment of tluur reHultunt 
about tluH point, lienee, in the prt^sitnt 
eaHo, the Hum of the momenhs of tuid a 
alnnit any point 0 in equal to the moment 
of ahotit thin point. Suppose now that 
0 is ehoseu on tlm line along whicdi a a(dH 
(Kig. 04). Then the moment of a about 
thin point is zen^ and iluu'efore the monuuits of tq and ahout 0 
are. tMjual, Evidently tlie converse of this tiusorem is also true; 
naimdy, if the luonmiitH of ?q and about any point 0 are equal, 

the immient td the aeceleratiou d about () is /au'o. Ilunee: 



If the mmnenfi^ e/ ftea HueaeHHiee veefor velocifleH about any yiven 
point are the veator amteleration yameH throuyh thin point. 

Tltis theorem leatls to au important special case of motion ; 
namely, that in which tlie moment of the veloe.ity of a moving 
pennt with respect to a fiKcd e.enter 0 is constant. That is, if v 
rtq)r(!stmis the velocity at any instant, and r its perpendicular 
<liHtam*.e from a fixed cenUw O, then tlm motion is such tliat the 
prodiu't rr is esmstant, say 

Cifl) 


vr^K. 



i\2 TIIKCIHV AND ur MKlilAXic’S ii.u*. s 

IIh* iiH»nn‘iit K in t'lnihtuiit, it iuny !*t^ ri’j'»rrHi*iitrit iiv *i 
tixi’il viH’ttir C ♦»*’» u tln' in ^tiiirr' thr 

vt 4 iH*ily I' luiist always lit‘ iu tlir }»huH^ A/.V |»rr|»rii*!irii!iir In /i. 
llii* i4* til** vrliH’it) r at** ait is alsM ri*|»ri‘Hr’ii!i*il |fr-*r»« 

lurtrii’iilly Hy twm^ thaurru *4" tin* triaivi^^lr l'!irri,4'i*ri% if 




tliii viilrieilii*ii of tint iiiiivtiig jiomt iit iliUVraiit iiiHlnnt.*# iim r*^j»ri*- 
itnitstl by vnnlors liui|»i»nt to thi! I bo Jirs*ii.?i *4" ilir triaiii|Irs 
biiviiig 0 for II oorsiiiioii vtirltm iiinl ibr*so voritir m 

iiTO nil ontiiib iiitit'ti wioli In tnjiiii! in ibo niiiito riiit*i|siiil fC' I Fi||. 

Now tllllltiplyillg lioltl Hjllrs of Ivj. b>' ilf. li lir'4'ii|||r»4 

<if| iiiitfti till * lit, wbitfii il» in iht tiai,^lh of tin* jiiilti iii 

tlio liiiit fif, thb tuny lift writtf*ii 

tth Kdt* 

.Hriiri% if f/np i/tg, tjM^^ ro|»r«wiil «lis|*bimiioi$l** 

ill ttjiial iiitr*rvals i»f tiioi* lif, ntitl tj, n|, f 4 «n, rt|irr»M'iil iln? |*ios 

|iiiitliotiliir iliHtaiifos of 011011 ut froiii 

riii|iti!ti¥tily, tlioii 

m *** ^ ImIA 

niliot oitrli is rijiiiil |i» ivhtro t% in o*iti^tiilil iitnl *li 

Iti Ini tlio .naiiio for ii!L C'mimnjttoiitly lli»» Mvm of ilir 
forititstl on mvk ilbjitiiroinoiii *h m biiti* itinl lia%iii|.f bti # 
tiioii lift t*f|lliil i tM), Tlittl in to tlio iirra»i i♦ll'r |4 

fivrr by titii nifliiw ¥orliir in oijiid iiiltrwiils of iiior ,iro 
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The arc^a swept over in a unit of time, say one second, is calkul 
tlu‘. sectorial velocity. I'ho preceding demonstration may then be 
sumnunl up by saying that 
when a point so moves that its 
vector a(H*el(U‘ation constantly 
paHS(‘S through a tixed center, 
its motion lies in one plane, 
and its sectorial veharity is 
constant. More brithly: — 

crNtral (((urlerafion the seetorial veloeiti/ in comtant. 

The converse of this lh(H)rem is obviously true also, namely: — 

When the seetortaf vetoeltf/ Is eonstant., the aeeeleration is direated 
toUHtrd a fixed renter, 

36. Kepler's Laws of Planetary Motion. — From a long scu'ios of 
ol)Hcu*vationH of tin* planets, <^sp<Hually of Mara, made by the Danish 
astrontiuu'r Tycho liralu*, in his observatory muir Prague, his 
assistant, Johannes Kt‘pler (born 1571, died IbBO), deduced three 
laws which comphdtdy describe planetary motion. These laws tmr, 

I. radius drawn from a planet to the sun deserihes equal 
areas in eqtutl times (iau its seetorial imloeiti/ is aonstant), 

n. AVer// planet deserihes an ellipse having the sun at afoeus, 

III, Fer dijferent planets the squares of the times of deserihin(/ 
their orldts are proportional to the (mhes of their major axes, 

llie siaienumi (»f these laws marked an imi)ortant epoe.h in tlie 
dinadopment mechiuues, for althotigh purely kiuematieal, they 
led Newtem (btuai l6Pi, dkid 1727) to the diH(*,overy of the law of 
iittraetkwi (or gravitatioii), and thus laid the fotindation of modern 

meehiinies* 

The eorielusitins olitaiiied by Newton from Ki'^pler's threus laws 
will now be derived.^ 

Bh*oini the first law it is evident from tlie resnlts deduced in ilu^ 
preceding article that the orbits of tlui j)lauets are plane eurves, 

• W. W. H, Hull I ** Bway cm Nc^wton's nritwlpltC 

Ucrcl/al Frosts Hewuat’s Prlneipia^ Htcc. I, II, IIL Tho mcUluHl of aiiiilyHis 
xtmii li«r« In of mmm different frcmi Unit followed by Nenvton m glvtm in thotui 
refertnn.HiM. 
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aiiil alsti tluil tlii^y uimIit a n’litral atna*!r*riil inii 

towainl tla* kuiu 'riiin Ifd Nmvlun tn t!n^ iii«*a t*f an afiratiivi* 
fc»rtH'^ \vtiit‘h niiUHiHl thn iiUum^.h t*a I’unt inuall) ** t.ill !>»warfl flit» 

Him”: that I' ,irf iiiinl 

till'' -’Htin ill an rlii|.|it’al i»r}ii| 
*4 fl'Mlli it. 

Frniii I la II' ||ii» 

ri4illi»»li ||}ii aiirt;* 

a j4aii*'*t. tr*«ii'i tii** .huh aiul 

ilH riHilral a*-i*r*lr'r,il imh may 
hn fuiilnl. F**r ihin 
\vi ihi^ ain.nilar ir-Io,'itv tif 
llin atpail niiii ln^ 

4f ‘ 

>, »ai*' riniiisl* 



hi w 


ill III 




Holvn thn in! I'nlmnly uitti twu laniijiMiM'iil 

dr * ^ 

of tlliiomii iiiol tin* oilirr pnqmiiilic’iilar ti» lli«’ riiilnna ,*4 aiiniiiiii 

«»r r h Thoii fnait llio vrrti*r iriani'hn 

df 




,fii i 


uj ^n./h * ' V./, 


( a * 


Tlia mttairkl VfliHntv in ilu* iiat* uf nf mn S, %%r 


MdU\ m iTjiromnitiHl iti Fig. tUf 

tiin int‘roniinit to tlm goc'lor tit 
llit^ t f//, t!in Knioriiil viilin** 

ifv Is . Frolii thi* t rigoim* 

d't 

iiiotrif! r 'i|irn?4Nioii for tiui im*ii 
cif II triiitiglin \Vf* havo 

il#¥ I rd» Hit I ft, 


lloiH'o if dS, nr 



wtliirti II rf|irrf 4 riil>i iht* luiglulnttwai^ii Ifm ntilitw n taitfriil 

io lilt* jiiitli III i*. iSiiiri.* #/f n m rd0^ lliw lnaainir^ 


dS m I fht 0 t { «-) 

'^***’- \ T*'^t 
•it ^ >it 


fiiifl liaititti 
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Fnyiu Kepler’s first law the sectorial velocity is constant; that is, 
= /r. Hence the above equation becomes = — ^ and sub- 

(XZ ^0 (XT' ‘IT 

atituting this value of in Eq. (21), the latter becomes 


^ A/rV 4 
dt) \dt) 


To find the accuderation, this expression may be differentiated with 
respect to the time, d’hen 


,, <h dr<Pr_HK^dr 

^ <iJ d(^ dr 


m 


Here ^ is the tang(mtial (uanponent of the radial acceleration a^, 

dr 

If then tt diaioicH the angle between them (Fig. 70), 



of this expresHion by 
(h 


Via. 70 


dt 


, it becomes 


(Pa (Ih dr 

dp dt dr 


and substituting tins result in E(p (2Ji), we, have 

dt dtP dt df 


whtmc,e 


_(Pr 4 

r> 


(24) 


'I'o fiirthor evaluate this exprcssiou for the radial a<!C(!l(!rati<>n it 
is necessarv to know the relation between r and t ; t hat is to say. 



m TiiEoiiY AXi> PiiA(’Ttn«: uf MKritAXirs irii.y., t 

tho iH|Uilticni iif tliv jnitli. Hi*- Stn-uutl hni, hu\ir\ri\ .stiilr.H lliiil 
thin 18 itii till* i‘t{ualit»j4 i*f wliifh in pular riM*riliiniii*8 U 


\ I f' rti.H 

whi'^rci r iliiintt'H I hi' iHH'initriihtv iitni I iht' Hriin l4itinr'^ri'ii..tiiin 
Nmv by thn viiriabln W'«' hiivr 

tlr iit ti0 *2 K _ ** ii ^ ^ 

fit *10 tii il0 


liiicl almi 


iif^ ill-L. d0\T/ ^ ti0 


*1 I m 

*i0 r ^ hit 


•• A-''’ flV"’ - ■ 


* 1 "I *4“* #" t*t 0 I 

t haii» ■■ w wi* hiivi* 

r I 


d0\rJ I tiidXtJ i 


But frniii ibt* i^(}tnitic>ti cif thu {nith 


Vim t I 

i I r 


^ iiipj it|,iit*riif4}| lliiH viiliir iii Ki|, itiii 


blit nr bnrniiinH 


#r^ _ K^(\ _ 

df^ \l fi 


iillMlitAiliiig llib vi%Uiv Ilf ill Ktj, (*i4 ), %tn liiivft ilntit iinully 


-I'l '*■■, 

r* U ry r" 


whiiih iinipiitU'M into 
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Since this expression is negative and K and I are constants, the 
conclusion which may be drawn from Kepler’s first and second 
laws is that 

**The ventral aceeleration of a planet varies inversely as the square 
of its distance frorn the sun and is directed toward the sun. 

From this Newton concluded that there is a force of attraction 
l)etween a planet and the sun which also varies inversely as the 
s(piarti of the distance between them. This is called the New- 
tonian law of attraction, or gravitation. It is also sometimes 
(‘.ailed the law of inverse B(]uares. 

From Kepler’s third law tlui value of the constant K may be 
found, and thus the nuimu-ical value of the radial acceleration 

be determined. 

Since the orl)it is an ellipse, the area swept over in a complete 

revolution is 7 rab. Since = jfiT, we have dS = Kdt and also 

dt 

fdH^jKdt. 


If, then, f^detiotcH the time in which the orbit is described, since 
diS = Trah^ and j Kdt » iTT, 

Trab ss= KT^ 


whence ii = - 

Also, from analytic geometry the value of the latus rectum of an 
ellipse in terms of its semiaxes is 



a 


Inserting these values of I and /Tin E(p (2b), it becomes 

j /7ra/-»Y 

^ \¥)_ 477^a» 

- r® 
a 

By the third law, ™ is coiiHtaut for all the planotH. CoiiHCHHiently 
the factor by which tine invorHC wniare of tlio diatamu* ia multi- 
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plbtl h ilia mtiw. for nil iht! phunH.s^ niifl tht^roforo ilrjn*iiii.H mily 

on tlU! HU!l. 

Hit! gmiteni of NtnvtoifH rn'liun^niitnitH ronHiHltnl in |*i'rrinviir^ 
that natural lasv wan niuvornal in itn ainl llmi Ihr .miitm 

law nniHt apply tti btalinH on thu aurfuia’ ol I ho t‘i.irili m in ihti 
solar Hyntonn To vorify his itloas Niuvtoii lirsi applii**! ilioiti 
to tlio niooiu m Innug iioaroHi io tho oartli arnl its inoiimi iiiiim 
jiriHUHoly kniHViu AHHUiiting that llio iiioiors urhit in rirriiliii\ 
which is upproxiinaioly oorroct, it ^ r» anti flic iii'rcloralioii of ihi* 
inotni toward tho cartli is 

4 ifV 

if a! »»* ■ * 

yi»j 

From this hiw of invorw' sijuaroM, th«» m't'olt'rii! ion of n l«nly nt 
tint Hurfuw of tin* oarUi miiHl he iHvriMoly )>ioj.«ii u.»mi! i>> this 
HmtiiriJ of Um 5 railiuH of this earth, my H. t ’<«in*eijui'utlv 

<K.,„h 

jfM* 

tt fnmm *t 


and fionoo 


^hrnik = pi^ri ‘ 


AHHuming that tho nitliuH of the m ^itty tlin 

radius of tho oiirth, anti thiit thi* of ilio inirlli is 

4 • inotors, wo itavo 

r -v:.i tin Ay -I » It^* no, T 2T dn. 7 hr. 1.1 iiitii.^ 

whtuioo ss IhT'l in, 

From aotuiil iiioiiHiiroiitoiita ilio inmidoration nf a iii«ly al tliii 
itirfiiot^ of llio ifiirth is foiitnl Itt lat nhoiii 

* IhHl III, sor,’*. 

Tlia dworofinnoy hoiwooti thosi* arisos frntn ilp^ 

iriiito iiitliiro of till* imiiiorioiil vsIiiom from iiiiitdi lltoy iforii 
otiliiiiiiah With liion^ |,»riioimi moiisuroinoiils tlioy ar*^ fiitiinl to 
agrtiii oltitioly. 



(CHAPTER II 

FUNDAMENTAL DYNAMICAL PRINCIPLES 


37 . The Laws of Motion. — The conclusions vvliich may be 
drawn from KepUu-'s laws of planetary motion, explained in 
Art. Hi), l(»d Newton (b. till 2, d. 1727) to the statement of 
three dymunieal axioms, or univto’sal laws, underlying tln^ motion 
of all bodii^s in the universin ’’rhese. laws were not original dis- 
coveriem with Newton, as might b(‘. infemul, but summarizcHl the 
work of all pnan'ding investigators in mechanics. The first two 
laws were undoid)U^dly known to (Jalileo (b. 1564, d. li)42 ), and 
the Hee.ond and third ha<l been tacitly assumed by lluyghens 
(b. HmK <b 16h5), Wren (b, 1632, d. 1723), Hooke Qu 1635, 
d. 1703), and others, in various api)lications of nuHthanies. 
KepltU‘’H laws, howinnn*, enabled Newton to obtain such a e.lt*ar 
insight into tlm fundamcmtal relations between force and motion 
that he was able to formulate these relations in simph^. axioms, 
thus laying tln^ foundation for a scientific system of mecbunii‘.s. 

The three laws of motion as stated by Newton are as follows: 

Law I. Every bo<ly continues in its state of rest or of uni- 
form motion in a straight line except in so far as it is compelled 
by impressed ftirtui to change this state. 

Law IL ™(3iange of motion is proportional to tlu^ impn^ssed 
force, and takes place along the straight line in which tluj force 
acts. 

Law III. —To every action tlnux^ is always an c(iual and op- 
posite reaction ; or, in other words, tlui mutual actions of two 
boditis arc always m|ual and oppositedy directed. 

38.. The Fuadamaatal Equation. — The three laws just staitsi 
may !)c expressed by a single simple eciuation which is flic basis 
of the entire subjiMit of dynamies. This fundamenta.l t‘(|uat.ion is 
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umbailitHi in Law IL Ilnro of inulion" in ii|iii\iili’iii it» 

acnaltniitiiHi/' (!unHi'i|iwiitIy thm lu%v iiiiiy bi^ o%jiriii?4iil hy 
Haying that 

The impremetl {or estermil) ftm*e uetimj upeii n i*mip m prt*pttf» 
tioHitl ft* the mwelemtkm pmdHeeil, 

I'liiH immiiH that iha ratio of form to nwr-lvtiitum in ntiiHtiiiii 
for imy givan lanly. Daiioiing t!ia O3itorniil lom^ by h\ th*^ 
acciiloraticui produoacl by iumI tlntir roiiHliiitt riiUo by m, iliin 
law, ojcjiraHHiiil in aytnboliti ft^rrn, m mniply 

a 

To obtain Nowtoifn first law from ibis infiialioin wrilo it in tlni 

F-ma. 


Thiin if J’« 0, wo iiaiHt alsi> havo a » i\ bta^ansr iii ih h rmi* 
iitiuit diffiirotit from 7.onn IIoihh' if no formartH* Ihr armlin’iitioii 
is mn\ iiiul thoroforo ilui voloaity is tnllwr 7 rro or roiiHtiiiit, m 
stiiiatl in Imw L 

Tim third law simply tixprossos tlm otjUiilily of #* and iim. F 
in this aasii is tlui or tomlrnry to prodtiro moinnn iitnl 

nm m tho roartionf' or inortia foroo sot up* Tlio llnril law iiiiiy 
thtirnforo bo ragardod m axprassiiig this atjiiiilily **f untl 

citfaat* Ilia natnra of tha iiaitoii ls»tw««oii Iwti lioilios tnay in? of 
tiny sort, whatavar, and may triinsmillial by iiiaiiiis «d inn- ntiiii* 
l»«w of intiirvaning bodias, Fssr iiisliutns iho tiinlOiil iirlioii uf 
twt» lianvonly laidiaH, or of two liodias aoiinorlrd liy a rigid r^»<l 
nr an ahiHtia spring, i>r aitriiatiiig «ir rajiidliiig iwti olln-r b) nnig* 
litjiia or abniria iiganoias, ara all illiistriili*»iis of lli«^ llnrd biw* 
lii gtiiiariil, if and daiiota ibis of two aiiil 

tliair raspaativa aaridiwatioits lira rassslvad into r*’at4iiig*iLir roiii* 

IMllttiiitu, |.,|f«d4n, Hawtoids thinl liiw^ is aipraiwatl by iIip nd.ilioii^ 


iPi, 




4h. 

J 


39. — It i« fftujitl hy i)X]a*riifU'tit I hat lh»? r.»n« ><f itii. 

t«i !WH!oli‘nith>ti |miilti(!et} tlujwniiM »»« !!«»• ii.am*' >*f 



§ 40 ] 


FUNDAMENTAL DYNAMICAL PRINCIPLES 


71 


the body on which the force acts. For instance, in the case of 
two bodies of exactly the same size and shape, but of different 
materials, say lead and wood, it is found that the same force F 
will pnxluce a greater acceleration in tlie wooden block in a given 
time than in the lead. In other words, the lead block offers a 
greater resistance to change of motion than the wooden one ; or, 

what amounts to the same thing, the ratio — , or is greater for 

(X 

the lead block than for the wooden one. Thus the ratio m, 
which is constant for any given body, is different for differ- 
ent bodit^.H. This is expressed by saying that witli each body 
therc^ is associated a delinite constant m (or ratio of force to 
accelei*ation), which expresses the amount of its resistance to 
change of motion, or its inertia, as it is called. This constant w, 
which mcuiHures the inertia of a body, is called its mass. 

40. Relation between Mass, Weight, and Force. — The relation 
between mass, weiglit, and force is of such fundamental impor- 
tance that several explanations of this relation are here given. 

1. In every country a certain mass is chosen as a standard, 
and the mass of any other body determined by comparison with 
this standard. 

fflie weight of this unit mass, that is, the pull of the earth on 
it diu^ to the attraction of gravitation, is a force which nniy be 
conveniently chosen as the unit of force. This unit is convcnimit 
rather than scientific, as the weight of a body dei)en(lB on its 
locjation with reference to tlie center of the earth. The extreme 
variation, liowever, is ordy about | of 1 per cent, so that in en- 
gineering computations and in practical affairs the weight of one 
pound miiis is commonly used as the unit of force. 

Whatever units of force and mass nn) chosen, they must satisfy 
the relation ma. For this rea.son only one can be chosen 
arbitrarily, as when one is chosen the other is dcfimsl by Him 
relation. Nt)W the average acceleration g of a body falling freedy 
in a vacuum is found to be about H2.2 ft. /soc.^, or 981 cm./ sec. 
That is to say, if the force acting on a certain mass is that due to 
its own weight, an aceelaratum of amount g is prodiuHxL Since 
force is jiroportional to acceleration, if this same forcu^ actls uptin 
a mass,^ times ns great, the acceleration produced will be unity. 
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Theraforo if iha wai|^ht of unit, juuhh is m tha unit iif 

fore 4 \ aiul wi// m asHununl an tha unit niusH, tha furulaitifiilul 

ralation , 

W mtf X I ; 

that in, IF= //a/, or m In all tarhniaal ami ju-artirnl atuiijiu- 

iations, tliarefora, wham ilia inartia of a Utnly in imaiHurnt liy its 
waight, and foraaa ara a^tpraHsad in pounds for graiiiH) waight, 
tlu* iH juation F^ma trvuHl ba unatl in ilia fiuau 

F U, 

// 

It' in anpaaially iHuu^sHury to distinguish alaarly iti*twatui tlu' two 
BansaH in whii’li tha Knglish %vord pound*' in twad, us im onu thing 
in maidianiaH in ho liktdy tt» auuna mi-HtakaH ii.s aonfitHinn on thin 
ptuut. I'o a pliysiaisi ona pouiul invariably inraiiH oiio pound 
iiiaiHi wltaraiw to an iuigtnaar, aontraator, or iradt^HiinUi it iihvays 
maarm a pound wtught^ Le. a fori’a, and not uuihh at all. 

In tha Framdi Hystani tha saina aonftiHion iirisas by tin* uh-v of 
iha Hama word ^^granF* to ajcprasH two antiraly Hopanila' iib'iiH, 1 o 
ohviata thin dilhaulty naw wtirds hava HtuuoliiitaH barn propoHish 
but HO far hava not baan favorably rrroivrd, 

IL Frcun iha fundanunital atjuation F mu it m rvidnit that 
tha muasaH of iw<^ bodi«m may !w» aomparrd by iitaaHuriiig rilliar 

(1) tludr ralaiivt^ atJaalaraitoiiH undar tha aalioii of at|iiiil ftirras^ nr 

(2) tin* Tahiti vt* forc’an raquirad t*> prtfduaa aijiiiit iirralariitioiis in 

tlia biidiaH. dlia bnaiiar iiiatluHl m uifad fur whaitlifia piirpiwi^s, 
anil IK basiHl on t ha dahuition of a unit of fnram lliis m rallatl 
ilia libHohiti* iinit (.*f ami is daflnail iw ilia fnrra iiliirh will 

prodtiaa unit aaaalaration in unit iniiHH. In ilia Eiigli-Hh Hi'Miriii 
tha unit t.»f iuiihh ih tha pound iind iha ithHoliila iiiiii of fori-r tha 
poiiriditL That is, om* poiimlat is ilaliiiatl us iha fnrra iibirli wdl 
giva to ti tiiimH of ona pound tiiiiiaaalanititut of t fL/nra/f In fhr 
Frtiiiali Hjiiiaiit tha unit of manit m tha griini iitiil tin* alrailuia timl. 
of foraa m ilia dytii». That is, ona dyna m tha fom* iiliirh %ii!l 
giva lo 11 tiiiiHiiof ona gram iiri itaaalariiiit.»ii of I 

III tilts i6aom.i ittalliofl tha ralatHm fiirn^H iirr rlinsaii ns tha 
waiglitti of tilt litidiaH<i whiah priMliiaa tha Hama aoiisfiiiit urralmo 
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tion ff in each case. Tims, for practical purposes, luasHcs arc 
compared by their weights. 

Now From the fundamental equation .F= ma, using the abstdutti 
unit of force, we have 

Force in poundals = mass in pounds x accel. in ft. /see. 

whereas, using the technical or gravitation unit of force (weight), 
we have 

Weight of one pound = mass of one pound x // ft./stnu^^ 
Hence, 

W(‘ight of o!u^ ])ound = // poundals. 


Therefore, in onh'r that tlu‘. fundamental t‘(|uatiou F ma may 
apply to technical units, tin', force in poundals must be divided by 
</ ; that is to say, 


Foroo in iK.unds weight ^ 

// 

_ mass hi j)muids2< amd. i n ft. /siHu'^ 
// 


mass in pounds , . « 

— X aecud. in ft./stHu^. 

H 


The techni(‘al or gravitation unit of mass is therefon/ // limt*s us 
great as the absolute unit of mass. 

III. Tlui momentum of a body is delimul as the jiroduct of a 
constant w, c’allcd t!m mass of the body, by its velocity a. 

Newtoirs He«‘ond law may then be i‘Xpr<‘ss(al by saying tliiit tlie 
force acting on a body at any instant is proportional to the time 
rate of elmiige of its momentum, or, in symholit! form, 

Fortm « K ^ Kma^ 

iU dt 


where K denotes the (umstant factor of propcu'titmaliiy. l*lic 
value of this (umstaiit .iTtlependB on the system of nnits aHsiimcd, 
Ahmdute — Fcir scientific purposes it is (»onvtmient to 

define tlie unit of force fm that force wliitdi will produce, unit iic* 
cederatiou in unit muss. With this definition, F, and a arc nil 
unity Himultaneoiisly, and hence tlie constant K is iilso iinity* 
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( -tawiKiutuvily, iu ur almiiluti* uiutn, 

lAirrt^ =a nuiHH x ai‘rt*ltn*utit»iK 

In th« iibHoluta HynUnu tliu unit ft^nn* in fiillint tla* |H>imtluI iu thu 
Kiit^liHh Hyntiun aiul tliu dynu in thu Fruntdi HyKtnii. 

(Irmdtatum tuulmical luid pniutiriil |itirjH>mm iliu 

unit fnrun in tUdhu^tl m a tHjiial in flu* wni^tbi nf h unit mum. 
Simui tha unit foraa «o dafliual in wai^ht, «sr aitnirliiui nf uTiivita* 
tinn, ilia actadaratinn a btHuumm that ihm tt» gravity i/» am! luutia^ 

y ms Kmi/, 

By (lafinitinn, howavin% # m unity vvlitiii m m iiiiily. Uaiii’a 

1 » Kif,i>r t. 

‘ !f 

"rharaftire^ in gravitation unitH 

nmm x m’foloration 
r<)rtai ra - 

if 

In tlia gravitaticvn Hyntiun, ilia unit form m raltml \hv jiiiiiml in 
thii Knglmh aysttim anti tlm gram in tln^ Framdi Myaloiio 

PROBLEMS 

BZ, A train vvtu|.|;hlng 100 T., I'jo^hnling »*ngin«% rtiim up a I |»«i»r mut itrai|i% 
with im atsatO«»riititni (»f 1 A’tiiUining tint frinllutial ri^ 4 sl 4 rir»t ii.» |»|f 

lOlb./T., fliul llin |mll <in thn ilriiw Imr uf tin* nfigiim, 

m, A PiM'ilir IV'jH* |»ii»i4i«ignr |tHnittn«tlv«^ ifi., ut wfiirli 

EU/iOO lb. tH t ht* «lri vnVrt. Walglit of Ininhtr Sluviiiiiiin 

l*.s,iiiiu lb. AHKuming frifikaial ritiil4aunnfi in Iw-* il lb, /'!*., liiiiil b»iii 
II triiiu ran haul up a I fwir wnt griuk, AEn iiii4 lunt itiiin ii will 

tftlio to art|iiiri’ a ri|»#»«»4 of lo iiii./hr, with tlibi train «.*ii iIp^ l»Vi4. 

Si. A olio 1*, triiiii iiuc|utri*a a frtiin ri*4 of III tiii/lir, in iiiin. Ifiiw 
Iwiig wtiiiltl ii tiiku a TaO T, iriiln, tlrawn by Ibo wuiio pngiiPn ii» ttr*|iiitit t 
ipiaal Ilf |*i mi, /hr. ? 

Si* A *1 ♦4#H‘ator ha« iiti amtfumtkiii at »lariiiig of S Iflial 

lliti grit|iti*»l iiiiO ii»iif4 buiMlim in ihtt ciiblo’f 

SS. A Iriilii Ilf MIX |.ii«fttuigur roar littm laiwth wiOglilng lb ittil 

eon til i It i tin nn |iiwMf*nger» of aviTitge weight lllO lit.* atlaiiiM a ,4 «« m't In 
In 10 tiiitip, itarlliig frwttt rimt. If frirthmal atiiotitit fo |o Ib./lb,, 

liiiil tlt» iiraw4mr |»iiil Irntwiatn th« inctntinllve iiiitl h, iiii4 ii;%# 

iittt tail two 
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87. Two weights of 5 and 6 11). are supported by a light cord |)asHiug ovt*r a 
fixtMl pulley which is practically frictioriless. Find the kuiaiou in the t*ord 
after the weights have b(‘gun to move. 

88. The arrangtuuent of weights iu the preceding prohhnu is calleti an 
Atwood Machine,” and is uh(hI for determining the value of y, acctdera- 

tiou of gravity. In an experiment of this kind the two weights were uz. 
and 20 oz., and it wim observed that in 5 stun the heavier weight desctindcd 
9.5 ft. Ein<i th<^ value of g. 

Note. ~ Equate the values of the acceleration found from k =| and from 

a = I'ho result, however, will not be accurate, due to the fact that 

friction and the resistance of the air have been neglected. For this reason Atwooil^s 
Machines is chiefly of historic inUsrest. 


89. A 10 Ih. W(sight hangs over the edgt'. of a tahh* and by means of a cord 
jiulls a 20 lb. weight along the table. If the, c.o(d!ic.iont of friction between this 
20 lb. weight and the table is 0.2, had the acceleration and 
the tension in the cord. 


90. I Vo ectrds pass ovisr a pulley which may be 
regardeti as frictionless. On one side both cords are 
attachtsl to a weight of 12 Ih. and on the other side 
one cord carries a weight of fl lb., imd the other H lb. 
Find the hmsion in each tmrd during motion. 

Cfjll A fixed pulley carriiis a light string to one end 
of which a weight IFj is atktehed. To the other end 
is attat'hfd another light pulley, around which passes a 
stritig carrying weights and (Fig, 71). Deter- 
mine the motion and the tmisions in the strings. 












1 , hr 


I .r-l 
Fto. 71 


What pressure will ti man weighing lOO lb. exert on thi^ floor of an 
elevator dimsmtlhig with an iwoebration of I 


4L Work. •“ If a |K>iiit is displaood iu a Htrai|rht lina under 
aotirm of ti foroo wliicdi is ooimtani in inaijfniindo and lUrocdioiu 

tho produ(d» of tho loii|rt!i tif 
iho displaomumii anil the cum- 
pononi of Um fonui in tin* ditof- 
tion of tho displaonnioiit in cnllod 
tho work dnni^ by tho fnroo in 
produoing iho diHplaooinoiil. 
Thus in Fifi^. 72 h»i F roprosoiit 
'a force and AM its displacomont. Rosoivini^ F into cnjinpoiioiits 
F cos 0 and # sin tlui latter componont, hctni^ porpondioitlnr in 
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the (IiH|>laecniU‘nt, cloen no wc>rk. 'Th** ttUu! work dtiiit* hv F in 
tlui cUnplacoinont AJi in tlunvftn'e F :< AH cuh iK 

If the diHjihi(*,i‘nu‘nt is not rtn’t-iliiiour and tlio fom.« is utit tsno 
stant^ romilvn tin* Rn’cn* # ait itny insiiuit into rorlantfiiliir ooiii|hi-, 
ncuits Jf, F, and alHt» thn id«‘Uioiit of thn jiatli i{» into rtHiiinoidiir 
compoinnits dj\ dz. 'Fhon tin* tdoninn! of work i/ IF is 

ciir« Xdr-¥YdirF Zh. 


and tin* total work dotto in a dtHplinaniinni a!i»no any {atrtimi of 
tha path AH is tha litn* iuta|trid 


W 



+ 


ydjl ^ y.lt 

m <i#t 




init^^o’aital alorii^ tin* path hatwaan tha limits 4 and Hn 

Sima.* wtn*k is didiinnl as tin* protliiat of ft^rra and di,sfaiiai\ th*» 
united work is maasuratl hy unit foma iniinit throiHth unit din^. 
tanaa. In tha British HyHta.m tha unit of work is itm faat'fiouiid. 
In ihii FraiU'h systam it is emUad tin* arg, wldrh k daliiio*! an ili»» 
work dona hy a foraa of ona dyna a«iin|^ tliroiiith a dist,aiira of 
tina aautimatar. Lur}^n*r units of work nra tin? ittegakr|i rtfun .ihmt 
to II million tha joule, anuivalani to !ti* vr^n, nnd tin* kilogr&fiF 
metot, aquivalant to ar^s. 

In miiny aiiHas of work mat with in priiatiaa ilia dit^phiarmaiif 
is raatiliinmr. In this aasa ilia work dona hy a aonstiint. forao k 

n^prasaiilad uriijiliiriil! v hy 
tha Iiraii of It raatiiiirda, mia 
shia of wdiiidi raprasaitls 
fha tli-spliiaariiriil iifnl ilia 
i»thar sida lha aiiiiij.»iiiia|lt 

of tha form ill ilnti diratv 

lion (Fig. 7*1), If tha 

foraa is ¥liriilt'ili\ ilia riiity 
dilTaraliaii in Ihr* rapra* 
saiiliition is I lint I hi! diitgnim hiis ii \‘iiriithla ordttii.sii% gii'iiig ii 
aiirvatt iiistaiid of ii st might lH.mm!iiry, ns slimvii in Ilia iigiira* 

Tim itnlieiit.or diiigriini introdtiaiHi hy Wiitf. ft.ir iisa mi lln^ slaiittt 
ongtitti itffords Oita of tha most siiiipta grnphiaiil illiislr«tliiiiii4 of 
tlm work ifiiii liy ti viiriiihh* foreu* A mmimiml vmw of n .siaiiiii 
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cylinder, showing its relation to the indicator diagrann in shown in 
Fig. 74. Laying off the steam presanros as ordinates from t.lm 
line OK as axis and the corresponding displacenumts from tin' 
line 0//, ihi) points so determined form a closed tmrvt^ KF, 

At tlie point .E steam is admitted, the pressure rtunaining pnnii- 
cally constant, as shown by the horizontal pressure line FfK nntil 
the valve closes, at J9. The 
steam then expands adiabati- 
cally during the remainder 
of the stroke, and tin', pn'.s- 
Bure drops (jorrespondingly, 
as shown by tlui (*urve DC, 

At 0 the exhaust valve optms 
and the prc'ssurti drops to //, 
following the, eurvi^ BA during tlu^ return stroke. At A tlm 
exhaust valve closes and the bae.k pressure rises to F, at which 
point steam is again admitted and the cycle reptaited. Tln^ Uvtal 
work done during a complete cycle is therefore reprcHtmted 
graphically by anni an OFFABK whlAx evidently 

represents tln^ tmni incloHiul by the curve. In engiim tests indi- 
cator cards like iluj above are drawn automaiitailly, and the 
work done is <leiermined from them by nnmsuring their areas 
by means of a plauimeter. 'Fln^ (piotieut of this anat (jf tin* 
hmgthof tlie sirtike is called the mean effective pressure (m. e, p. ), 
and rti[)reHents the average force exerted on the piston during 
the strokiu 

The relation In'tween force and displacennmt involved in the 
idea of work has many important practitml applications, m ilhm- 
tratod in the following problems. 

PROBLEMS 

S3. Fifitl what hare iwithig paralh4 tlei pliuiH h tu ?ai|»|»nrt a 

weight IF i»ii aa itielimai plane, witht>ut frietiem (Fig. 7^), 

S(>Lt?TmN. Work ihme in moving from 4 h» // in F- AIL Work 
at // in IF. /If,', Hiiuar /*L A H IF* li(\ or Hinm /If' . A It Htn a, F IFdn a. 

94. A forrti F acting at the end of a lever of length I nu.nr^i a widght IFhy 
meiiiiH of a m*.n*w jack (Fig. 76). Neglecting frietion, timl ih«^ n-lation liii. 
twetin F and IF, 
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S(ua*Ti<»N. VVtjrk tk^na In tmi^ n^volutioti In F • *i wi* p ilmHilP i|it» 

pitOi ()f tht^ Kc;raw» \vhi»ri' fi»r a slngli^-»thrt5ackHl mirisw lhi» |*llrli Im, 

two muTtwivo thri’acin. I'htni work tioiio on 11^ in mw rotultilion in Wp. 

IU(nc«< /••■ 2 rr/ = W';*. «r F IV 

95. Fiiul iho rt'iaiion lintwoon tho forro ot«'rto4 iiinl tlio 
waight Hfintl In thntaaklo hIhiwii In Fig. TT» nitglorting fritiinii, 

96. Thn Miillnt tniin|Hntn4 kHn.niHiiivoi* nw»tl mi llii^ Frio 

iioiwl wiiigh 4U'MkM) Ih,, tlio onlir** w^olglii binng *»ii liio 
lirivtim, whkh aro 10 in ntimR^r. Tlio miixlnintii Inioiivr rffitri 
(s driiw4mr puil) of loooinotivo^ iii nl.HiMi ||i„ ii.i»i,| ifi^y 

haul fcraiim woighiiig 2000 1\ up ii ruling gra4t^ i»f I ■••it nuil. 
Find iho fririional roaintunoo of tho train in IF, ; Inn, 

97. In FroF. IHI find thu tinio w|ulrnt| In ainndt’T.ttto lli*^ Iriiiii 
to !0 luL / hr. on thn liwid* ami iiEo llm dl*l«uiro mpiiml l«i 
up UiiH Hpond. 

98. Find thn work tlonu in haiillng a train of It.Ml T, 2 tiiF it|» m oniit 

griiths tho frictional rtmmtanct* Iming 8 Ih. / ton. 

42. Principle of Work and Inergf. - Front Howlttn’s !«w«, tin? 
funilanutntitl tiyninnii’Hl rflaiioii in 

F m MU WB III • 

lit 
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Th« eUnnont t»f work dtnni by tliw Urn'o F in jiriKimnng n 
inent ds i« tlnni . . 

lit dt 


or, 8UH!1» m 
dt 


V, thia 

Fd$ » mpdv. 
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The entire work clone by F on m in deseribing any pc^rtion of i\w 
path AB is therefore given by the integral 

I Bdn = I 7 nvdv = .1 mv^ — .1 
J/i Jva - - » 

whore v denotes the s|)cxul of 7/1 at the point. and its spcHui at 
the point B. The left inenuber of this ecpiation in the work dcnit^ 
by the forcu^ F in produciing the given displactement, whereas ilie 
quaiitity | is called the kinetic energy, the first tortn on the 
right representing tlie kinetic tnun'gy of m at the speed r, and 
the second term its kinetic energy at the speed (hmse- 

quently the work done on a body by any force, eitlier variable or 
c*.onstanh is eqnal to its (change in kincdac energy. This is known 
as the Principle of Work and Energy. 

This principle is of such iinportanc,e that the following general 
demonstration is also given. Start as before from the fundamental 
dynamical relation 

A m m n sss m . . , 
liF 


and resolve the force acting on any particle of mass intt> 
rectangular components Zr, where 




m 




Yf » 


'Pyr. 






dp ' 


Kroin Art. 41 tlu) work done by tlits improsHod forooH on any 
ayHtmn of {lartio.lim in obttiinod from 


dW^ 


’,dXr + Y^dlfr + Zr<i^r') = 




» \ ,, 


dx, 

dt 




‘^fAdt. 

dtj 


Or, substituting the above expressions for the force ttompoinnits, 


* In ronikkring tliii imtwIaUon of a hndy i*t iiiiwch tlw entire niaiw «l itii^ lutily 
may be K^garcleti m e4:mciiat»tiitl In a ningle particle Imiaterl at the ef Mrittlty 

of the body, and all ttwi liiiprewtHl fetraoa applied to ihi« particle, m ?4p*wti ii.i 
Art. 72, 
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'I’o transform this relation, maki* tiso of the hUmtity 


m 


lP.t' tlx til <l 


>lt -i .i 

Thou the above value of i/fr becomes 


•it 




(’ouseciueutly the total work tlone tltiriu}' the tliNj<laeemeitt **f the 






Since iutef'ratiou is the iiivt'rse of (Uftereutiiilioii. have 

•It ) ^ {>U \<l( J K.itJ \.lt) 


^ *i dt 




'riiis last (juantity, however, is the kinetic energy of the system. 
Denoting it in the initial anil tinal jmsilions by K^, ami H, rn- 
HjKsetively, we liave finally 

f' A’™ A'.,: 

tluit is Hiiv, tlu* work dciiut by tb«' furri*^ iliiniig tlm 

ilinpliiDi'iiirut m to thii in kiiiiHir innn'^^y nf iliii 

Tti givi! u- niiupbi illuHiriitinii uf tint nf irnrk uni 

ttiiiirgy, ilu^ iiaiiiig «»n i% riir. linllilif 

lliti prii{iiiliiiig fort’ii lit natth itmtiitii tinliniiii* itini flu* ntiiv* 
i|iciritliiig iiH librniumi, ii work iliiigriiiit in tililitiiinb 

tiicpbiiiiwl ill Art. 44. Thti^ tii Fig. itit^ 

fnmi riHjiiiriwl tu niurt t-hn niir. A» rnr iijij*riiiitiir#4 fiiti iijwwt 
ilin rtii.|iiirciil to liiiiliiiiiiit gripliiitlty iw 

ultowii by t4iii citirvi! At/. At ii {iiiwt?r in »iff iiiii tit** 

ortiiiiiita drtipi to xiiro. 
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Similarly, OD represents the frictional and otlier n\siHtaiu*eH, 
the total resistance gradually increasing with the speed, as shown 
by the curve I>B. Applying the brakes wlum power is turned 
off, the frictional resistanc(‘ 
is thereby increased, as shown 
by the curve BO- 

The total work done upon a 
the (‘ 4 ir by the motor is therci- 
fore represented by the area 
OABK and the work done 
against friction in the inttu*- 
val OK by th(‘* area 0/>BK, 

The diffenuuH! bi^tw(‘en tlu*se 
quantiti(*H, nipresiuited by 
the area AB/>, is the useful work done upon the car and is there- 
fore equal to the kinestic energy stored in the motion. In orthu' 
for the car to stop, this kinetic*, emu'gy must be deHtrciycuL dliat 
is to say, the ear will ecmtinue in nudiou until the area BOFK 
becomes ecpial to the area ABI>, 

This illustration is typical of all practicjal problems in work 
and energy, as fricrtion is always an important factcu*. 

43 . Transformation of Energy. — In mechanic's two kinds of 
encu'gy are <»rdinarily considered : energy of motion, or kinetic 
energy, and emn-gy <»f position, or potential energy, d'he elTeet 
of doing work upon a luHly is to store up cmergy, which c’lin 
again be transformed into tucHdianical work, as illtistraiiHl In the 
preceding article. Kmtrgy has tluua*h»re the projierties of ii 
material substanc^e, strum it rentains constant througlicuit all 
changes, and may \m stored uj) in one form (tr tht^ otluu* without 
losing its identity. The idea of energy as a suhsiamm is of com- 
paratively recent origin, and is especially valualtle in conHidm’ing 
the relations of cdimnical and electrical energy to mechiinteid 
energy. 

From this standpcunt wm-k appettrs, n<>t as a spiadal form of 
energy, but as a tninsformation trf energy from kinetit* tit poleii* 
tial or the reverse, the amount of watrk done laung tht* measttre 
of the transhmiiation that hits taken pliua*. Thus, !w iiuniiiH of 
the proper mecdiiinicml equivalents, tiur iranBferem*e of energy 
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thnnii^h luniU i>ilu*r nitnuiH h** in 

lenuH ttf \vtu‘k, whifh iiiiiy, tlH^rntunn ln» im flit* runiiiiMH 

immHuro of all triuwfiaaiuiiioUH (tf vtwv^s . 

Hio twci forms t>f {Ha-outial mior.i^y ooiumoulv iiui in liiorluinirH 
aro tlm |Hjtimtial etioixy ^>f gravity, or oimrgy of posit ioin siioh ns 
that of a HUHpomled woight, and tin* potoiiliiil oriorgv tif itofiirnni- 
tiou, as ill tlm oaso td’ u oumproHsod Hjiriiig or hoiii hoann 

To illustrato tlio forming supptmo a wtdghl of If tin in iiflod 
through a hoighi of h ft. Tlioii tlio work doiio ttpoii it, m* 
incuamsi^ iu potoiitial aiiorgj% is lf/i. ft.dh. If, lunv, it falb I’roidy 
througli foot, tho vtdooiiy aa(|iurtHl is a » amt its roiiiiiiio 

iug iHUaiitial omu’gy is — j?). Haiiro its kiiuiio niorgy is 

I ( 2 #//) » lfi% ami tho mmi of tlio kitiotir ami poloiitiid 

^ 2 1 / ' ‘ ■ 

tumrgy in Ifr sas If/i, so that tio lumrgy has litam 

gaimui or lost. 

A ootoworthy property of oiiorgy is that it roosists of ihr prod- 
not of two factors, oiio being a ijuiuitit)' fiirtor and i!m oilmr 
an intensity factor* Tlius in the ease of lieaU the ipiiiniily 
fa<*tor is tlic specitlc heat and the intensity faclor is the eliaitge 
in tiunperature; or instead of the s{Ha*itic heat, the eiilrtipy may 
1)0 considered as the (juantity faetor. In poieiitiiil due to griiviiy, 
the weight is the intensity factor, and the relative iieiglil in the 
c|uiintity fac‘tor. In electricity the charge, or eleetrii* eiipiieily, 
is the ijimntity factor, and the eliH‘troiriotii.e force is the iiiteiiHily 
fai'tor. In kinetic, energy | the nionienlniii me is the ijiiiiii- 
tity faetor and the speed a is tin* intensify futior, etc* 

T!ie nnit td energy is the same as the niiil of 'W'lirl, the iiiiils 
in eommoii use being tlie fo^t-pnad in the llritisli sysleiii, itinl tini 
jonle { 33 ItF ergs) in the French system, 

FEOiLiMS 

W, Hlimt tkiii to aivc a vi4i»city of *in ml Jii% to a imlii tli« siiiii** 

iiiierny as t» lift il %‘i*i1jf*idly tlinsinh a baatn «»f l*l.l t'l. 

100. A triMii t,if liMl h riittiiiii||- at mi iin. hr. Wliiil cimOaitl to?# w 
Rffltiiietl til tiring it to rcHt in *J miii. ’f 

101. A cm iliiiiitctt Ilf* a 1 |s?r wiit gotih^ %%'ith a liUisalv «4 nn. ht. jiol 
Wliclicf III# tup «if tin* ifirlitif*. Find lli« litii*’ 

rcd^laiicc^ to *l III,, loll, 
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102 . An takers water whik^ runnin|j^ at 70 uu./kr. fnim a tiuiiy^h 

between tlu‘ rails by iiKuins of an L-shajusl pipe, prejeetiug forvvartls, wiii«4i U 
let down into th<‘. trouf^h. If tlien^ was no frietional resiHianef, find the 
h(*i^dit to wliitdi the wab^r eonhl In* raised in this way. 

103. A railroad station is plae(‘d upoii an (devation, the gra«ie of fln^ triiek 
on each sidt^ lH‘ing‘ O.f) p{‘r eent. for a distanc(‘ {»f half a mih^. Find tht» saving 
e(leett‘d in starting and stoppiiig a train at the station by sueli an arranginneiil 
in ft.-lb./toin assuming that tln^ sjmhhI of api>roach is Huflleient Li ntlHpi tin' 
(Ml tire atnonnt. 

104. A w(dghUHl Ht^rt'w press (unisists of an ordinary ser«w press wdlh the 
ad<lition of heavy wc'ights on ea<di end <4' tlu* lever. When them* an* sot in 
nipid rotation, they ae(iuire kinetic en<*rgy which is utilizt'd by tln^ pniich or 
di(‘. If each of tin' two W(‘ights weighs oO lb. atid has a litnmr spiwnl of lo 
ft./stH*. at tht^ instant the punch begins to o[>crate, find bow think a pliibi of 
mtd*al can be punebt‘d if the diameter of the hole is | in. and the average 
resistaiKH* is I0,()(t0 Ib./iu,’’^ of the area sheared or puiudn'd. 

44, Power, - Powor, (U* activity, in (lidintH! hh tius rate nf dotiiK 
work, or the atutntni of work doiu^ per unit of tiioc. Powt»r is, 
thareforo, tha rata at whiali (‘.haugt^ of aiiargy in taking plact*. 
Tlia unit of powc?r in givan hy tlia unit of work par nnit id' 
time. In tht^ Hritinh Hyatam it w tlia foot-ponnd pen’ Haaond, 
abbiawiatad into ft.db./mag, and in tha Kraiudi Myntani it in tha 
tn’g ptu’ HiH'oinl. 

In prac'tical work, a largar unit than tlu^ ft.db,/Hi*c. in ilcHirablc, 
Th(‘. (Uilargad unit in (uunnion una in ilu^ horsepower, alibn'viatml 
into h. p., whii'h in HUpponad to raprastnit tha rata at wlu<*h an 
ordinary <lraft Iku'ho works. From (^xpariniantH niada by Jiiiiiafi 
Watt in Londcui it wan found that an ordinary horna aould walk 
at tha rata of 2| nd. /hr. and at tlia Haintj tinu' raina a weight of 
lOd lb. from tha ladtoni of a nhaft by a rope* puHning over ii 
pulley. This is luiui valent to 2.5 • • lOb 22,00b ft,«lb. -■min. 

By adding 50 par cant to thin for w<»rk hwi in friction, etc., the 
average %mlua of a liorsapowm* wan tlatarmimal m 

One h. p. » 33,0CM)ft.-lb.;''mia. 550 ft.-lb./S'ec. 

Mori! racantly CJanaral Morin ban uHtimatad that the average pmver 
of a horse Is only 26,150 ft.-lb./miu. 

From tha diiftiiition of power an the rate of doing work, the 
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powar exerttnl by a fom^ .F which |w*rft»riii.s tin* clciiirnt i»f wcn-k 
Fd$ in the time dt m 


Power as A 


jda 

’ dt 


Fik 


In the Holutiou of praoiuml prohloina it in t^Hpocially rtoiveiiicot 
to roniomher thin relsition in the form 


h. p. 



wliere F in t»xprt^HBCi(l in poniulH ami r in 

In ohH*trit!al onj^inooring ihii unit of ptiwer ctimimnily miinl m 
tlio watt, tHj III valent to 1(F or the kilowatt, rf|iiivii!t*iit 

to loot) wattH. The relation laitwean the two Wiitt iim} 

hom^powm-, iH lh.i,.«7 IUwnUH. 

or, roughly, 4 lu p. « S kw. 

The horaopower in alao imnl in Friiru*e t /Viv i/r e/ii*i»n/) ami 
in (forniany (PferdeMdrke-U but in not prerintly eipti valent iti the 
Britinh horHopovvor. The metric liorHcpinvcr tmeil im iht^ iamii* 
nemt »t 75 inkg./Boc., wliereaH the liriliHli hoiwpowcr nf /i»*iO 
ft.-lb./Hcc. in equivalent to 7th04 mkg./aec. 


PaOBLKMS 

105. la an hydriiulie turhiw tln^ |4|w ilrlivpr *Wi 

€10 to twh wh«*€l, witli ait avttilai»ii* Wii*t «f fl, ■|■'^t|r|||||tf 1 tlie 

tlte«riitl€ h«a*iii*|«»wi»r availahle. 

106. hi Proh. lOn tin* nmiiing |mriit*!i *»f i*i iri in. in ilifiitiPirT »iit| 

iiiiikcH .170 r. fi. III. ffiiw the liaimr fi|«^etl «if m #iii iIip riiii naiifinre 

with that freta the givini heail i4 witter, aeglerling frirtimi? 

107. Hltew that the hydraiilte |«iww *levp|ii|»*»il is giveii liy tlie fiiriiiiila 

h.|». 

where Q dlialiiirge in eti. ft,,-. 

// - iii»a«l ill feet, 

F elfleieiiry i>f enii versa »ii, 

anil frtiiii tleteriiiiia* wliat. i|tianllly «4 water fun* tiinler iin effective 

lieinliif ‘i7> fh k to ileliver Itil h. p, iil the sw:1te|ib*ar*t *.if ii water* 

|iliiiit. wltlrl* liiw II ietnl efirieiiey it( r«ifi%'ersi*»n iif ^111 |i«*r *■♦^ 111 , 

IM. Wlmt |ii.iwer will he aviiilahle at shaft i4 a m-iiler-* wheel «|w'traleil 
liy m iitw tif l*J.I cit. nmler an effi^llve Iiea4 i#f '*0 ft,, llitti I lie 

|ii|'»-liiie mini Wf 4 t#r-wliet!l hiaHi»ii aiti ^Ifi |i#r cent? 
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109. In a coiniuercial test of a Peltou water-wheol Fig. Art. 'IIU* tht* 
diameter of the jet = 1.81) in., actual head sr, 880.5 ft., heatl li>Ht in friction 
1.8 ft., reducing the effective head to 884.7 ft. The actual amount of waiter 
discharged by the j<^t w^ais found by jneaaurement to be 2.81!) eu. ft, /sec. Thi^ 
h. p. dev(‘loped by the wheel in this test Wiis found to be 107.1, Calculate tlie 
etruuency of the wheel. 

110. What electric h. p. can be delivered at the Bwitehlwjartl of a water* 
power plant wliich luis a water supply of 2(K)cu, ft./see. under an effective head 
of 75 ft. if the watt^-wheel and pijH^-line lo.HHeH are 25 |Hir cent, anti tlie gtui- 
erator and station losst^s are 20 jK^r emit V 

111. Find the useful work done ja»r staiond by a fire engine which diHcliarges 
water at the rab^ of 500 gal. ptir ininutt* against a pressure of ICM) Ih./in.’^. 

Noth.— -I gallon of water weighs 8J Ih., and 1 Ih./in.*-* pressure 2.8t)4 ft. of 
head. 

112. A M x20 <*ngiu(‘ running at 210 r. p. ni. has a 00 Ih, indieator spring, 
with a rtulueiug motion which givt‘s a 8| in. cnr<l. If the area of thi* cant is 
2.44 iu.'-^, find the i. h. p. 

Note. -—A 14 x 20 tmghie is om^ with cylinder 14 in. In diamtUer ami 20 in. 
stroke. I'he lengUi of the indicator canl (Fig. 74) is In this eiiHe 8| in. Dividing 
the area of the card in square ineht^s hy its length glvt»H the mean t*ffective pressure 
in inches. Sinee the spring in this ease issueh that it rtHpiires 00 Ih. force to pro* 
duee 1 in. of deflection, tlu^ m. e. p. in pounds is obtained liy multiplying its valuta 
in inches by fK). 'fhe indicated horsepower may then he found frtim the formula 
(Art. 45) . . ^ 

i. h.p. 7/AN 
* 88(HH) 

113. A 5 h. p. steam hoist raises a loatl of 12 T. to a hiught of H5 ft, in 10 
mill. Fiml what proportion of the work ex|>tuided is wiistcHl in frietion. 

114. A milling maehine has a driving pulley 10 in. in diametiu* with a 5 in. 
belt and runs at 800 r. p, m. The motor is lo h, p. Find the tmisioti in llie 
driving side of the Isdt if the following side runs sliick. 

115. The milUtig miwdiine shown in Fig. 70 is taking a roughing cut iicroM 
20 iKiiut carbon steel bars with a eutter 12 in. in diameter, running at IT 
r. p. m. The gross h, |n nsisl Is 12.1, whieh when eomsded for motor etilcicney 
gives 10 h.p. net. The cut Is 0 in. wide ami | in. ileep, and ftaHl in it, 7 
in. |>er minute. Find the number of cubic inebes of metal r«umnt»d |»fn 
net h. p. minute. 

116. In a liill-climhing contest an uutormibile weighing I 'f. iwa|ttirptl n 
speed from rtmt of 45 niL/hr. u|Mi. 17 \mr cent grmle in a distance of 250 ft, 
Neglecting friction and air resistance, find the h. p. of the engim^ 

117. A bait is dfmigned to stand a difference in tmtHtou of the tw«* nf 
KM) lb, only, Fiml the least HpiS!d at which it can be driven to traitfiiitti tftt In |i. 
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TlimniY AXI> VUXCTU^K CM*’ MHCiIAXH\S |rii„u.. „ 


45. Measurement of Power. — 'I'lu* ratr at whii-li a itriiiu* movi*r 
in work, wliethrr it In* n ttyiiuiiio, tiirbiiu!, or 

m vuIUhI its indicated i^ower. 

power ih deieriuiiHHl by tlu* fitpiieity of ihi* hoilrr fuf 
procliieiug ntaanu and in reality refers tt» the fi«»rsi*pt»wi»r ot tire 
eie^iiie which the boiler is enpable of riinniie^^, llte Htiindiird 
ratin|( in tliis country is 

(hii* htiiler » Ml.o /A. tff rptiptimied prr Imur 

fmm it ml ttf 212 "* 

lly this is nuaini siiuply the eoitversiou inl«» strani of :iLo lb. of 
waiter at ihi? boilini^ point, without eonsitlering the iiniouni of 
heat rtapiirtal to raiise it tt» this temperature.* Since boilers are 
usually sold without being' tt*sted as to their stf*iiiii eapiieiiy, thiw 
arts freiiuently rated ata-onliug to the number of m|miri' feol of 
heating surface. I'his varies largely with the sttle and make 
tif boiler, average values being from Itl ti.* 12 sip ft. per Imrse- 
power for water tube boilers. f 

I'ha indicated horscpiover of an engim* is obiiiiiieil from the 
indicator diagram. The area of this diagriiin divnled liy its 
length gives the mean elTetUive pressure P in Ib. iiiA ns etpbiined 
in Art. 41. Tlaui if A. chmotes the artai of the pisi.oii in sijmire 
incdtes, the average pressurt* «»n it ts /M, ami hence if /# ileiiiiffts 
tlie length of the stndve, the work done in one stroke is PLA, 
('onsequmitly if the number of strokf^s per iiiiiiitte is diuioied by 
iV“, the horsepower of tlie engine is 


h.p. 


, PLAN 
33000* 


« Tills ritiiiiii diUim from tt*c tSain^iialitl m l1iiti4rl|4iiA in isTH* 

wlim*i ill firili»r in mvnm liaiftiriiiiiy, llm 4rr|*lrit tlmi «iir 

|n>wer iliitiitii tyritii *lo lli. n( %Viiter cVrt|»ajiir4 le*iir foiiii iiit ir»l04l 
tiire nf IW ’ F« iia4er ii inef^arenf 7n r«|iiiviilriif Im ;i|^^ 4* 

I^T Iteiir fniiit it«4 lit I*‘. 

t Tt«e KOile firm iilmi viirics largely willi Urn style »4 bain, iifs4 *4 In* I, iifi4 
nitiiirn Ilf ilir ilrnft» wlnilirr icimnil or ferrr4 An mrrmp inhe .4 ifi*' 
iirrit fnf iiiliiiliir btillers h | m|, ft. |n*r b»r?tr|i*o%rr, 

F'iir liiiliiffil ilraft ilii’ sO.r ita4 hi4gl$l «4 niurk 4i*|*»‘ii4s mu iIim tinnii^-* *4 »«|ii4f«' 

fr4*l Ilf gwlr iiri‘i4, A giMsI |»rii«‘iirfti rule k %n acike ifi*-’ nom -I iln- miip 

sefeiitli llii* ifiile ires, iiiiil Itii twriitf llifirs 'iu Nw| 4*-» ai.ein in 
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THEORY AHI) PEAC’TKT: of MKCOIAXIC’H J| 


In doetrie. of tlu* titriliinl Iti hv iim^t iri 

(leioriuiniiig tht^ indiniitHl jiowm*iif an iiltt^rnaliii|'inirrt‘iit <U»jHnidH 
<m wlietlior tlio turcniit in iiulmdivti or iiini-ituliirtivr. In a 
iuducdivr riraviit it h Hiiiijdy orroamry to nuniMtirr tin* rtirr**nt in 
iimjicrreH by iiioarm of iin iiiiiiiioirr, iiiul jiroHniins or oliH’tro- 
OHitivo foroo, in volla by iiioium of ii voltntrlt*r. Tho iiitliriitotl 
powor in wattn in tlnm givoii by 

watbi « irolte x ami^rts. 

Wbon tha hicluatanoo iif tbo airiniit b roimbtamblt% tin* jmwrr 
m clcjtanninad by niaaim of nn ahHtiroilyiiiiitHiriiotar or Wiittinatar. 
Of tliaaa tharo aro two tyiH*H, tba iiidiaiitliiK iitiil tlia iiitt*grat.iiig, 
Tho fonnar niinply iiitUaatoH tha powar bring Iriitwiiultril at atty 
given inniant^ whamiH tlia latter reetirda the totiil jittwer whirli 
hurt paHmal through the lueter, 

To nuiHHure the pcnver iM^lually delivered ii iHUiibr*r of ilevieeii 
are in \xm\ one id tint Hiinpb'Hi being the Prony brake* Hiin mn- 
nlntA of a mniple levei\ <Hie end of whitdt b rliiiiipeil li.» llie engine 
nhaft, and a weight IF* attiielied to the oilier end c Fig. Hi)|. Hv 
tightening tln^ nerewH al A and /# frietiiiii in develtgieib wliteli 
teniln ii\ i’aune tin* wholit appuratn-M to rotnie wditi the Hhiift in the 

ilireelioit iiho%iui by the 
arrow, wli«*reiii4 the weight 
W hai4 ii ieiideiiey to eitiim* 
it to riiliite III fill* oppo- 

Mile Iletiee, by 

tightening ilir arnnt^fi nt 
*1 anil M and ifiereby iii- 
ereiiniiig llie fiielioli, iinrl 
at lilt! ittiiii! iiitie iiiljtw|.ttig tbe weiglil IF ao tliiil the lever reiiiiiiiw 
ill it tiiirteiiiitiil pimlthiin tlie hmke iiiny li«‘ mt nrrmiged lliiil tfi« 
intire iiower of the engine la itlworbal tiy frietitin. Hiirli 4i devirn 
ii enlleil iti iilmiirptioii dyniiiitnirteler. 

Let f denote the riiditiaof iliti altiifi, Fllie frieliniiiil ftiree iieliiig 
Hi it A eimniiferetieis IF the wtiigliL and I ita froiti tin? reii* 

ter Ilf the sliafl (Fig. Hfl), Then the mot ion *.tf the uliitfi: reliitive 
to tint tiriike k the wiiitti na tlintigli the «biif| iii reiii anti the 
Imikt? rotating iiroiitid it. In the Inller ei»t?» tlii work doin* by 




till ■ 


■'ll if' 


rio. ii» 



FUNDAMENTAL DYNAMICAL PRINCMPI.KS 


F luid W in one revolution would be 2 7rr#und 2 tt/ IF, rcHjHH'tivid y. 
flencc, 2 tttF = 2 irlW or rJP= ZTF. If, then, the nhaft in 
uniformly n tiincH per minute, the work done by tlu^ engiut^ in one 
minute is ecpial to the work done by the friction in n nna>Iutii»nH, 

Wl 

or 2 irrnF. Since F^ - , this expression hecoines 
work ptu' minute = 2 tth WL 

Hence, if W is expressed in pounds, I in feet, ami n in r. p* no, 
then since 1 h. p.= «L%000 ft.-lb. / min., the horsepower of the 
engine is given by the formula 


2TrnWl 

33000 


= 0.00019 nWl. 


A somewhat dillennit form of absorption dynaimnneter, consist- 
ing of a flexible nudal strap with wood lugging, applical to a fly- 
wheel or pnll(\y, is shown in Fig. 81. Here the stmles take the 
place of the w^nght IF, and hemu^ the motion is in the opposite 
direction to that indi<;at(sl in Fig. 80. Otherwise the relations 
are the same as above. 

Recently a new form of dynamometer has Ixuni intnalucial, 
consisting of a spiral spring (damped to cdiucks or pnlh^ys, as 
shown in Fig. 82. Dy Indting from the driver to oiu5 pulley td 
the dymummuRer, and from tlm other pulh^y to the imudunt' U> he 
driven, the power is transmitted through the spring, whitdi is 
twhsted through an aiigle proportional to the tonpie. I'lms, if T 
denotes the tor<|ue in ft.-lb. and 0 the angle of twist in radtiiiWi 

where Ji: is a constant whitdi is obtaimul experinumtidly for midi 
dynamometer. For n revolutions pt^r minute the work ilotie per 
minute is and consequently the In^rsepower transmitted is 

I 2 wn T 2 Trnkd 

" a:!0()o “ ant M 10 ‘ 

Lot c (lonoto tlio constant part of this cxproHHitjn; immi'ly, 

^ 'Itrk 

aaooo 
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Fif#, Ml, l*ntfiy tlfulir i4 i*n|#4iily 


Thim thw furimilii, for (•altsulutiug ihi' jmwor trmwiiutU'il Im'mmrn 


simply 


h. p. m m0t 


where « is the ijuiiiIht «tf r. p. in.. <U'lerinim«l hy numns «»f li «fs*i«l 
iiidieator, and 0 is rend frtim the ilyiiHUumwler hy luriuis nf ii 
Imttery and telephone reeeiver amiieeted in series !hr«in|<:h th« 
bru«lw»» shuwit in thn fijjnre. 
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The makers claim for this type of dynamomt^tc*!' that it in more 
sensitive and accurate than the Prouy brak(\ has a widt^ nin||e of 
power and speed, is easily operated, and is subject to pni<*ticully 
no wear. 


PROBLEMS 

118 . ''tlip. following data W(n-(‘ <I(d.<‘rinine‘d oxporiinentally for viiriiaw 
of spiral spring dyuainoinotorH. Dtdermino tho coiintant c ft»r mwh 



119. In a boiler tost lantiug 7^ hr., 7l,l7l.S lb. of water wort* t*vii|HinOinl 
with 92J15 lb. of ooal. Avtn’ugt^ ttnujHn’aturo of food wator was IHjr^ F, Avor 
age current developed by dynamo was 4Ji() ainpenis at an avtn’agt^ prossuriMif 
24d.r> volts. Find the btdlor horstipower and indicated idectric horseptivver. 

Solution. Sinc.e Urn feed watt*r was supplied at 180“ F., tin* muiilnT of 
pounds of water evaporated must he correctt^l for the ditfereum^ in temporafurt^ 
l)(*tweon 189“ anti 212“. The correction factor is 

where // denotes the total heat of evajwiratitin above* 82“, in heat units, iintl I m 
the latent heat of waL^r at atmospheric pressure 9UC lu*at units. 

Substituting ii - UHC, t 189“ and I IMith the cmTeetitm fimUu* in tin* 
present case- is i s l.CMi, which shows that if the feed water hiol been Hupplieil 
at 212“ BA Instead of IHir* F. we should have had heat tmough to evapurate 
LCMI lb. of water for tivery jmund td water evaporat'd under tlie gi%*eu rtm- 
ditions. Applying this cmTection, we have 71.171.8 k LCHI .• 75,112 h». hoiii 

and at 212“ F. lienee -- ^*17 11>. water eva|H»riited per pouml of t'oul, 

wriik' 9200 

Also Ite water evaporated fs*r hour, ami hence ifiiMj 

/.5 114/1 

boiler horst'power. The Indicated tdectrh* |Hiwer 

4110 arnp. x 249.5 volte , * 

■ ■■ Inp. 
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TlIKOIiV AKI> rHA<TU‘K i^V .MKniAXlc‘H IniAP. „ 


120. Till' ft»riuuk mlopitnl hy thi^ A.HMiH’iatitm uf Autuiii<»|»ib 

MaiiiiiAriuri'.H ftir rouimfrcinl nUtug itf iui*turH in 


h. 


V X 


m*hfn*i^ !i in thi** Imiw ijf eylitidtn* iit A lli*’ ii'.uulw'r **1 t'yltiuli'TH* iyit| 

2.5 nil iirlntrary rtinstauit, hiimni t»u ItHHJ it./iitiii. 1*^1011 Thu 

foriiiulii hm ako by tln» Hoviil Anh>Jiit*bil*' i l»l» »«f llrifiyn 

atid Irt4iuuii luiti in ustHi aii 11 ha«m tor iimrly all vmiU^ntn ii*^lil lihiMinl. 

FiutI fmni thin fanmtla thw mittig <»f a l**ur''ryliit»i»*r iiiottir tif 

4 1 itu htira ttiitl 4 1 iu. «trok«. 

46. Efflcieacy. — • In any iiiaalum^ for iloini^ wnrlT t!iy liintmnt 
of work ohtaiiHMl fn^ni iluMiuioluiu^ tHiilwayH lim^ lliuii ihr Hititiuni 
put into it« Thm Iohh m iluo to frirtiim luul oiln’r rau.,-4r>i, ihi* 
offoct of whioli in iti tliBHipato onorgfv in Ihi^ ftirni t»f hriit, w»^iu\ 
etc. For oxampkb in a loromoiivi* only a aituill fniii. ion of ihn 
hcmt tiiiargy in the futd k actually l•onvortlnI intii i4ti*iini jirr‘^i4nri% 
tha greater pari hi*ing lont by tlio oHuiijHMif niiioko anti i^^ii-hivh from 
the nmoke atack atul by imiiatioa from llio firo liou, l*m1 of ihit 
anargy in the atoain m uIho bwi !iy riMlintion from iho \vall*4 of tlin 
boiler and oyliiulorH, and jiart of whiit roirtatmi in tr^^ml in nvor- 
tmmitig the friotional roHintain'o of tlm moving pariH, ilyit only 
a Hinall amount of energy k lidt to boeonvoried into tiHofnl ivork. 

The ratio of the tweful work obtiiiiiini fonii iiii migine iti ilm 
heat tmergy ntored intlui fuel it e!ini4umeH h eatb^d ibe duty ttf llni 
engine; that in to nay, 


Duty of eugiae 


useful work 
hett energy in fuel * 


TIuh fnni.iou is of courau iilwayn lesH ibiUi itiitt.\% llie itifenoiei 
biiiwnien niiiueriittir and deiioiuiiiaior litnng lliti loss itiii* l*i nli 
cmuMiis, siudi iiH frieiion, riidiatiom imperferl etniilitislioio <4«% 
Biiiiiliirly tiie etlndenoy of any prsiiie mover, «.»r nnieiniPs m ile» 
teriiiiiied by the ratio of the tweftil w^tirk iibliiiiitid from il t« tbii 
total work done by it ; iliiit i« to any, 

Machauictl tfflcitucf 

input 


This fmcdioii k iikn Imn iltiin unity, btil m larger llntii llie iltily, 
iw it itidiideg fewer lumm. Hinm fiiiwer m llm i|iiitiility iwiiitllj 
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iiieasurecl in dctcnuining tho porfonnaiKio of a uuu'hiac, tin- 
efficiency is owlinarily dctorminocl from tho ratio of tiio hraUinl 
horsepower to the indicated horsepower; that is, 

Efficiency = • 

i. h. p. 

The following problems illustrate numericnil values of efru’iiuii’y 
as actually found in practice. 


PROBLEMS 

121. hi th(‘. lmil(ler*H leHia of th(‘ V. S, Hcoui ('rniHer with 

CiirtiH liurhin<*K, th(‘ data from thn^o hhsts at <UlTort*nt HpcntlH wort* an follttWH : 

(a) iMeau Hptuul for ftmr hours, 25.1)17 knots; h. h. p., U),2{)0; t’oal uwhI por 

hour, as, 502 Ih. 

(b) M(*au Hpts^d for tw<‘nty-four hours, 22.500 knots; 1>. li. p., WHO; rtml imial 

' pt^r hour, IH,4S5 Ih. 

(<r) Mean HptMul ft»r twtuity-four hours, U.OU knot44; b. h, p., lOOO; coal nsetl 
per liour, •1051 Ih. 

Find the munhtT of knots p<*r hm of coal at eaeh sp<*eth anti the relative 
efliciancy. Find also tin* resisianet^ hi motion at eat*h spi^eti, and show how 
this reHistaiKu^ varitm with tht* Hptunl. 


122 . Two tt^siH of a holler fet'd pump gave thti following thUu: 


1. 

Nuinlxu' of strokes pt»r minute 

20410 

72.20 

2. 

Water pumped, gal, /min. 

ns.oo 

LliMiU 

:h 

Fistou tUsplaemneni, gah/min. ..... 

•Ih.lMI 

1 15.00 

4. 

IlahMl displac’emmit, gnh/mln 

ll.ilti 


5. 

i. li. p., steam end 

2.25 

H.Hfl 

(h 

i. h. p., water eml 

2.10 

H/itI 

7. 

Developed h. p. . , . ! 

■ 2.t)0 

H.OO 

8. 

h. t u. per (L h, p j 

mttio 

Istm 


Compare the eflleieney tmleulatotl from the riUdti 1*’ 

* ' i. h. p. ryliiidei 

with that (•.akulatca from ti.e ratio ‘■'•’'Ti*!':. 

d. h, p. 

Also caleulaht the |sir emit of slip from the ratios ' ^^**‘*' “ :w; if si, ami 

lint^ 4 line ,1 
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123. Ill a duty a puui|du|^ lutgitm ftir a llimlaug plaiit iit .MilwitulitHi 

iu April, thu data wi'n^ aM ftdl<»w.*4: 

prmmm^ Md r. p. ut. dd ; lU'iipumt ti»u iM^rpHiiitd 7, is ; 

wat^n* diHphwaniuuit. p»'r ri'volutiou usd.TT <'u. II.; th*nn-«*f ir t|j.Hphu’i«iiiritf uf 
whtN*! |MU‘ iwfdiiiiou witiunit nlip TId.ld v\u II.; i. h. p. td *nigiiti‘ dl.i.pj; 
h. h. p. frtiin wurk pi'rfortiit»d (‘almilati* ilu’ i^tlirirary iif il}t» 

and tlii^ tdlkuuiey of tlio puruping iitiwbiiuuy. 

124. Ill iho pmuHiing proUUnu tho anuiutit of mud loirto’d pn- liniir Wiw 

520.HI Ih, Find tlio duty of thmuigiiio in foi!»t-jii*untiH uf tiHriiil p*^r itiit lU. 
ofmnil ooiiHumod. AIho, if tmtdi |kuuhI of tami IiMmiii |i, i, ti,» rAlrti»- 

laio t-ho idludotu’y- 

Note, «-« I U. p,4ir. r*- - ■ ■> 2»Vlit B. U u. 

* T7B 

125* Tho ftdlowing t4ddo givon tlio jimdoriiiaiiri.^ ttf ilm w inidiij^ tin* firni 
four pkuam in tho fourth Vandorbilt (hip Haoo, Ooi^iln^r ‘Jb ItUH, luial diJ#’ 


tauoo 2oH.CMl mi. 






L 

41* Time 14 

Mmi irn 4 4I» 


iw 



c^4a 

It. 













t*. 

»»*t 



lUt 

Mil 

mu 

Zih 

^l!i 



I'.l. 



bi*r 


laijj 


l.4|» 

t.rt|» 

U|. 


1..}. i 


■ 


! im 

•Jtl.W 

«.ia 

! 




•mM 


; -n 

v<*. f-C'. 

n I'jf 

Ifttitn* 

1 fi»i 

*HM 

nM 


^^.»U I 

1 



■M ' 

^ n m ^ 


■'3 •-! 

M nr4Mn|«»» 

^ iw 


*iri.4'4 

•J'J.fO I 


Ti.ml 


f « T, ' 

«: ' 

'i,' ju i 




I i;it» 

'iii.ni 

tun 

i 

;ia.io j 

.!,J 

1 

n .i*M 

1 r^» 

ii. ^ 

n H ^ 

J ' ‘O ^ .v.i 


Find tho grimt4*Ht upmal in iidlon |«u* htuir attiiinml by iniy t*m, 
that th« Dotta motor mm working at itx full ratml llml llm total 

aiiao k> motion. AHMuming that tho avorago n^^klanro to ifiiilliiii gi’tiing 
tip upotni wiiH lw<t tliirdH of thk iimount. atol thiit tlio winning 
wt’iglii»d out* t4tu and attaiiuHl itn tmixtinuiti .f«p*‘rd m |u frtuii |llr«t 

lap 20 . 0 1 minimum timo 20.17 - 07 nuiiptifo #»||ki«ot»’y *#f it?* fiiotor 
at pfartiiig and at full 

126. In till* ga« luigiim plant of tho Hotimrvillo Pnwnr filalioii *4 lli*t Ikoinn 
Eliwtttiai Hill hv ay C*om party thii aiiiotiiitof roal rntoiiitiimi lb. i%i .|ir, 

III a utimm pliini tho armnint waml wan in mm JI,I77 lb kw. In., and iii 

attfifclittr CMi.* 44I-I Ib./kw.-lir. What ii iho ridaiivo olfkionry *4 tb« »«f| 
iteiiiii pliMtof 

12f* Wliat It, p. riiobir iihoultl la* hi-rtulhul fora # 4 »n 4 *«r 

wliiitli will hiivo an unbidanmul lomi of HWHI lb. ttiiil #4 frakri of 

fi/miii. if di iving oflrkm’\ m 00 1'wr mil, motor oflltdoiiry and woriii 

goar idlltnoftry <10 |au‘ rniit ? 

128* littw iiiiitiy |»tiinN of wmghi wall ii Cr«dflii «driali#r 

by a ill In p. iittifor lift at 100 if wtiriti gimr rflkkiiry tp»|»r m^nt and 

lirlviiif BO pwr until 7 
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FUNDAMENTAL DYNAMK^AL PHINCnPLES 




47. Principle of Impulse and Momentum.— Tho offtu’t uf a iomi 
may be measured cither by the product of the force by the disiaucti 
through which it acts, or by the product of the force by tlu^ Icuglli 
of time it acts. The first product is called the wc»rk, as expliducd 
in Art. 41, whcrmis the second is called tlu^ impulse. Thus if 
a constant force # acts for seconds, the impulse of tlie for<*e in Fi, 
If the constant force # has during the interval of time t imtcd 
witliout resistaiuH) tipon a mass m, an acuudtu’ation a hm been pro- 

F 

diiced in accordance with the <lynamitail r(4ation » &S #i, ami the 

m 

speed of the hody has tluu*t4)y been alt(u*ed from to v in accord- 
ance with the kinematical relation (hk}. (1), Art. 12). 


Hence 


F 

)n 



or 


Ft ' ////» - 


The product of mmn ami velocity is called the momentum <»f th«^ 
hody, mp denoting its momentum at the velodty a and at 
the velocity Tliis indation thendore mepreHses the fai*t tliat 
the changes in the momentum of a body is tapial to tlu^ impiikii 
producing it. 

This nlation also applies to the action of a variable bu'cc. 
prove this consider the action of a force, tnlhtu* variable tu* cun 
stant, upon a rigid body of mass m. Then in aec.ordanee with the 
fundamental rtladion ul)tained from Ntnvton’s laws, 

LJ a 

A S3 m 

iit 

or Fdt » m dp. 


Integrating this axprciaion betweiui any twcj tinm limits I am! at 
which the velocities are v and respectively, we ha vet 

r Fdt as C mdp * mp — mp^n 

CoiiHequyntly the impulso (M)Uuuunu!aU!<l to a Iiotly in «*«iual Ut ifH 
chaugo in momentum. Thin ia tMillod tlui principle of impulse and 
momentum. 
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Thiire are many iuHtaiuam in (lynamifal pnihlniuH in whirh tJu* 
action of a force bc.ii:inH lual cmls within hucIi a hrit»f intm-vul <if 
time that iin at^iitm is prat'tically insiantanenus; as, tor examph*^ in 
tlu^ imticm of a <»f stenm tijani tlu* hhnh*H t»t a Iii|.f!i spotsl im*, 
bine, rcivolving, say, at In, 000 r.p.nn lln* forct» in tliis vasv m 
ealkul an impnlsivc force. The <’hun||c in velocity {trotlut-rO in, 
in general, tiiiite. I'lierefcnHs mnee the int«»rval of time is intini. 
tesimal, iho acceleration, or time rate of ehang*.^ of the velocity, 
most he infinite. Hence by NewtiiiYs seeoml laws tht^ force innHt 
also Ihi regarded as infinite wliile it lasts. An imjmisive force 
must Uitnad'ori^ \m eoimidered as an inftnite force exertcfl for an 
infinitesimal hmgth of time. The iin|mlse in this ease eaiinoi he 
measnred dirt'ctiy, as in the preceditig tteinoiislraliom in whieli the 
interval cd time is asHumed to be finite, Imt is expressed by the 
change in nunnentum produeed by it. 

There is one peemliarity winch is characteristic of the mi ion of 
impulsive forces. A rigid IsMly may he defined ns otic which tlmvs 
not apprecnably change its shape nnder the action of finite forces. 
No body, however, can bi considered as rigid when sulijected to 
tlie action of an infinite force. Hence when iinpntsive forees are 
brought into action, relative nmtion is set up bet ween the smalt 
particles or molecules id which the. Isaty i.s ermiposed, the work 
done by tlieae moleeular forces appearing in the form of heat, ili!« 
formation, sound, etc. Hiitcis this work is suliinn’tinl from the 
maclianical (untrgy (d the system, it is iippiireiil ifiiil under the 
motion id impulsivi^ forces, the sum td the kinetic iiinl p-oleiiliitl 
energy does imf. remain eonstiint. 

Let tlu* impnlse td* a force he denoted by /.; I bill is, lel- 

/ j Ftlt m mii* - 

Tlniii th© work done by the tmptibe in ebiiiigitig tbe velfieity nf a 
body of mit»i fn from to e is | - | m | nil e e„ k t‘ | 

Hiiice w(i» — /, the expressinn fur llio work iltiiiis tiy iiio 

ptikif may he writleii (.’oiisetjiieiiliy fliti work iltitii! by 

iiri itnpiilsii Is ifi|tiiil to Ihti impulse mtiliiptied by tlie iiiemi ul lliw 
iiiitiiil mid firiiit veloeities cd ttie itiiiss iieled tipoii. 
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If tlie force ivS constant, the acceleration Ls uaiforniaiHl the incun 
of the initial and linal velocities becoincB the average* vtdtHniy 
during the interval. 

PROBLEMS 

129. A fir(‘inan holds a hos(‘ frt>in which a j<‘t of wat4^r I lit. in fliaiin'lcr 
issues at a vt'loeity of 80 ft./sec. What forc(» will tht^ fmuuau have t4) exert in 
support the jetV 

130. A hull(‘t weighing 2 oz. knaves the harrt^ of a guu il ft kutg with ii 
vc^Ioeity of 1200 ft./stic. Find tlu*. averagi^ forc(‘. cxtu’ted on the Indkt during 
the diHcluirg(\ 

131. A jet of wat(‘r I in. in diaint'hu' iinping<*.H diree.tly on a flat plat<^ with 
a V(doeity of *10 ft/sc^e. and flows o(T at right angh\H. Find tlu' pri'sHun^ exerh’d 
on th(5 j>lat.(*. 

132. A forging hainnuu' weighing 1 T. fads through 0 ft. If the forci^ of 
the blow is exp(‘u<l<*d in 0.(t2 sf‘e., find its av»‘rag«‘ value. 

133. A hullet wc'ighing 2 o/.. Htrik<‘H a hkvck <if wood with a veloeitv of 
1200 ft /sec. and miters it to tln^ d<*pth of lO tu. Fiiul the averag«* reHixtanei^ 
of the wood to penetraiiou. 

134. A machine! guu fires 200 huUcds |hu’ minute, each hulhd weighing 
1 oz. If the bullets have, a velocity of 1500 ft/see., find the average reaction 
of the gun against its support. 

135. Wat<*r flowing in a pi|»e 100 ft, long with a velocity of 20 ft./Hcc. is 
shut olT in of a secoml by means of a valve. Find tlu' inermwe in 

ru^ar thc‘ valve. 

136. A series of equal elastic halls are hung by thnuids in a row in coot set 
with one another. If the hall at one end is pulled off and let fall against ilo' 
others, show that all will remain at rest except the hall at the tither end td llie 
row, which will fly off, 

^IS*^ A 10 Ih. weight fidls from a height of 15 ft. upon a colled spring iind 
is brought to rest in of a second. Find the averngf^ and the nmiimuiii coin' 
preimive foreii exert4ul on the spring. 

A 40 T. guu (limthargeH a WK) ll>. xhot. wit-h a vulocity «if ttKMi ft./nft'. 
If the nscoil is rtiHiwtiHi i»y a eoiiHtaiit prcHHure til 1(1 'I*., how fuc will (In' giui 
recoil? 

48. Conservation of Linear Momentum. - An iinjiortimt 
tion of tlio prinoiplo just dorivttd oc.onrH in tin* niuHml tifiioti of 
two bodies during eollisimi or inipiiot. In tluH cawo front Nt'wion’!* 
third law the action of A on Ji Ik wpial t(» the iiction df H «tn A, 
Since, moreover, the action and reaction unt exerted for tlti- same 
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interval of tinu% tlui tot4d iiiipulHo oomiuinuniftnl by A tu B luugt 
1)0 exactly otiual to that coinmunicatctl by B ti» A, the 

inouumtimi gained by one in m|ual U* that hint by tlit» ttlhcr, and 
coiiHctiucntly tlic total tdiango in Jiioineiitnm is /.tn’ti, lldg h a 
special case of ‘what is known as the principle of the cmiHerviifion 
of liiumr inonieutum. 

loj illustrate, supposo that two bodies of niitHHes i/ij and 
nuning in opposite diroctums with vtduciiii^s Cj uinl t‘ollide* 
Mlunr velocities are changed l»y the impact and become, say, 
iiml p,/, I'he change in momentum id tlm first body is, then, 
wijCj— shu?e the second body is movitig in the opjtosiie 

direciitnn its change in momentum is lint from 

Art. 47 tht^ change td momentum in each case is ta|ual to the 


imjmlse 



lienee 







or, tmns|K>sing, m^Pl -f- 


Stated in words, tins relation is exprt^ssed by saving that f/ie $iim 
qf tfw 'mnmMnta hfom imptwt in pqmtt it* ihr »itm tif ihr wieiiir^iiOf 
after impacL 

To obtain a more general proof <d tln^ priiiciplo «d the conHerva- 
tion of linear momentum, consider a system *d pariich^s, and Int 
fn 4 denote the three recitingnhir e«s.»rdiiiiits*s id tiny piirticte 
(d mass at a given inatmit, and the eompiinimts of 

the forcu^ ai‘ting on it. Then by iidditiom ttie eniniiiinis of iiiotitiii 
for tln^ entirt* system become 




Detioiitig tile com|»onents of the vidoidty, |»ritl!id In the cotirill- 

natis of anj particla m, l».V v/»* m‘^f\ 

wo have 

||%V 


di 


ill ' 




d fd3p \ d , 

Similarly Wf “ ,f ('"''V'")' ^ 
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IH) 


Hence the equations of motion of the system may he written 


or, mtorcliaiif^iug the sigrin of Huinination and <lifforontiatiim, 

y V- - V ,,, ,, (.0 . V V - i V ,, («. . y y . 


f/r 


t/r 


TliCHB eqnatioiiH stato that, tho (‘.oinpoiu'nt of tho forco atding on 
the Bystem in any given <lirec’.tion is tupuil to the time rate of 
cliange of the c.orreHpouding c.omponent of the linear monumtinn 
of the Hystem. 

When there are no tvxt(*rnal forces acting on the Hystenu 
2^X=0, d. In this e.ase theref(n*e we also 

have I ; , 

dt^ dt^ dt^ 

and integrating, each (amiponent of the total linear momentnm in 
constant. (UmHecpiently the resultant linear momentum id tlte 
system, regarded as a vector, is constant, whitdi is the required 
principle of the conservation of linear momtmtum. Htatml in 
words, it says that when any system of part.ichm moves without 
being acted on by external forces, tln^ total linear momeiit4tm of 
the system remains constant in botli magnitude and direelioii. 


FROBLElCa 

A eam'ion weighing HO T. projects a shot wiUghing ICHsr Ih. with »i 
wloctty of 1600 ft./fiec. With what v<0<Mnty will tho cannon rmnal ? 

140. A bullet weighing I OSS. and moving at lOOn a lOtn'k of 

wood weighing 10 ll». Find the velcmity with wltteh the hn!h«f. iiint llip blnrk 
will move off, find having found tlib vehanty, etunpute the Umn of eiierny. 

141. A loaded car wiitghing 40 T. rtina into an empty car at r#*Ht ami weigh ■ 
ing 10 T., and the two move off together with a velocity of 4 ft./niT. Ftml litti 
velocity of diis loadiid car before impimfc. 
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49. Impact. — W!u*u twu huitirs it is futmil hy rxjitni- 

ment tluii the (liflVrt*m‘«‘ of ihrir voluriUi'H aftor iiiipiirl hviirn a 
iHiUHtant rulit) tlu* ilitlVn'iiff of ihrir voliH*itif*s 

impart, lliis rtm.staMl rati*-* in ralltai tlio co€fldtmt of restitatioa, 
ami (lrpt*iulH on iIh’ iialurr i»f tlir biHtiiss, vairyinif lirtwi’ni ilm 
UmitH zrr«>, for im»la.HUt‘ I'mUHtaiiroH \ikv |mlty, amt iioiirty unitv 
for HuliHta!u*rs alimm! porfrtity olantita MUfli an ivory iiml glugn* 
Lot fj, r.j ilrmtft* thr vrlt»rititv'4 of tho liotlioH lii*forr iiiipaot, 
tlitnr vi'toritioH aftm* impart, amt r tho roofliritmi of rriititiiiiun. 
Hum this rotation in f^^proHHtal \ty th«’ i*t|uatiou 

- fv/« - rH*j 

Frtmi thr priimiplo iil ilio roiim?rvatitiii of liimiir itioiiitmiiuu wo 
hiivii imoilior roliiiiim t iiiiiiit4y% 

wp*! t 3^’ 

Solving tliOHo two r<|uaiioiiH aimuIliiiit’otiHl)\ llir %*ohH-tlir!4 aftiir 
iiripiit’.t aro fouiul to Ur 

* ’-f- * 

wij -'I' 

Thti cliiftiritiiitirili protlilotal Uy iiiipimi iniiwoil litiotipalioll of 
itiooliiiii trill oiiorgVf iiltliimgli tlioro m mi Iona of iiioiiioiiliim* To 
dotoriiiifio flin iiiiniiiiit of ititHdiaoioiil otiorgy loat* toi #| iloiiolii 
till! tiiiiil liiiollo oiiorgy ladon* titijiiiol* ittol llw kiiiolii* oiiorgi 

aflisr iiiipiiot. Tlioii 

h\ » I 4-' I 

and ooMetjniJiilly tl«* Utm uf inusrjjy »« 

iL _ f; - { I _ rS) f '’i 

wij f IHjj '2 

If th« bodies ap# |«<rbH-tly idiwtie, r m I uml {)»,• rijfhl mwiiiber 
la'fomiw stitrti, wiienoe A', » JS^. 
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The energy apparently lost during iinpacd is in reality trans- 
formed into sound, heat, etc., or used in producing permammi 
deformation of the bodies. 

PROBLEMS 

142, Th(‘ ram of a piti driver wtdghs tF lb. and falls through ii ludght of h 
ft. upon a pile weighing P lb. If the blow' eauses the pile to sink t! ft, into the 
ground, find the resistance olTenni by tht% ground, tn* the “bearing ptm’er** of 
the pile. 

Soi.tTTiON. Considering the ram and pilt' inelastic, e 0, ami tlie veloetiy 
of tht^. pile befon^ imj)act is v,^ " : 0. Tin', velocity of the ratti before impact Im 
ijh^ and after impact both ram and pile have^ the siune velmuty r./. 

Hence 

,, ' - ^ 

m\ ! a/.; H' } P 

The kinetic energy of ram ami pit* causing |umetration is, thcreft>rt% 

1 IV I P WVi 

2 if W 4- P 

Also the additional work done by nun and piletluring penetration is ( IT f /*)d. 
Hence if R denoU'S the resistanci* of the gnmmh 

At the last blow tln^ value of tf is usually stnall, and henct' tin* second tm ni 
may In) m^glected in ctnnpariwm with the first in whicdi cas*s 

p . IT’**/* 

' ( IF L P)*/’ 

Still mon^ approximately, by negkiatlng the weight of tin* pile in comparLott 
with that of the ram, 

ir ” y 

a 

The empirical formulas in corumoii ust* an*, for drop lmmnn*i’ pslo diivri-i, 

R 7 ^ \ ^ *unl for steam hammers, R ■ ^ ^ , where l*h dem»b*.H tlio liimirc 

d.{ I d fu.l 

emu'gy of the, hammer, h iind d in tln*Hf* formulas, both being expressed In inelie*-. 
Th(‘H<^ art! commonly known m Wellington's formulas, or the Englmwriiig 
formulas. 

143. Find the safe load for a pile weighing lb. if it .rdnkH half ait iiicti 
at the last blow of a pile driver w'cighing r>fHI lb., falling throiigh fl ft, 
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144. A ball falls froiu a ht^ight (»f 2t^ ft. h1h>v<* a Itnail flour luul rt*btnm<lH to 
a huight of 17 ft. B'iiui the m(‘f!iciout t>f rt»8titutu>u. 

145. A ball fallH from a hoighi h abtivo a lt*vol iltua*. B'iud tiio total din- 
taiuH* travorstHl btdoro it ronioH to rt*Ht aiul tbo total tiiia* takou. 

Mint. — Thc^ total diKtaiiro m tho mim of tho h f 2 | 2 * f . . . . 

Dorivo this mMim. Kind ItH hiuu aiul thon llnd tho limo. 

146. A ball moving with vohudty h ntrikos a |4aut' at an luiglo ^1. Find its 
v<‘lo(‘ity V aftor impart, and tlu* ilirortion ot its motion. 

Mint. — Ki{uatt^ tin* normal and tangontialromptmimtH of tho vt'huntlraboforr and 
ufirr impart, and .solvr thr rrmilting r«|uatit>iw ft»r r» and thr anglr of rrtlrrtton tp, 

147. What tlo tin* abuvr valm^s <d' v and ^ bortnno for thr N|M*rtal rasrH tliai 
(1) th»^ impa<‘t is dirrrt (i.r. B IHr) aial (2) that riaatirity In prrfrrt 
0>.r D? 

148. Show tliat to Idt a ball A with a ball /I aftrr rtdhndion from tin* t‘dgr 
(d’ a billianl iablr, thr* ball li Hhonld Ih^ atnnnl at a jHdnt as far Iwddml thr mlgr 
(d thr tahlr mn thr bidl J is in froittof it. 

60^ Fundamental Equation for Rotation, —'ritt* Hitnplont. inwu tif 
motimuiuiict it* that irf trauHlatiun, in a rolaiiuti alamt a tixml uxih, 

C'oimidor a IhhIw or Hyntinn of parti- 
floH rigftiUy (mtiiitmitbl, rtatHiriiimni to ru« 
tato nlanit a lixtiil axia. lait m tionutii tlai 
tijiiMH of any partioU^ of iho hotly, or Hyntoai 
of partiob% anil r its tltHtaiuHi fmiit tlio 
fixotl itxiH of rolatioiii luul lot I ho h>rt?o 
artiuK oo m ho roHolvoil itito oomponoiita 
#*i liitti tHng:oiit and intmial to iho patli 
roapootividy (Ki^* Hll)., I1ni tiinKontial 
noiiipciiioiit F^ in than t!i« ofTootivo fonas 
protluoiny tiitdion alciiig iliii piith* Uonoti if if| tliintiiim tlw liiii- 
gntitliil or liiioar itiateleratitiii along tlw |iiitli» wii litivo from 
Newtcin’ii liiwi4 |f ^ 

Alnlliiilying hoili aitka of iltia rulaibii liy n ihti cliiliiiiou of tlie 
imrilek froui tlm iixin of roltitiin^ ihta roklioii iMiotiiiiiig 

Fgf^ farri|, 

and writing a iiriiiliir roliiliort for otudi |mriiok of ilm kMly.| of' 
aysteiiii wo Imtt by «nittmaiioii 
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Let a denote the angular acceleration ahtnii tin* axi.H. rin^n 
= ra^ and conseqiiently thin expression l)eeoim‘H 





Since a is the same for each partich^ of the hodyt w systt^ii, thr^ 
nay be written 


riie left member here (Umotes ilm total momtmi nt the exirniii! 
ipplied forc(5S with reHptH‘.t to the axis of r<>tatitan Deiiiitiiig llik 
aiming moment, or torque, as it in c’ulltHh by "A tlie above reliitioii 
becomes 


3c)mpanii]ij this (‘(iiuitioii lot- rdlalioii with tlu‘ fiin<hiim‘i»tnl I'nim 
iion for truiiHlatidn, luuncly, it, is tsvitldiit tlmt th«<v an- 

inalogous, tlio diOVrcuccj lasing that in niin angular arfi'huat iuii 
ind moment of foroo take the phu-o of liiioar aiTrlonition asnl 
'orce in the other. Hontso to eomjiloto tho analogy Itctwofii tho 
;wo expreasioim, Kuler introduced tho term “moment of itiniiia” 
nr tho <iuautity whioh nsphuses nuias or itjertia iti the «'of. 

•esponding C(iuation. Denoting this quantity hy /. the initial 
etter of tho woril “ inertia,” that is, putting 


ho fundamontal equation ftjr rotation ahout a fixed axis lM*eomes 

T-I.. 

Properly siMjaking, the quantity / a V/„r3 should he • idled ih.. 

ooond moment of mass, although the teriu “moment of imutia 
3 more commonly ustsl. Tho numerieal value of /evid. tith d* 
lends on the shupo and material of the hody. i'*oni stdid of gu,-n 
hapo it is agoometrienl itroperty whieli may be found hv inl. gi .i 
ion or its etjuivalent, as tsxplaitied in Art. lit! and !!T j . i 
olids of irrogitlar shape, tho value of I ttmy also he h.nnd exp, 
lontally by observing tho angular aoeeha-at ion pr..dur.-,i ,!i fh..,„ 
y a torque of given amount, as explaijn-d in .\rt. l“f., 
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It may alsi) In- tm‘iitimu-<I in this comu'ctiou that th(‘ aiititral 
a(!W‘lnrutiun w'-*, wham « thmntas tlui anKular valucity ahuut the 
axis of nitatimi, i'‘sc tu an iimrtia hinm nu any j.artuile of 

mass m of amount (Art. li-) 

Smumin},Miii thasf f«>rct*s for the mttirc body, tlm ooutrifn^'al foroo 
oxortril on tlm axis is found to Im 

^ wrw'-* :■ fa'-* V mr. 

» MImmf 

It will 1 h^ hIhhvu iii Art. tt}, tluit 

mr ^ ^ 

whtU'it M ilvmim i\m inmn of t\w vniin^ Uotiy, or Hyntinn, and ia 
tho iUHtaiHJo of ilH mmivv ui luanH fnou tho axia of iHiiaiion. 
Umim ^ 

mid Hiiioo thia forro nvU in tho lUroriioii of if a body ia to 
rotiito rapidly iit boariiiiJK* ita iHOiior id itiaaa aliiadd lio in tho axia 
<d rotalioia itnii in* wo nltould tnako ; otliorwino tlw hciar- 

will lai aubjontod to poritMlirally varyitt|^ fortain. IhiHcau- 
tliliiiii ia oliiitiiaal in pi*iMiii’«» by jdartn^ ibn ax in in a hin’i/.otital 
priaiiiciti iiinl iiddiiif^ or rotintviii^ wingbi niitil Ibo IhhIv in in tiqub 
lilifitiiii ill liity piixilitnn na oxjdaiin’d in Art* lo4. At thn Hiwno 
tiitWf «¥«ti if lliia «"oiidilti.»n ia ftilltlbab thorn will hv a mniirifugal 
rotijiln, iilao to priHlimn HtroHH in tbn bnai‘iii|^fi% iiiilnHH tlio 

iixiH of roiatioii w %vliiil m known iia a {irin*n|iiil iixin of innrim of 
tiii* litiily (Art. ,174). 'riiw niindiittin oiiniioi Iw iittainiHl by aiiit- 
kml iiiniiiiii bill Hilly by tixjwrimniit« inadt* on tiiw body wliilo in ro- 
tatitiiif ftiitl in ilioriiforo imi orilinfirily iirti^dthitl for in itiindiiiiiry. 

P«0W.iMS 

14§* 4 % iiiiill wliwl littn mt *i| in. in iirfitiiifl wliitth a 

«iril h wriiji|«i, It in ffiiiiitl ihitl a widulil *4 lt». tmn^ mi w jtwt 

to «iw*rriii«i» frirtioii, iiinl llial wlnoi h *i** llo, II 

S fi. iti it Flint llir mmmut of ImHm of llio hdimm wli«d. 

i50, A wlp*ri tl fl. Ill 4tittiinti»r lia-n a fttoiinoit of iwatla of *IWI Ih. 
k liirwiijg m tir «f rai r. p, iti. WImi o|»|«wini| liiiifnitltlly 

to lii« rlifi will lirliif It Ifi ri*»l In onw itiiitnlo ? 
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51. Energy of Rotation. — In the (‘ane o( pure rotalioii ilw klm*t if 
[ler^^y of motion is cxpronned most simjdy in terms of l!it* 
elocity. To obtain an oxi)rosHion for the energy of rotalioii of m 
gid body, or systmu of jiarticles, constrained to rotate iitioiil it 
xed axis, consider any partitde of the body of niiiSH iii, mol l«d r 
wiote its distance from the axis of rotation. Also let iteiiol’O 

le linear distance traverscHl by the pariitde in the time tiiiti tifi 

\e angle which this arc snliUmds at the axis. The work tloiie 
1 the particle in causing it to descnnhe the are <i$ m then tti 

8 change in kinetic energy. That is, if denotes the iiingetilirtl 
nnponent of the hnxui u(‘.t ing on the particle, then, front Art. Tl, 



\ since ami r to, where denotes tlie iingiiliir ve- 

city of the body or system ahont tlie axis of rotiilion, this 
3 ComeB 

j Frdd as I -- I 

innming up for tht^ entini body or system td pariteles we liitve, 
lerefore, 

I ifVdd ^ V J -- V | 

%/ 0 . "» *• ” 


hich may l)e written 

luj ([uautity httwtivnr. ia tlw niiniimtl «if iimriin f «if iIm. 

xly with roHjKict li> tlu' axia of rotatiitu, wliiln tlu» tjuantitv V t'r 
the total tor({U« rof tlm (sxtarnal appliml htmaa. 'I’hia 
)u may tlmroforo ho writ ton 

rrde-.i/»3 ™ U«,3. 


he quantity | is tmlli^d the kinetic energy of rofitfnni, ftmi i?, 
[uilar in form to the lincmr kinetic energy | wr^, iif|,| ,4" tip'» 
me dimensions as ihn latter. The rehition jie^i obi.iiiied. then* 
:pre8seH the fact tliiit the work done by the fiirqiir 7* iti 


1(M5 THKOHV AMt ll» K uK \(K. lUM. s j,„„ „ 

iiifj tilt* iiiigiiliir !■< • ijUiii ii. !!,«' 1 h.iii;'*- itt tin, jjj, 

until' I't "S . l! tin- iunjui- '/' H I'uiiHtaut 

iluriiifj till’ lUKtu'ii, I" i'« » ‘ 'UK ‘t ',i!it|4v 

IV I I tu>J. 


'I'hn Hiuiii’ rfUtUl >»'•»> ***’ In (*l,irtMuf with tlw fun. 

lluiUl'tttHi i«*ll f***’ th*' I'l ,1 1 hsiill ilhiitlt H tlXl'lt 

uxin; ititHtnlv. 7* - /»* Wuliii}' tin*. i»'liili.»u ttt tin- fiaiii 7* a 

uttil iiili’Krdtiuj^ willi »«' till- ,iiii.M)Lu iltij.hii'i ttiiUjt wi! 


Imvi* 




I nv I / /V: 

Jf 


til\ lilliri" m* 

$il 


||li% I ^ 


I ^ I I I 

wtlirti in rilstaiiip**!, 

Till’ iwwt r*HUm**Hh III j*uiri|r0 N lliilt III ll-'larfl lliH 

mk «f riiliiliiiii 4 * f«ir in ilm 

mna tif all iir4iiwr%’ it%i%fif’r4. I mlrr tiu*^ ilnirn i»i im 

liiiitlt#iii?y f«r lip’ I** it,% itii4 ilir jiini 

iititaitiipl i?«»iin4pt*4y ilw 

Ill An. T‘i il Will 1*1^ nr *4 

nifii'p:# m ilifpi^h all lli«^ in it.i% 'Viirpiiiii 

jiiirtn ii"rrp iijUiliptt iil iIp’ rm%irt ni rnn#.^ it* a %iii||'1p jiaiiirlt* tif 
litiiiij* rijiiiil ifi 1 I 10 liiii#n ttf lli#? |3 n*« 1%- . jP"ilir'Hi|«* tif lliif 

iiitiiliiii i»f liir rr-iiirr »4 r«‘«4ii*‘r.# ihi^ |ttt44inii «4 4«irriiiiiisii| 

llir Ititflnili Iff lliP litplv’* *4 j«;if|ir4«^% In llnil nf iiliflitiil 

l!|p lliwlinlt i4 ii mugh^ l*tnrv|||rf willi ilial nf lliii 

rrliillftf iinilitiii i4 Iwf^ty mtlh 1 #, lU rr-nipr nl 

Tim* llltt liilai y «4 St nf J| Ilia I ifrillfll 

ktipnp^ s?ip’»r^y | Jli-* ■#■- | 1^, 

wtiiifp w il^iititp# ifii^ IiiiPiif- %■ ^4 ilp^ i'taiirf »4 «4 fill* 

tMily, I tint tiiiiftiimt »#f" inrriw *4 \nfd% wiili i«i im 

Mi< ii« t4 I* I a*3#i|,iiii4 iimiilrtf 

ft4tit4ly Witli l«» lliin I Ip? rfv|itp| nf fii;r^§ ifi 
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general, the only point for which such a %4 lh«^ 

kinetic energy is possible. 

If we intro(Uice a quantity (((‘fined an 

so that F is the mean valuer of averagtHl througiimii llie rut ire 
body, then 

where M denotes thc^ mass, of tlie entire body, mid k m 

called the radius of gyration, d'he expression for the ioUit energy 
of motion of a rigid body may then In* writtiui 

K. bh =ss .1 4" .! sa \ d/( 4' )» 

•To illustrates tlu^ use ()f this ndution, consider a thin steid hoo}i 
of mass M and radius r, roiling along a horizontid plmn*, mid let t» 
denote the linear Hpcnal of the eentm* of the Insip lUtd m iingnLir 
speed about this (HUder. Assuniing the entin^ mass of thi? hoop 
to be comarntratcal in t.lu^ riin, wi* have k '^ and therefore sitii’e 
we also have a=a m, tlm exprc'Hsioii for the total enr^rgy of fiioiinti 
becomes in this taist^ 

Iv, brf, m, ,J d/ ( 4“ e^) ^ Mv^, 

1 hat is to say, the total kitudlt! eniu''gy is twiee llii'* lUieigv *d 
translation of th<! center of niass, 

PROBLEMS 

151. A fiywhwl (»f ft Hli«mrtag amchtai* hitn ft.db, ig piirf-gy 

ill it whiui it'H speed N 2o0 i*, p, m, Htiw itiueh li pfifi willi *l*ii 

ing a r<«lucfci(»a ef to 200 r. p, m. V 

152. In thepwseding |a«»bl«*itiMf H‘i iif^f et^ti uf the eiiergv i^pi-rn mi,i 

irnparttsi to the shears during a stroke *4 2 iti.. what tb^ p.i,'*, # 

blada of the MhearH? 

^ 153. A ear weighs 20,000 il». mid has H wheeb, eiieh wriglinig 4 i»i ;ii, 
UoriBidering the weight of the whindM hh etiiir*Mirrii!»*il in the run, itm 

uiargy of rotation of eiieli wheel with hm energy «»f triiti^lntiMU, 

154. Show^from the prfwding priddem fhal in e*.iupi,HiH| the .4 a 

aoving ear it k suflhnent to eiuisider it m a imiferial p-.irii-. ;.' *4 

Kpial to the weight of tliii bwly idiiK twice the weight »d ihfi ,»,.4 

>uto only the eaergy of translfilion of ihh partside. 
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155. Id til •••Mitml .tu ■K'*'**'*’ * •»»• ili -n-. mi «ctrk, it w 

nmmmrrU^ i^r ii 41*. %%iih 411 all.riuil.i.. i^muge 

ill 8 |MHHi frtiiii ITtl u* l‘>»* f'-r- »»■ 4 iiiiii« 4 *'r mI Hi,, 

is *IU ft.* wiiipwt*' it‘^ mnuhl' 

*•*»*“ » ih^-hm4 ihr- r44iu» :<4 ^%r.ahm k Immnm 

0.:I7 /> Witt <11*-^ Ih I* 4rii-4r.^ ih*> A ^.^,4 |4i*rlir,i| ril|i» |« f*|||„|^ 

Is til awtiiiit» I’ ihi i* 

52. Aapltr I»ptitit mi Mmtmtum. ^ l.1ir jtruirijilii *4 iiitjiiil«« 
luiil iiiciiiit^ifiiiii 4t*tlni*int ill Art. IT l»*r *1 fii*»iiiiii uf iniiwlniitiri 
riiitv Ih* i»lli4itlr4 l*» iiH'lti*!**' 4 iii*»li«»n *4 m wrIL 

|irti¥ii ruiiiiitfi^r ii ri|»i<l »*r *#f imrlivlrn rifriitli 

iil'MHii 4 lU«nt m\tn, Lii III ili^iii,iit 

tilts iiiiiiw iitiy |tiirii*’tii «*f tii*' ill ii ili-ntiiiims r 

froiti tlii^ tntiiimh 4iitl m iiisiniLir iilnnil, t'liig 

lliciit III Ittiy Uir IsiMsil Ii’Imi-'iU mI itir^ jiiirlirlt* lit 

tJitt initiifil H w» 4 Ii4 iI^ i4iii,ifrnf iiit in^i-rlt^riiliitii ji^ 

f 1^, ('tl||llim|llf^lllly if til*'' ii|i||.frnllill i^iitlljM;il4r|li Ilf llli^ 

fiiircii iiiiitiK Ml «♦ Wi» iiiivr 111 %*■*%% 

- wr , 

iiiwt lliw iiii'iiiii^lit iwjiiiiti«*ii IIp^ pf 11111.%*! m n^wjifirl 


til III© il'lli ill rnMlimi in 


#> 


, 4m 
' 4i * 


Smiitiiitig ti|> ft*!' nilirp li«i4y, m ?ii»t.riii nf jiiirlirl***!, \%j* Iinv# 
tliiirisltirii 




If 


Tim ijiiaiilily ^F#r, i.^ ri|ii4il i<i tlip ii»ri|iip T uf lltn 

t^lifrtiiil fifijilmil fi»rrr« wilfi u» ii%i% Ilf rp|«ii»»ti, 

llm iiiPiimiit f»f iiirrii»«f tl»r lw«ly* *»r **f j*iiftml«i| 

Willi III llil*i iitm. Ilpurp lli«« ri|tiiiti»*ii i4 iti«.itinii l»ri“«tiii«i 


Tm nr «Mij4y 


m ^ him. 


liitigratiiig Iwilwiiffii iiiiy tw» iiitm liiiiit* f fiii4 iii %%'lnrli tliii 
tiigtilir ftiteilii* art? m «%, rt^%|iitrii%rly, %%■!- li^rvn 
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Consequently the impulse, or time inte^nil ol tin* appiieii 
is equal to the change in angular momentunu whirti pri»\r>* 
theorem. 

If the tonpie 1 is constant throughout the interval eiiiiHithoril, 
tluKS relation l)(;euities t t 


The derivation just given may he shtuieneil by stiirliiig freiii 
the ecjiiation for tlu^ rotation of a rigid body about ii liviHl 
namely, == ./a ( Art. 50). Writing this relation in tin* bu'iii 


2^== /„”' and int(‘grating with n*sptH't 
at 

before zv /o., 


At 


to the titiit.% We toue let 

tm 


Wlum the a(‘t.ion of tin* torque is instiUitant»ous, it in eitllnl aii 
impulsive e(»uph^ As (explained in Art. 17^ am impitlsiie 
must therefort^ In*, eonsidtu'ed as an inlinite f tirque exiu feit Imi an 

iuhuiteHimal hmgth of tinu^ In this the impulse, 7*/^ « an 

not be calcndabHl dircnUly, but is uieaHured by the eliaiige m 

angular monumtum prtHhuaal ; namely, im ^ 


PROBLEMS 

156. An in Htiirtiiig t’xer*t>4 mi the rmiik ?ihnfl fi»i Mli*"’ Insijyir :;| •'•'.Is 

Htanl. t-onjui* ef lUOU ThiTi* in hIhii h inmni'aif ♦niini; *4 ’■'*»** n, 

Ih. The* tlywhi'iil han a nuHiiH tif gynUten nf a ft. and weighs Ih 

will tin* engin*' ailitin in em^ ndnnt**? 

Notk. ~ Lut / lUmaiv thi* nnnneiit nf inertia t»f th*^ tP m WfUiilii. m%4 

k itB radius nf gyratimi. 11ii*n / k’K 

(/ 

157. What t4»ri|tti* b reqniriHl to bring a ftywheid Ino ing ii in.nurei .4 Ar„r , 

tia of IB(M) Ih. fty friini re,Ht to ii ef »Vti i\ p, rn. in ene iniirnt*' ' 

53. Conservation of Angular Momentum. • - Sint i- !iit« .u inom. s. 
turn, mv,w Ihu {irodtict of ( wo furtur-H, iiut> <>f whirh m ,i w .Uiu .iu4 
thii otluir a vm-.Un-, tlu*ir is hImo it vcrlor. ‘I’lii’ ..f 

lltia voetor with r«H{»e<!t tt» any imitit O i. t}(.*u hU., ^ .M»i 

may bo ropresontod hy alitio thntujfh (> jM'rjtfudn idiU (<> ih.’ j.J k,. 
of 0 and wj(f H4). 1 hia voi'iur ia ritllrd flii* utatucitf uf 

momentum with roapoot to O, or »h« angular momentum 
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AS» .•UA<"n<'K H n 

,.l th'it tho total Uuoar monu-iituiu .it 

In Art. it ia >mvl«u»goa l.y any action 

any KyHtt‘i» ol l«>'ti<' ihmn; that U to Ha\, an lou^ 

no axlmnua fom-a at-o tutroaucinl 

into tlu> H.VHttnn, the r««»Uant vector 
nnanat.tunt in oonalatti. It can alao e 
Hhovvn that th« n.ou.«»t ol t .ta ■- 

ant with nwiwel to »«y “ 

nonatatit! that is to »ay, when tio is- 
forooH net uiHin the ay«tent, tt« 
angnlar .nomoututn with reaiaiet to a 
iiicw 

. • 1 Mho fouHervalion of luigohir nnainm- 

I'u prove the prttnnp e o , j ,.ni«iMiiieiitH of any imrtiele 
t«nhi;tx,.y,*ae.n.tet . m ^ he reetau- 



* r,!t“‘“ru X. r. % aettote the reetau- 

.,f m.«»« '«• ‘•nhe*foree'.vetUig ot. thm partUae, U« motion ih 

gularoomiH.ne»t«‘aihe f. «^«u g 

delermliwta hy the tepni to 


tPi p 

X 


<r% V 


#* 


Iff* 

the »um of the niotuenln with reMi*eet to 



axii, iM , f. 

B«tetitttth.gt»»«v.aur«.athn 

foree e.otniH»tnnit» I »«»a ^ “ 

tni-nwofthe eomponenl in«jel. 

emtioiw, this l«*eotiw‘»* 





rut, <® 


Siiiien llw wcltingitittr 

l>oi«n«t* of tho Umnir niom^* ^ 

tmn .a the patlWe an' «» *’ rft „o„n„.«ent of 

the aitgHlar wontiHiWin, »« ,i£< 
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Dirfciviitiatiufr tliis expivshioii with mspwt t.. iho tiiii.-, (!•.■ 
vsult is 


m If 




, ^l^f 

iff 


, </■"? </.’</// /P'i' 

lit lit- lit lit lit’ 


, 1 -: 
!' I,' 

\ lit- 


,rh,\ 

lit- 


: r. 


in 

rr’ 


This rthsult is inw fnr (mch partich' ih' a ri^nil Inatv, t*r ^.y^lriii 
of purticU‘s ri|4’itlly By Htuumati**u thniugli»iil 

entire IxhIv-. <>i’ system nf partiehss, \vt^ have tlun'i'titre 


1/ V 


Jf 


dl 


, \ 

dt ^ 


N' 


( nZ j r ). 


V' i lit 

Tho (luuutit v 


il<(\ 


<IU 


U u liieh the Htim «if the aiiifniiir 


mnmenta <»f the .S4»parnte partiele-s with renpini in the A* a\e4» n* tii»' 
A'^enmpmieiit of the ait^'ulur imnntmtiim nf IhhIv,**! »»l 

partiehm, nml will he tlemiltHi In- //,. 1‘!ie internal r.ne 

m»lluii|^ to this evpreHsiuti sinee tfmy ueetir in pairs, e*|tial 
in anuntni ainl upptmiie in si^m *llie rim:ht ineinher «ti' the eipia- 
tinn, repreMents tlm tutal turipie aheiii the A 

exerted hv tin* i'\ternal applied furees, ttent»lini»' it In T.,, 
above relation heeniiii^s, therefore, 


dli^ 

dt 


1 \ 
* #■’ 


Similarly 


*///. 

dt 


71, 


dH, 

dt 


(Jonsiapunilly t-lie nili* e»f eltunne «»t the iUriLpitar Iieeie'inuni n 1 
rigid htaly-* or sysleiii «»t paiiieleH, aliMni am O’* 
torque ahoiit tin* miiiie ii\tH i*! tin* fnl»n'ii.i! applo’d 

Wlem no mtiU'iiiil furet*.^ aei nn ilie h,sih, I, 

=s 0, and roliw*i|iielit 1% 


dii, .. dll. 

di df 


dH, 
■ If 


M 
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-riii'.t'io A\i> ) uvi ri* |.: UK mki ha\!< .s 


(tr, iiii.'irratin-; i- 

// , ..ji A-Ui!, //._ . Hi!, //. 

I'll.Ti'fHlV l! !<•' .i.-l l!,,- Ils UI|.,r|lljir 

Uli»iih'li!it!ii n-m.ii!!. ..Ii .s.tit!. I hi'. ih.' j.VDi. ij.l,. jj,,. 

mn-sAtum .'1' aii-a-u njum. 

JHiilllAKS 

iStI \ ^ ;’i«t r, |, m., ||li, 

H ^|||. 

. . . . ;u:-:,r.,-fr4 u|. B j!|i ||jt„ 

r '■ ■ ■' '‘f 4 ■» lilt, 'll. If 

^ ^ 5n..-.tui .4 liir 

1 i '• . J J- -n i«Sj..| i|sr ;|?ij»|j,.,, 

I||.^ 

%%*i ^ r*| |||!|^,„ 

■■-. A- 1 ., ;!.:s.|.., alnl.- ,, 

■ ■ A2:.,, .. .:i li: a ,.. II III 

' .i' - ■••A..: 4' a 'uil t:h.r %rjlsA,s- 4 ^|*» 

I-,,. ■■■■■’ ^ • V'“ •• '!■ -^-ii tel jHi 4 

l':^, ■'^■. ’'■■■•' ' 1 . t ;i .hii- '} iV' A III 

' ■■' ^ " ^ 5 ' A i .AJ A Uiv ttl lip,* 

#|ttli||« A-' . ■■«, i ,,-i i,: .. ■ Wi 

S4- »f llr^iitit, ti.r ,ii nf 


ill itmnu ‘4 h.rA 

;|}» r ^1. j *S r ■t>A«Ai |rl §> •■-*. »' 

. .r 4 ' * 'i .2 . 

.1 lh.,r ', 

S Is .*ass \r \| L|l|,i|, 

I*- W 



Ha! ft Iras 

1 

% 

# ' ■ 

r 

1 

': WatU m 4 

1 ,• 

1 1*## im .; 1 1» "j 

'1 

i 

1 #■*»# i^' 

1 

1 1 ,§i 1^ im 1 

|l lli«'‘ |<s>f» <’ «'.f 
lllfilllll I# ##'#<% 

r a 5»- A- , -||.ii*i |j.. i'- '4.;* -A 

It .,| ... hi 

!|a«A iii^rt i' -ii, ill 4 ill#" 
i liar * 
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n im 

Since tlu‘.s(3 formulas siiuply r(‘iu*cscut tin* sjiaci' iiml iitt®*'' 
grals of th(^ fundauumtul c^<|Uutioii F -ss ma, «*r itn 
T=^ Ta, it is (nudcnt that they tiXpress only wliiit m ciiiilaiiird in 
Newton's laws, Moreovm*, m» ih*w priiuupte wilt he irilroiliiml 
in wha.t follows, althou^**!! t-lu» rt'latitms ^ivtm %vill ht*? 

ttnidi^d HO as to (‘X|>rt*ss certain inort* omionit rtdi4tioit.f^, eiiinf **i 
whi(di will 1)(^ tJu‘ prineiph* of tht» mmservat ioli t»f niiriif's 
(rAhnnliert's prineiph*, the principh* of urtnal work an*! tip 
priiH'-iple of h‘ast work. 

TIui entire systmn of nuM-hanieH here pr«*Henteil in iIhih 
entiresly on N(‘w(oirs laws. Since the suliject or4|,piiiiieil in 
wa}', it is undoidhtslly the best fi»r an ehnneiitarv 
Newton's axioms, however, an* imt the only possilih* htitn*al 
dation for tln^ suhj«»ct. An entircdy diflereni ^et i*C mi 

postulates may ht^ laJd dc»'wn as fundamental, ami lh«* snhpni ^ip 
proaelunl from a diUVrent Htamlpoint. NotJdni' neu i% tiliLniird 
in this way, howt'Vtu*, as the results mitsl he suHceptililr of i-^proi 
mental va.‘rifuait ion, ujid htmei*^ tlie fundanii*nliil ii.?'coiiiipi 
in whatever form they may he stated, miNt he 
oquivajeiit to those J 4 *lveii by NewUui. TUuhv iiilere%|ed m iL,. 
jihilosophii'al aspect of ineehanies are referretl tu iViieii.l. # 
of M^*vhanieB^ by Ileinrii’ li Hm-I/, ; nit.l n. St'ifHi'f uf 
by KriH'st Miidi. 

55. Fund&mfi&tftl ftnd Derived Units. In tiMii'.ut't' .i iju-uiSi! 
it; iH mscoMHiiry in tmvn a t|iiii)ttily <<f tin* Hainc Kin«l to n. i .. < 
unit or Htaiulard fur fcitupiirtHuii. 'I’hi* <niaiitilv in thru hxcu. s 
by findiiiff lunv timiiy times it emitatiiit* the mut i.f iiM .e.ns . 
chosen as a Htainlunl ; that is. by (imllI,^r t|„^ mimlH i ube l, . , 
presses the ratio t,f the {••iven quantity to the eb-Mo-ii unit 

I be quantitit'H enqiluyetl in itjeebanit’M, Iimvvcu-i, .ur n .n , 
independent, as shown by tlie relatiuns between tiu-ni, .i- sii . ; 
above and also in the preeeiiinjr elmpler. F*ii , 

length, and time are eoiuusUed hy the relatiMn « rf. |i, ^ 
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it 


two of thoHi* -.!> loio-ih aiol liiur, ar,. 

fuiuliiuuoilul iiiiit^%tlio ! hn «!. \ oImi-ii \ , 4-aii !»,, o\ j»ri*s,st.nl 

in tt*riu.s of ihosi* aiol h i\ivrv\y\ iU^iwumunl iht* raiiu i,f 
tJio uuitH of iiiios 

Hiitro tho <!.vii*uiiir.ii ruiuitioiiH lintml mh ji. tl:i 

to only Olio iitilojtoiiiloiil rolalioii, F tmu mnl lln^ !%iii*iiiiiiiritl 
ociinitioOH oil p. iiro ri{iiiui!inii |ti hu* iioli^p*»ipli.|ii rt*tio 

thoro iiro in nil tUn^v iii*}rpriol**iit Iiotwoi»a 

iIh* ,Hi\ #* nh f\ fi-, f. Hoio'r ihi-ri^ nf ipuuiti- 

tioH ituiy bo rlioHrii nrbii rniil) ii^ Iniolniiionf n! nmu, X*, mtiw 
tliiiii lliroo oiiii Ito olii»-Mni iirlHii'iiri!^ . .ninrii iIim nmtn iif nn^aHtiro* 
Itirlli for itio rolliiiilllllil tluvo aro rMiintnirtl wilh lltti 

tlirin* rliotioii by tJio tliri»o robunoi^ iiii'iitiMjinl. 

Tllt^ tfiroo rIiit:Hr|| itfbit fniulttineiltlil lllliti, 
iiml lilt llio nllior in morbaiin-H ar*’ onllnl dffiveil Ulllti. 

56. Oftit »f Tim^. Ah lunoin.itir-^ ih thv brnnoli ftf 

IllitoliiiltirH, itio iiiiilH riC loinfib iiiol Urn** wrro lip.* |\vn imiig 

lirni olioHiii iih fiiii«biiiioni*ib Tl««^ nnii iinio 1 j 4 »i a iiitinml 
«tiui*liiril «ir |»rmlttt>'i*o m llio ^*4.u' dm nml i!% oiiiin^i, nf 

wllildl Iftif ®* tlio *w^rMn»l, lioorjifril ||iis 

iiinl of linn* friiiii lb**' i*P»Ht rmonr^ 

if. iill Ltigth. I In* lifiil Ilf b'fo^^lli bii** V'liriotinly 

HHf^tiiiinb niitl Hot tt$»ii! }h 7 p %%;ih ibrro nnv iinii^oHnllv in*. 

ooptoi! Ill ibnl l«*4r, iIh* iiriiMii nf tin* 

prilioipiit goloriitiioiitH f»l tint an Uil«*rintti*nnil ^ininlnrtl iif 

It'lllflli 4«ioj4oiL llilH of i||p i||^t,|lio#^ brinroli |wii 

lilio^ III O'" oil *1 |4iilllitliin’ifnlitiin bm ilr^po^ilril at tlo’ !ii|i*r. 
t$iilititi#il llnrortii of WoigliH 

Tfib Imr in rsliloli flio Ifitoriiiilnnial lboi«»typo .Hiarpbir.b amj 

fiifiir« Ilf jl, riillril iwtioiml jfl 

IHHII witli tin* of iitpl 

tin* «4 iliJ'? *«ilir-r unirrit* 

llirilfK t»f ifiii iiorbi Mf |. 

♦11i« f«i%f mm Iw * -i «#:r .4 ^ 

Olflf It#' I l.i lit* l.sil |#|rf .1 -.H-r iiltM-A J. Oivll ihr «lir,W 

‘^till'll ll**% tAlnr nm ^rj-r, 3!44'*% « |« j-i ill 4? 

ilfp ffilirl' »l|%4s l||p '*4 P-«‘ ;i a 

^ 'If flip Iitill p4 




m 
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The Euj^lush yard and ftxit still contimu' to he ti>>i'd, hui iur 
expressed in terms of tlui meter. In the I'nited SliUen ihr ).Md 
was defined by Act of (hmgress, July "iH, IHtiti, as 

1 U. S. yard = m.. 

and similarly the Hritish imperial yard is <lefine«l by law as 
1 Hritish imperial yaivl »■ in. 

Two other units of hmj'th in tannmon use are the sltitiile or 
land mile, and the nautieal or sea mile. The lirsl is etjinvalnil 
to .'5280 feet and is our standanl <»f itinerary measure, adoptetl 
from the Enf^lish, who in turn adoplisl it from the Uoniatis. A 
Bomuu military pace, by which distances were uteHsured, was 
approximatiily live f(>t»t loii}', ami a thousand of these paces was 
called in Latin a '‘milh'." 'I'he Hujilish mile is therefore a purely 
arbitrary measure, le^mlized by a statute passed lUiriurj’ the leii'it 
of Queen Kli'/,al)eth. 

A nauti(!al mile is supposist to he equal to the leirjilh «<f the 
arc of a great turele of the earth suhtmided In an angle of on.’ 
minute at its center. Since the earth is not spherical, the naiitica! 
mile so defined would vary with the latitude. For this re,r>M»n 
the English admiralty has adoptml llOKi) ft. as tlu' h-nglh of a 
nautical mile, wlntdi correspomls to the length »tf one muiulu’ .»f 
arc of a great circle in latitude tH‘; while tiie ruited .St.if.s 
Coast Survey has adopted (108(1.27 ft. for the nautical mde, 
which is eciuivalent to the length of one minute of aii' on a gnmt 
circle of a sjihere whoso surface is equal to the surfuce of itiu 
earth. One nautical mile is therefore equiraleiit to 1 . l/ti.’» siatiile 
miles, or one statute mile is equivalent to iiautiea! mile, 

A knot is the nautical unit of speed, and is detined as ..i.< 
tical mile irer hour, 'riius if a vessel is said to hiive a sp, . .1 „( 
20 knots, it is miuivaleiit to saying that it has a speed i.i •.;>! n 
tical railoH {sfr hour. 

58. Unit of Weight. -■ With the ineeptiou ..f ilvnaiue fPii.t 
unit, in addition to length and time, heeame tieccssiu v. TJ.c, wa-i 
first chosen as the unit of force, and was definod as ih.’ -4 

one euhie decimeter, or liter, of water at its fent|icratim ,4 .o, u, 
density, 51.0® 0, Tins was later nf|ilaeed hy what «.» > ,i,! j i. j 
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t<) \m im t‘qua! uf plutiumu, ilw kiln»^q*iuiu Tina 

wuH cuHHt nitit’tl in th»* Unin a i*v liiiilrr, wiilt mul 

hi* 4 |^ht t*in'li tM|iiti! l«» iiiiu,, initii‘r tliri’rliun nt tltf 
AdicitniiV ill tin* niut' m thf .Htaniiartl iiirtrn iittil whh lib** 

wine <!i‘j»oaitr«i thi^ Aivluvra uf Friiiii’ 1 % of 

Htiuidnril wi’Ti* ii!«* with llii* uf thiH lyjt] 

citlitn* at tln^ iimv m iln* XatiMfiiil Frutntvim 

Mt4t*ra, iiiifl itri* iihw thi’ U%nl alHinhiriU m i’lnmiHtm 

C' of rii|i*4rraa of iHtili iht* jiiitiuil wiiH cttiiiHHl 
in loriiiH of tlir kiliKifriuii iia 

1 piiniiil iiv«»ir*htjati?4 kilM|friiiii, 

Siiiiiliirly, lli«» llriliah tirijjrriiil jaHiinl h drlinoil by law m 
I Itnjw’rial jiiiiitid kilogmin, 

5S. Unit 0 f Mail. WUm tbr Xaiiomtl Ib'iilulvjio liiltij^riiiitH 

%vnrt' liiHlriliiiind t*» thr iiaiiunH, it wjih fiiiiii*| timi, ||||»y 

ilifTom! :aligtilly in Irotn ilio liiiiniiiili«»iiiit Fmiir'ti Froln. 

tyj«% iiwiiig III Hi biUitiths Fi»r l!ii*i rmi^uii llir iiieiin of 

jiliitiiiiitii o) liiiitor.»« rbi*i>irii m ibi^ fiiii4*iiiioiilal inni 

iiiitottl Ilf liirir ih it timn |iii?».*%iblo in i».Htatiliiili lui 

itliiiiliili! iiilwiiiitpniiii utiiipliir*!, 

Itl llib wity lln’rn iingiioilrd twu nf iiiuta, oiiltoil itiii 

frivltattea sfittm utitl tbo ibinlaie tyiittw* lli© 

griivilitfiini m l.tiiil ti^nl in oiiniiiooriiig, r*iiiiinrrrt% niiil 

ftii* II rN* if in I in Immnl iin Iniigtb, tiiins unit furro ibr, winglit ) iifi 
fllliiiitliintilill illiitn* *riin itlimilnln m ||ioi*ri*ttt*iil 

lii¥vnligiiiiiiiiii, ami k biinml mi Imiglln iiii*l umm, m fiiiniit- 

iimiilitt iiiiilM* 

il. Crifilltiifl -■ In llio gim-itittimi Kynti^'iii tivn mm 

nf flltiilrtitiriiliil iiiiiti* am in rmiinniii mto Ininoit ttii llsi^ 
liiitimiii! nr iitntri** iiiiiN* tlio kilogriim, iin*i*^r» iiml itiitl tlm 

titimr liiitioif oil llii*ir Ilrilmb n*|iiiviibHiln* tbo b*of , iiml «%oritii<L 

flniitv lliftrif aro ak«» Iwii mm «loriio*| niiit^ m ilio ||r,tvilalt«iit 
A'ilnitn Tlnw llir iiinl of vnlw’ily in mibor I mn. »ir 1 ft, Xor* ; 
Im mill Ilf wnrk kmlimr tim kilngraiiiitmior or llm bif*i -110111111* rlr* 
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61. Absolute System. — Tlu^ ahsoluti* Hyntinii tit tiititM wm iiriifi ’ 
nated by (xauss and Webei% who unod tlio liiilliiiiiit'r liM iiiiit «t| 
length, the milligram as unit of imiHH, and tlm Heeninl m niiil 
time. Since 187?^ however, the eentimettn*, gram, iiiiti M^roini 
have been iiniverHally aeeeptetl as the fundanieiilal aisd b*r 

this reason the absolute system is ofttui (adhal the (h fi* H. Hyntinm,. 
It is now used almost exclusively in thtmrt*tieal in 

astronomy, physics, electricity, and JUtHduiiiics. 

Special names have bt^en dcwdsetl for the tleriveil tiiitla iit llie 
C. (L S. system to distinguish them from the corresjiontliiig iiiiil* 
in the gravitation system. Thus the tmit of velocity is eiilleii the 
kine; the unit of a(aHderation tin* K/mm/; tlni tuiU of foree the 
di/ne; the unit of work or tnnngy the m/ ; tin* unit of impulse or 
momentum tln^ inde, etc. 

In |)racti(ail work, (\spe<‘ially in <*h*ct ritnty, it is flesirahte in iiw 
larger units than those just muaed. I'hus there liiis origifiatoil 
a practical system, hasecl on multiples of the Ch tLS, iiuio^ 
namely, the meter, kilogram, and second, and eiilled lie* U, 1%. S 
system. Many of tin* derivtnl units in this system lire n.imeil 
after men wim were iirominmit in meehanieid pursuits. Iliiin 
the unit of work or energy is eitlleil the ./im/r ; the unit of 
power tin* watt^ cdc.. 

62. Dimensions of Units. ™ All kinernatieid and dyiiiitiiit'nl f»r 
mulas are simply algehnuis statminmts of emiidn retalioirH tthn-ii 
exist ladwemi the varioUH (|uantities involved, and eoirw^Hiinilii 
betwecti the units in terms of whitdi these ipianlitieM lire 
When stated so as to- express simply the retnttoUH exisiitig 
the derived and fuinliimentnl units, surli enuiiinuiH are mllrd 
dimensional formulas. By the dimiuisions of any teriii of a ha 
mula is meant tin* power to whitdi the vnrioun units tirr’iirriiii.* m 
this term are rais<»(L This is in acsmrdaiice with itriliieu i 
thus it is customary to speak of an area m the sf|iiiirt* *4 a 
of a volume as tfie cube of a length, ete„ the siptare or nihr 
the dimensions of the area or volume ? that r*4 tn .t^ay, the inm*^r 
to which the funditmeiilal unit, length, oemir*^, 

I he chief charncteristic of a iliinensiiimil m fhit » L 

term must he hoitiogerieoim in the funthiiiieiita! linii^ ni’. 
lhat is to say, when all the uidts involved nrr .i 


till. 
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of tins fuiulanifiital luiits. .-ui'li term of th«> ri'sultinir oxpiv.sniou 
must, coiituin tlu> siuin- powt-rs of uaits. OtluTwisi' the 

jfiviiii t‘X|>rnH8inn in imoiisiHli'iit with fiuuiuim*iitiil uutfluuiical 

In till* alwolutt' Kystfin th»> Ointlium-ntJil iiuitH am hnitrtli, time, 
luitl nui8H, lla' sviuIioIh Jor whu'h am /<, T, .V. lltt* tliimnmiounl 

niluutioiiH whh'li tin* ilituonHioiiH of the viiriiniH (lerived 

uiiitH may th»-ii lHMliniini'4 front tlic kinomatical anti tlyuauiieal 
ntlations provioiwly Kivon. 

For vfhK’ity, or Hjifoti, tlm ktiunnatii’iil iflation in t* = fr„m 
wliifh till’ <iiM»'nmoital relation is unit \f!ofitv 

imittium 


syiiiltolically, 


r I T ^ 

f *4 4 > 


Fur iuTi'F*nitiuiu tit*' ruliitiuii h n 

ihiiclitiifniHittiiiil ri4iitiuii iH /I ur* .Htiiri* i* m LT 


* » itiitl liinia© 


i/r * 

T ^ 


ur 


A i/r 


Fi>fC5ii ii tlt*fliii*il tiy flu* ri'hiliuii y m mi$^ wliuiiun from 

lliii iilnivf* iU tliitiuitniuiw iiru 

Fm Mir I 


Vnliig tliiM rwtill, lliti iltiinnwitiii-** iiii iiiniiitf*#* #1f iiru T, 

iir Iiiijiiitin* w Mi*T ^ 

Sitiiilirlf ffir $ms IT ^ iin nr# 

Mtiitiiftiiiiiii ^ MLT ^ 

Till! iliiiiPtiiiiiiii «f tinjittlm^ iititl nmnmtinm mn* iili’ittiifiil 

wliiiili Ilf mnwmi willi tlm rrlulititi lliiiiii. 

Hiiici© lilt «i|ir««kiii fttr wmk m If* it** iirt 

ir» MiAT « 
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Similarly for kinetic energy Fj=\ mv\ tlie iu*' 

Ml?T \ 

which also agrees with the dynamicul relution helwei'ii win k and 
energy. In other words, the equations which express tin* pint 
ciplea of work and energy, and of iuipulsit and luiunenlmn, are 
homogeneous in the fundamental units. 

1 1 { } i t ^ t* Ife 

Power is dethied as unit p()wtn*ra iiiitl liiiitri' tin 


M l?T 

dim elisions are ~ , or 


nnit tnmi 


MI?T 


Torque, or moment of foree, is tlu^ pHnlurt of iiiifl iliHtiinee, 

Hence unit tor(|ue, or monumt <d foret*, unit foree k unit ili« 
tance, and tlu^ (uu'n^spondino’ dimensional e<|tmtion is 

'rorque ... M1?T 'K 

Thus torque is of the saim^ <linHmsionH as work or ener^Vt lilrhiuii^li 
as a dynamical (|uantity it is mitirely diHtinet. 

Stress is defme<l as nnit stress se .^**^*^^J*^*^^ hiuirr 

sions are 

Stress »,V/. I r 

Density is tltdined as unit density » ***'^^^ , iiiid 

quently its dimensions are volume 

Density » ML *K 


To obtain the dimensions of the nnit of heutt it in iieriismtry l«t 
introduce a fourth fuiidaniental unit ; iminrly. the uini iif iiuiij*ri.4- 
turo. This unit is also entirely arthlrary, and nn in ilii^ .*i 
the unit of length is measured by a <{oubte ?itaiid*iid, rallr^d flM- 
Fahrenlieit and (kmiigrade sixties, respeeHvi''!v, The il.r 

advantages of being inetrit?, and is bused on thir niiiiiiiiif i.r-iii 
required to rake water from tlie temperature of ineltii.i|| in. t,, lir. 
boiling point Tim unit of teniptumliiri^ on ilnM .^rale 
obtained by noting the «^3cpansion of n niemirv ruliiinij |.ti il.ri 
range of tempernturii, and dividing the interval -.h nht .in,..- j 
one hundred eqiinl parts etalled clegrees» 
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liui fK tlu*iu ilviuav iUv unit uf t«unj»tu‘aturi* un uay ncale. 
Tlieu tlui unit of haat, rulh^d tho calorie, is tlrfinn! as tlH^'anicnuit 
of heat mfuiriHi to riuno unit inass throu»(!i unit toin|it‘nauri' (oiu^ 
gram thnutgh ium dt^groo ( Auaignultvn C *i)nHrf|Urij|,ly tlu* dinum- 
sions of a heat luiit II an* ^ 

It WiiH ftmml by *h»u!t^ that U* |iroduf.’o a unit of hrat rt»nuirod a 
(soiain numbor of tiiiits iif work. ‘rUis iiumbor m oallod Joule's 
equlvtleat, luul will bo dotiotod liy */. Idms 

I unit lioai J lunta work. 

To obtain the diinonsioitH of »4 sujipoHo if in found by ox pfritmuti 
that //nnilHid Iioiit IFunitH of w'ork. Himt sinoi* 1 unit lumt 
mJ uiiitH wtudi, llto ndiifion boromoH //,/ 11* utid oonsisjiuuiilv 

/;4 3 

ifiti dimoiisionH of ./ art* tir 

J 

Tlio mi»st inijairtarii aj»jtlit'iilit*ii td tlinionsituiiil oijuatimw m to 
till! aliiingo of tinilH from ono systiun U* iinotfior, say fnaii the 
Itritbh to ilio itiulrir, *»r l!m rt»vrrst% Hio use of ttinii»n.Hioual 
ftw this jiiirp*tsf« is dtiial.riittnl in tho folbtwing jirobhauH. 




1 # 0 , Eii|»f»fs til** talitii *4 ill llip firllkli nysilrin, 

Sii|..r raliiw «f *bnil«'N »n'|aival«’til in iiiPlrii* w 

J F'i « ite fit'll#, 


till* iiliil of ludfig I" t*- tip* t■p4|lli|■r4 nl J In 

lisil*|*otiiid*4 rp|i*rf#s.| U$ tlip F«.liri*iih»it Tipai iIip iliiiirfopnoil 


lm%mm 


* l.y - W l,Hh 


iiiitt iiii till* 
Cotwt|ii«itll| 


fl, aiiil §“*' fA I#” F-* hav»- L% 


L mml Ih 


'i/i ^ In* miniY 
\imi) 



ii 


lil. fliiil tilt iiiiiiilp*r Ilf wiit^ III n liMr«r|Niiw*-r. 

Soiatfi#*, I#| / #i0iirite IliP ummlmt ol mr^n |«s*r tpr«iiil In ruip Itiiw* 
laiwen TliPli idliit i li. llo'^ p#|iiiiliiiii i*, tii 
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tins case, xmiT'^ =r :!2.2 x r.M Lx^MiT-K 

Since 1000 tj- 2.20 ttl lb., .1/, M, anti tlicK lnn* 

.c:- :i2.2 X r,5o( '-"i’-VY *•’"*’ V-TH. X 10^ . rgV-'-. 

or 1 h.p. = 71(5 waU.s. 

162. Detonnino t.h(5 relation lu*t.wi*ou inanH ainl winght iti lb'* 
irietric HystoniH. 

Solution. In tho gravit4it.i<ni HyHt4»itu whoro unit 
attraction bctwciMi the tuirtli and unit inanH, thc' iiuti iif I* 

y, tile average value of vvhieii in (U/h^k^A or IIHt in 

tlie abHolnte Hynbun it in 1 ft./nfu’.'*^ or I vin./mn^JK Hence the 
the gravitation and abs<ilute units of aeeeleratiim is, in thf» Ilriti^li 
= iJ2.2 /li, and in the. nn*trie systeiiu .1 PHI J j, *rherefr*rr from 
dynamical (‘(juation F ma^ th<* <iiinen.Hional hirintda in /'* d/,1 J/ l|, wleun'e 

I lb. weight I Ib. nutsM >. .'12.2 
and 1 g. wthght I g. luasH x hHl em./mv/**. 

Tu the Britinh Hystiun a force which gives iin iiccelerathui of I ' h* * 

mass of 1 lb. is called a pouudah and Hiutilarly in the fnetrie iiv^4eiin *i fM)* r 
which given an accehu'athm of I em./see.'^ b» a itUiMs of I g. In eiilleil n *Hor. 
Hence the above relat ions may idsi» b» writhui 

I Ih, weight 42.2 jHUindiils. 

1 g. weight iml dynes. 

163. In the British Hysteiu // ■■■ ■; 42.2 ft./see.« Find its io ihr m. inc 
system in cui./schl***. 

Solution. Let ,c denoU^ the ri*t|uiretl value of #; in the inriur ni,-5ir.ia 

.'llVi A7'-> rl,^T ^ 

wluinco X H2.2 jmi.fi. 


164. Fintl the relation Imtween the f»ouiHhd and the ilvieL 
Solution. y»t .r e«|nii| the nutiilmr of dyne.s in a jt^iiindal. 'Hipf* 


whence 


,1/ |L*I«MI0 

Mi 4fl47 


Since 1 cu. cm. of water weighs I g., and I eu. ft. of water w-oig|s»i linii 

4/ I Ih. _ t 

Mi ' I g, ' Umum.MY’ 


Consequently 


BKHi / 40.47 \ 

itl'i 1200/ 

A 41147 / ’ 


I 4, N III, 



in i\rl» mil I till! llitf Miiiii m 

lini 

liny jmiiil in rijiint l«» iinmntiii tif 

#!*«*#. If tibilll lliW 


mmwp «*«**^^' 

.^mniiitln til llis nniiM* tl>ii 

mnAimhif .IwHimc-h ..f /»,, /*,••• 

(Fk. Hi*). rwiJWnent* llw weight <tf tUr I'l 

wttl X, tt» ilbtiHMH. {r.*»i O, by the primni.le of in.iin.ntl 

IPx# «• «»',X, + fP^r, + • • • ■+■ •P.x, 


illlil' 
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Since W = this may also be written 


^0 


^wx 

V..- 


Thus the magnitude of the resultant IF is iletermiiied iiy llii’ rrLi»' 

tiou and its liiui of action by v • There ^lill 

*' Zic 


mains to be found the particular point at whicli tlie rcsiilliiiil If im 
applied. For this purpost^ let thcs Hysteiu of |«uliclci4 Iw Itiriictl 
through any angle, and determine tlu^ linc^ of action of If in lliiM 
new position by tlie saun^ method m hIk^vc. The two liiic?i of 
action so d(d,(U'tnined will tlum int<u'scc’t in a point, eidlcil the 
center of gravity. From tlu^ maiuuu' in u hicii tliin point is ftnoiil 
it is (wideut that if tht^ (*atirt^ weight t)f all the particles was nui- 
C0ntratc‘,d at tlu^ cemUn* of gravity, this single ftiree w«tuld bi^ 
equivalent to th<^ givtui Hysteni of hureH, nt» matter in wliaf dim- 
tion the sysUun is tunusL 

If the partieh^s Pp do not all He in tiu^ mune pliiii«% a 

referenee plane must, he drawn thrimgh 0 instead of a referein'i^ 


line. 


In this oaw^ the eciuaiitm x^y 


Sic 


dettuanines thi^ jiosilltili 


of a plane in whic^h the vector W immt lie. 'fhe interNin inei iif 
three such planes, corr«wpoiiding to different positioim of fli*’ 
system of partieltm, will then determine a launt wtneli in i\w ir 
qnired ctniter of gravity. 


64 . Center of Inertia, or Mast. — Let ileiiote llie 

masses of tlie n parti<des just considereiL Hien 

iiq a 


and Mg, where If denotes the total miiHH of the entire 
Hence the relathuts determining the renter of gnivilv nui\ i>:r-. 
written 




mg. 


i mg 


or, since // is constant. 






. Ill, X, 


mx 


*■* V 
2*m 
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m 

The {khut (lett'rininetl frem thene relations by tla* My.Htem 

of particloH in two' or nn^n* puHitions in raltoil thr caater of iaertia, 
or center of mass- Sinet' thoHo rolatioiiH are in|ulvaloiit to tlumo 
given in tim preroding nrtiolo, it in evi<lent tliai Iho venter of 
masH in id«*ntii'al with the renter ctf gravity. 

65. Center of Gravity of Solids. ■■ - A aothl hotly tnay he tuni- 
aidtnaHl m made up- of an iidinite nuniher tif heavy jntrlitdes t>r 
material ptdnlH, rigidly enimeetetl. Uh eeiiter td gravity, or 
venter tvf masH* is then ohtainetl preeisely as atarve, ext^ept that 
tln^ Hummation muat now he exiemhal ttver an intinite numlier id 
infinitesimiil particdes ami is therefore re|diieei:t hy an integrnlitm. 
Henee if dm* thnmies the weiglii t»f an intiniteH$iiiiil {iurlirle and 
its mass, the et|uatitinH for dtilerminiiig the renter of gravity 
of a stilid ant 



and tfutmt for deleriutniiig its noRer of tmim arii 

,* i jJpH 

M mm I lim, -Ty » * 

I ./w 

% * 


liS. Fitirt llie wilier «f fratily of >.% pyraiael of liPiglii k. 

Sorrrto^, rut ilie |ifniiitl4 Itilt* lo lln^ m in 

Fig* lilt Tiieit If if ilmmh**, tlie mmm of lie* iIp* v«iliifit« uf lint ^iln? h 



MSt **r* liy geii|iit*|.ry 


II 

liF 




4 Ii 4 llw^ iiiiiiiittiit tif 


llie iliw llie aiwn 




^11 

^ii 








l§§, Ilt^teriniiiP lii*^ reiitf^r rif gtEfity of ii 

rlilit similar «4 lonulil li. 



§ 66 ] 


HTATK’H 


167 . Find the center of gravity of a hoiuogmieous hI ? 

168 . Find the center of gravity of a hoinogenetHiii *4 rrV4.4i4ti*»ii 

of height /i. 

169 . Find the center of gravity of a hemiHpherti in which tlip ilcti^ity 
directly as the distance from tiie base, 

66. Centroid.^ — It Ib sonietinum deHirablii to ilii? |iiitttl 

designated as the center of gravity or tumior of willititil 

refei'ence to either the inasH or weight of the hiwl}% liitl 
with respect to its geometric form. 

For a solid body let dV denote an element of vcihiiiiti iiiiil S ilii 
density. Then since mass is joiiitly proportiimal to vtdiiiitii iiint 
density, 

dm a« Sdt^. 

Consequently the formulas of tht^ preceding nrticle may wntUm 

J * I xBdfi 

Bitv, 3-^ mm ' -■ 

J Si/ II 

or, sinoo S is coiiHtaiit thi'tiujfh«>ut, 

/ I ri/i’ 

J 

Since the point previously (mlleU the i-eitter of j^rsvity, nr eent.*t 
of mass, is now tloterminoit simply from the ^eomctlriu {mm of the 
body, it is dosigimttnl hy tho Hpiunal mmu! ceatrold. 

The centroid of an area or lino may alst» lie tletitrmioe-l iim«j 
these equations, although, properly spi'ukijig, mnthi-r Iw > » . .-m. » 
of gravity or coutor of mass, situut an area or lenjrth h>i-> neiO» i 
weight nor mass. For au area tins e»»ntr«.itl is lietermnnnl bj the 
equations 
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where da deiidtes un elemeiit «if an-u, aiut /I t!tt> tutal area. For 
a line, the etiuathm.H for ih'lerininin!' tlie i-entreid are 



where tU denotes an element of lenjrth, and I, the total lenj^th of 
the line or enrve. 

I'HQHI.ICMS 

170 , til*’ rt’iilrmti uf i% rurubir i»r»* ur w sri* iii 

it Ktihti'isil** lit th*' 

Htu-t^rioN. I»**t r tli»’ nt th«’ ^irr, hipI 2|l th*^ i‘psttrit! 

(Fi|4» 5»t). *riirM in |«»hir .r rrn'i#. -ft rfHi, wuii flip inMliifnt 

1*1 f/j( lilHtUt O r ii llrfifp r * ^ 'Hip 

2 rH fl 



¥tu. »»l Fin ?r.? 


1T3L» Ffrtfll lip’J iilit'! *4 il 

ip,! m 

lit®* Prtifii t7i% tips r*‘iii»»4j(| i4 II 4rp «r 

Iff* t|i« tif ^ Jitr m wir«'? I«r tlir imu rmm 

itiwwii iii Fig, ri. 

If#. Fiijfl fill* Ilf m Irkiiglw, 

If 5. Ftiiil flip Ilf m w*tiil»4rr|p, 

lf€t Fill*! lliw *4 II rmmbr iftiiwtlrAfit. 

Iff. flip rpiitr»4»l *4 ft Pirriflftr iii h^tmn *4 i||t* Fiigllt wf 

tli» an? itiii lli«* i4iwr*l Militri4ilt*4 hy it, 



§ 68 ] 


STATICS 


VJii 


178 . Find the centroid of a 
parabolic w^ginent for the two 
cases siiown in Fig. 

179 . Find tiie centroid of a 
8emi-ellips(‘. 

of Symmetry. 

~^A plane or axis of syrn- 
Inetry of a hoinogeiuHniH 
solid, or of an area or line, 
always contains the (Huiter 
of gravity or centroid ; for to an element (d tln^ figure mi niie liiile 
of the plane or axis of Hymnuda-y tlu*re alvvays eorres4pt»iidH iiii 

e(|uul element, Hyinmetririiliy 
phu’eii, tm the opinmile wide 
of the plane <»r axin, an 
inittHi in Fig. lt|, Hein-e 
ilte imanentH of iw*. 

elements iihtuii the platn* i»r 
axis are equal in itiniunil tuil 
of oppfwite sign, mid roii?te* 
quently their sum in /m’li. 
Hinee the moment *4 t^yli 
pair of elmnents ii< iiti-nti’ 
cally zero, the total moment in also z.ero, and henee th«^ eeiifn *4 
gravity or centroid lien in tlie jdane or axis of Hymmetrv ( Fig. |, 

When a figure has two or more planes or axes of Hjiiiitselry. lliiur 
interscHdioii eomphdely de- 
termines ilia centroid or 
center of gravity (Fig, 011). 

68 . Compesiti Figures. 

To determine the cfi!ntroicl 
of a figure comjicmttd of sev- 
eral parts, tlici (centroid <»f 
each part may first he da- 
te rm incd separately. Tlien 
assuming tliat aacdi figure 
(mass, weight, vohiitiii, area. 



I' i»* 
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or longih) Ls e-onoriit ratml ut itn ronlruirl, tlu' rtnifruid t)f 
entiro tigiiro may hv IVnuitl hy Hpplying tlio thoorom uf immienty, 
as axproHMcnl by tha fornuiluH iu Art, tJtb 






/« 

! 

( 

I 

! 

- I 


To ithwtriilii this lot it bo rtn|iiiri*4 fti fuiil tho nm- 

troki of tfii .1 oroHfi stniion of an / bouiii, an abowii io Fig. tl7, 
Biiioo iln^ %iiro Iiiia lui aicia of Hvoitootry .MN, iho oi'niroid 
muni Iki ariiimwbori* tm thk Uito. tlmi Jim posiiioit, ilividii 
up tliii flgiirii itilo tliroo riHUiinglon. m akown liy ihi.^ itotiial 
lilies* TImi oetiirtiiits of ihoso nnmuiglrHt i*oitf<itlrro*{ aopanitolv, 
ftre at tliiiir eeiitera # 1 * k t\ IIohi'i\ ilonoting ilio iiroiia of thoHn 
ftMilaiigltii by A, Ik f-* ro«jii*rlivoty, ilio piisilioii of ibo omiirokl 
of the eiitire llgtirii m ghmt by 


A^ml I- /I. W4. r^.;i 
® .’I -!■ n i i* 



*Vkm tiiollittil iilmi lippliiii 
lo aoliils, F«ir oniiiiiiili, 
otiiiiiiilpr liio oitiiit or 
trio* sliowit iii F%, 1% 
riiiwinlH of 11 ikn^iiliir 
tlisk Ilf tiiiifiiriii tlitrkiiiw 
with II oirriiliir tiolii nut 
om^itlriniilly. In lliin mm^ 

It liiio j«iifilifg ibn nniiteri 

tif lltif rirtfliM mill lying 



§ 69 ] 


BTATIOH 


i:it 


midway between the plane faces is an axis nt syiitttii‘t r} , aipl 
hence the center of gravity lies Homewhere mt it. Itn 
on this line may be found by determining the eeiilrtutl til Ihi' 
plane face of the figure. Taking moments about iiny line* 
tangent perpendicular to the line of eentern, 

* TT /A'.| TT 


oi', since x^= It and x^ = li — e,, where r deuottsH ttie eeceutrhdt) 


,* «»r 


distance between centers. 


It~v ) 

/,*a _ ~ • 


PK0BLEH8 

180 . Find the eniiter of f^ravity of fru.stum of n l ijjht oirrtiliir ••mo'. 

181 . Find the oonntr of gravity of tho fru-Hluiu of a tigtil i*yriiiittd vuUi 
square l>iise. 

69. Experimental Determination of Center of Gravity. - When 
a body is supported at one p<niit, as, for ex.aniple, when Htisjantihni 
by a string, then in order tliat the laxly may he in rajuilihrium, 
the supporting force and that <luo to the weight of the htidy jtitnil 
be ccpial in amount, opposite in direethni, and aet ahntg the -tame 
lino. Ilouce tho (»oint of support and the center of gravit y mu!.! 
lie in the same verti<!al. 'riiis gives a means for di'lermiiung tin- 
center of gravity experimentally. Kur if a body is HupjMii int at 
one point and a vertical <lrawn through this point, the eettlei of 
gravity must lie somewhere in this vertical. If then it is slip- 
ported at some other point, not in this line, and a new vertical 
drawn, the center of gravity must also lie in this second vcfta ai 
The intereection of thests two lines, therefore, deiertnine-i ih-- .m 
ter of gravity. 

To find tho centroid of a plane area, it nmv first Is- fin. , .! ..i, 
a piece of cnrdhoard of uniform ihiektiess, attd ent oiii ai«»)K> tin 
boundary. Then Inihiuee it on a knife edge, anil mark tin- Inn- >4 
sujiport. By balaneing it in two different positions t}„. c,.nle» .4 
gravity of tho lattiina (and eonsetiuently the centroid of Uic plan.- 
area) will thus bo determined by the snterseet ion of il.,- i a . ; ,,i< , 
so determined. 
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70. Graphical Determination of the Centroid. ■■ W!ii*n a plane 
figure luiH an irregular out line, the eeutmitl eamiut iltd^niuiutHi 

lunilytieaily heeaune tlie 
etitiafituiH uf the heuiulary 
art* uukiiiiwn. In thin 
eiiHe, hnweViU\ the eoua- 
tiimn for deitn’iniiiing thti 
eenimiil may hv iip]jltiHl 
griipliieal!y» m fulluwH, 
fauinider aii iriegular 

mniittii, aurli uh the rail 
Heeti«»ii nlitiW'ii Hi Fig. IHI. 
Sinee ihi^ figure m «yiii. 
met.ri«ail, thinamiruid immt 

lie uii th«' HtiH ti{ HVlie 
tmUry, whieli will he iiiken 
hir th*» .r-a\i?4. Take ittiy 
liiw AB iiM II iiml draw any tdlmr pnrallet liue at an 

iirhitriiry dtniiiiH’e t frmii it. llieu Iraiiafiniu the lieiimlnry uf the 
ieetifUi hy meiiiiii the relaliiUi 

» ¥ 

■■ I 



tliiit in III mi}\ file I riMuatiiiate *if every i* uf the iMUimtiiry 

is milltifiliitil liy ila ilblituee #/ frmii the hiuie line Hint ilivitleil hy 
the eiiiistiiiit I. Ily t4ikiiig n sulheieitl iiuiiit>er uf ptuiiiH i* nf ttm 
lanimliiry, iiiiil fur eiirli jr eitiinniitiig the eisrre«j»iiitliiig j*h a iiew 
hiiiiiiiliiry m eliliiiiieth stitnvii by ilii* thdleii line tii Fig. 

F mm the reliiittilt |irevit>twly tledurefU the 0 riliirililiiite i»f lliii eeii* 
triiiti ii giteii liy tliii reliiltiiit 

*f«i 

Lht 



'I’ftkiriif H »trij» of wiiUh f«»r nn I'li'mi’id uf »rfa, 

dumj-titf, ttnti Imiiiw. tins («x|treNii(iii Un- ilw I'lmiruiil jiriuMuw 



Since from the equation for tninsfonuatiou of th«^ houatiai) 
xy = lx\ thus may be written 

j r,h, 

The integral in the numerator, liowever, in the iirim t 4 thp 
tramsfonned nection, nay A\ while tlu^ denomiiialfir in the 
A of the original section. 



By measuring these two areas A ami A^ hy means of ii 
or otherwise^ the tHmtroid may thus he easily deiermiiiiHL 

71. Application to finding Areas and Volumes. 

I. The centroid hf a jdaue curve is deiermined liy I lie rehitem 

xj ^ I rtlL 

Now suppose that this curve is revtdvetl ahotit an avis in ili* 
plane, and let A denude the area of tlm surface of revolnlmfi i«i 
generated. Then tlu^ anm of an inliiuti^Himal zone of ttiif* *oiifai e 
of radius 2? is the. (*,ircuunferenee td its liase innltijdied hi 

its length ilL Hence tlm area of the entire surface is 



Eliminating the integral hetweeu this expression niii! lltn tiin^ fnr 
the centroid, the result is 

4.-^2 7 ra\^h 

which may he expressed hy tlm fidlowing theiuanii : * 

Arm of ffur/ftm* of ItrimlutUm, Tht* orta #i/\i #ttrh##Y uf rr-t-u., 
lution^ l/mrmted hy fetHilviny a curee tihuui mi lu-i# in i,r# 

plane, u equal to the praduef tf the lenyth the *'urre hg ,-'ir 
cumfereMae of the eirole demirihed hy it$ eeHindd, 

* Due to l»ap|m% wlii> limit inifi tau«hi. itt Aletmolria nhmii thr- ^4 o.,. -4 

century. 
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II. 'riu 5 ciuitruiil "f a plain' armi is given !>v the relatiun 

r„<’I I j-ilii. 

T1h‘ volinna of of revolution hy revolvin|f thin 

urea about an axin in lln iilamt in liy 

f 5 2 TT I J'titf . 

I 

eliminating^ tlio inte|^ral laiwoon liman two exjiregHioim 
the remilt \h f- * 

wiueli iiiity he Htaiinl iih follows : * 

Vittume t*/ Sulid nf Thr miame nf a BaUd i*f reefi« 

lutimh //e/iem/eJ hy rertdtdmj a ptaar nrm nhtiul «#« itrm in it$ 
plam^ w ftpml fo f/#e prmiuet ttf (hh arm hy the tdrrumjVrenir nf the 
mnde de$erihrd hy it» ernindd, 

III, C*onmtter a trtmeuleil vi^hl jirinni, or eylimler, uml let /i 
ckrit»ln llie iireii of the u{»fH’r liitae, iiml H the iireii td the lower 

tiiiae ( Ki^t, liHI). ht*'! the lower hiine Im 
ilivittetl up into n lajiiiil reeliut|,j^lf^a of arug 

dfh mt that dh m aiul jilanea tlirounh 

iin inl^e« per}am*tieiiliir in fhe liaiie, ao m Ui 
iliviihf the iiilii miml! ree|iiii|ritliir 

primm. Then ihe iijijter Immi will uIhh Ins 
ilivifteit into n et|Ual jiiirt-H, eiieh tif urea 

tin m . 1,1-1 jr <Iefiitt(» tliM height of ime tif 

th»^»ttJ t*l«nii«i(tiuy jtrisniH ; then its vethnne will 
Iw T'lh. Ili-Iiee inerertHiiig iliM nitmliet uf lUvisitms, », imielinitely, 
thtt vnlumo »f Ute entire j»rism «ti' eyliniler )M*i;uiiius 



r I iPi 7 

\L -'.K 


Flo lu» 


V 


or^ «ine(> iih m, lit thin inny Jn, written, 

■A 


r.SV 

* ttunto (tuMian,. mi, akti liM8; m .lr».,a (Vll-Ke at 



§ 72 ] 


BTATIC^B 


Therefore, since = 



the roHult is, finiilly. 


Expressed in words, 

The volume of a trunoateil rufht prum or tnfUmhr m h* ihf 

area of the right section mnltiplied hg the tiistanee of ifu^ miifr if 
gravity of the trtincated base from this right sect ion. 


PROBLEMS 


182. Find thci an*.a and vohan*^ of a Hjdiorn Ly mt’aiin of ihotinnnii I ami If, 

183. Find the amt and volumn of a jmralxdoid of rovtdullon hy mmtm nf 
theorems I and II. 

184. Find the amtroid of a seinieireular arr from theorem I, tudiin giieti 
the an‘a of a spinoH*. 

185. Fin<l the volum(» of au ellipsoi<l (»f revolution hy theorem fL 

186. Find the surfaet^ ami volume of an anehtu* ring, or t4irn«, gmeratr*! I.v 
revolving a (drele about an external axlH, 

187. Find the volume i»f the ring generaiwi by revolving an ti||i|«e ftl.iuii 
an external axis. 


72. Properties of the Center of OraTity. — •Chmstdin’ n riful fmili' 

of mass M, and hd., a y^ z clnnotn the mHirtlinatos of iIm nf 

gravity, and tln^ u! ilut vnlindly of 

center. Then .. 

ax au th 

(it fit " dt 


and also from the citifmitinn nf the tmnfnr nf griivit\% 




'Imt/ 

y as , / 




Consequently 


and similarly 


* dt dt \ iim ) 


luf 


im 


Lr 

It lime, 
^ \l/ ’ 


V 


mo 


lmi\ 


'M ' 


"M " 

or, clearing of frac?tioiis^ 
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13(5 


Hinco tho ri.ifht !Ut*inlH*rH <>£ thiw wpwHtnit tlu^ cHmipo- 

uentH c^f the total linear moment uni of the hocly, tlit! fulliiwing 
theorem may lie stattai : 

77ie iiNi'ftr mtimt'iitum iff n riifid Mi/ h in the mitm tf the 

hihii/ mulii/ilii'd velntnti/ if it» venter if t/niviii/. 

Now let X, i\ Z tleiioie tin* eoiin»uneiitH tif tin* foree aeting 
u|Hm any elenuiit<if the hody of mana nn Then by NewtoiFa law| 
the motion of thin juirtiele in dt*teriiuiied hy the ’ 


A' 


ii it *p ft 

i mr^ N t s a ^ i wie^R 

tii tii lit 


wliort' I',, (li'Uutf till* t’nIHjlittU'HtS tif the v«*lui’ify <if tint Jjijf. 

tirlf. ( Art. IH, ('ha|il<*r 11.) up fur the 

entiiM' IkhI)", wn tinvi' tlti'ri’fiiru 



</fv 

</A“' 



r 


.1 ( V 




./ fv 



and re|ihieirig the «juiiiiiity in 
taintHl uhovia liiiiin’ho 


V. 


Vx- 'h.l/.y) M 


,t( 


,/r 


eaeh {liireiithi^^iM In 
eli*.» \%0 im\%* 

N 1' 

^ i{i ^ 


it.H viilite oh* 



Therefore, «iiiee 

iii tii 

lieeelerilfioii of ihr^ relil**r 
tlliaireiri tuny he filiilrt} i 


Ilf itiii 

of gni^'ily of the lanly* the following 


The if the eriilrf tf of ii hml§/ i» the $rime m 

fliwfii/l the entire mmt tf the hmit/ wm e^tnvr-mimimi tti ifi emter tf 
(fmmig mid ##ll the eMienm! fwee$ were t$fiplird ill tki$ 

Thews two tlieoreiiw ureiilty niiiijdify th«« ilytiiiiiiie?i of rigitl 
IlfMliei* Mliiee they llial f*»r itiiy niolioii of lriiii*4liilitiii tin* 

iiiii»» iiiiiy lie iimtiitnsii lo Im oiiiteeiilriiietl nt iito reriler of griitdly, 
illtd till* liiolioii of thia fioilil ttlolie \m eoiifitthiriiiL 


fS* iftd Rti^I«ill§a tf Ftrctt. Iii Clnijiter I it %vm 

siiiwii tliil tiiii itiiti of tnvtior ititire .Hitidi fta tlt#j4iieeiiieiil^ 

nan \m rejirewnitleil uraiiliinilly lij tins 



§ 73 ] 


STATK\S 


closing side of the vector triangle? or polygon foriin^tt ttii 
vectors as sides. This closing side of the vector polygitii In rallcii 
the resultant of the given system of vectors. 

When a body of nuiss m rec(?ives an acceleration, it iiiniUwi tliiil 
it is acted upon by a forcu? F, giv(?n by the fnnclatiieitliil ndiilioii 
J^z=ma. Therefore if a body rect?ives several aeeeleniliiiiis, siiy 
dp a.p ^ 3 , it must be acted upon by an t?c}ttal iiuitiber of Inrrm 
Fp Fp ig, each of which bears the ratio rn tc^ the ciirri?s|.iriiittiiig 
acceleration ; namely, 


F, 






{t « 



Flo, let 


Since the resultant of tln^se vin^tor accidenttioiis may be fotiiiii by 
means of a vecdor polygon, us (?xj>lain(Ml in fhaptm' I, the corre- 
sponding forces may also Ix^ so 
combined, si mu? the y an? respei?- 
tively parallel and proportional 
to the corresponding u<uudera~ 
tions and couscinuuitly the two 
polygons are similar ( Kig, Ibl). 

By reversing tliis process, a 
force F may bt? reHoIvc?d into any 
numbor of (-.((mpontnitH, Fg, in urbit mry (iimii.iu!,. th.' only 

condition b«iujj that tliu foron F and ita o.iiuponontu hIhiII f..i iu 

t:loHnd fijifitro. 

It ia froijuniitly nuivnin'iM fu 
aj)|ily tliia jiriiH'ijdn bv ii'wilv . 
itijf a fot’rn ini«t 
]tai'ull<*l In H Hf! Ilf 
axcH. Itt thi.s fUHii (ill? ri'ijinti'i! 
(:tmj|i()n«nts air .Hiu(|>ly tb.- |.s., 
joctionH Ilf tltr ('iVfli b.lrr ,.u 
ti»> nxi'M ( Fiji'. J(t2 I, 

Wlirn a iiuiidifi i.f l,»f. i , 
to bn l•lln^fidnl■l•d, tbn, ii lb»^ s«s.,ni 
I'lanli tiiri'n in ^n•4lll vnil luti, tr* 

taug-ular componanta X, F, Z, and tlm hujuh uf thn.,i. 
taken, say, 



oonvenitint method of proonduro. 




z. 
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■11.„ A'..t tl... >'.• i» 'I'™ >'"■ 'f »“ 

f ss \ F” 4" 

ADn U'« rf.7'U'U(.tt« th.<a»KU'H tlu> n'sultaut F nuikcH with tho 
iixw (KiK- I*’-)' *li»a'ti()U in Ki'cn I'Y 

vosti -" 


vm « 





PMOBLIMS 

180 T«.. .-.mal .u,a l-arall.-i .•..u.t.tul. wl.Ht i. «n,..U 

couple.' h .1- i. .-(xul n. .1.- .-.U..- f.o.v uml 

109. \ in*ii|4«' t«y Minglii 

ihliiin’ **1 ilir 

r^mil in iipiiiiritl *4 flip pimnH 

tifpi |*«*uiUng in ll««“ tlir*n'li»*n i*» %%liirli ii. riKlit- 

|pii4»lrt| Hrr»H% Vkt*i\hl ipH'iiiifp it rMlntr*! in thn 
in*li»-4t**4 h% III*’ r*»u|4»' {ViH, l«l), 
MjmW Ir^nn ltii« tln4 »Mii|4p linii rri'plvinl 

tlirmtgit nti| mrn^ williinsi rhmi0nu 

It0 l>ri»w lliill til** *4 t.%M iil«»til. *iliy I* 

tf|i«| Bi til. .l.mt fhH |.4nl C V4irtgip.ir. 

»iiy 

*l«iw «4* »iitl t 4li 
llirntiMti *i |ii>r|irii*ll.iil»r t« <14 t«*r 
Iliip I Fig. 

ilKitil <1, Mtd nm «f ili«» 

%h$,% f4 III. |irti|rriF4i* «f lii^ 

iJfrti follow It**’ I-** t«* 

tilt |»rii|i«ll«»ti wf It**" llii* lli*« ■ 

lii* thill ftiiy 

|iillliif t* rt|ill%'ft|.wt- tii B- 

ftilTi^ mill II r«ii|4«*. 

Him . - At «iiy O. Ii«ir"4tte# lw«* **|»**»l »'•<» ••j*|«*«**' <"«' >••• *■'* >••« *• ''' ‘ '•’ 
»twH »«• «■*» •'* *'»*' 

llubtfMr ewli tt«’ 0**'» ibe D • ' 

HinjfU- i- mi.W. iM..t ilw r.initw »t o lnu> m rtii«V rwiaSini.t 
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192 . Show that when three eoplanar f(.>reeH are in ihuhI 

meet in a point, and ttiat <^ach force in proportional to the ^iiie td llir* 
between the other two (Lanii*« thc^>rt‘!n). 

193 . What is the magnitude of the couple rt*(|uiii»d in IniiiMfrr ii furrt’ id 
10 lb. to a point 4 ft. from itn line of action? 

194 . What Ls the n^miltant of a couple of 12 ft.4b. ami ii fmrit t*f 

4 11). ? 

195 . In moving a force to a point 5 ft. dintant, a couple of llli ft. 41*. 
introduced. What wan the magnitude of the force? 

74. Conditions of Equilibrium. Wlunt a IkhIv iMdt’d iijioii liy 
two or more for(u‘H is at rt^st or in nniforin iuotit)n ndaltvc to niir 
system of cotinlinaU'. axes, it is sai<l lo Ih^ in m|utliln’iuun iiini tli*' 
forces acting on it art^ said to <M|uilil)rutt'. 'The <'oniiilion tlnil ii 
body shall be in (‘((uilihriiun is that its resultant aci’idoriilioii 
shall be zero. From th<‘ ndution F man however, if the rcHtill- 
ant acceleration a is ztu’o, tin* nwdtant fon’u F nxxiHi nlnu lie /eio. 
Hence the condition for cniuilibrium agaiimt translation h siiiijdv 

F^i>; 


or, if F is the resultant of a system of forees 
condition becomes 



» 0 . 






It is usually convenient to resolve of the given foree» ihIh 
components X F, ^ parallel t{> the coordinate axes Itefcire ap|ili-» 
ing this condition, in which ease the single eomlition fur eijiii* 
librium just given breaks up into the tluHH* st^parate etiiidtlttiiw 


French Vj 5 f 


These conditions apply only to the t.H|nililiriuiii ttf th*. ■rrninr 
of gravity of a body. It is possible, however, ft»r tin- eeiitrr i,f 
gravity to be in ec.|iiililmum, and yet for the liody t*i r**fat«' 
this point, as otanirs, for example, in the ease uf a fly whitid rKiiat- 
ing about a fixed axis. Iletuu^ in order that a luidy may Im^ 
in caiuilibrium as regards rotati<in, a furtimr condiiiiui 
sary; namely, that its angular accebrafioit a Hhall iih«, i»’ 

From the fuiMliiinerital relation ht, if a tp.. 
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moineut, in' T innM aUn \h* /^nt. llfUta* lla* 1 * 1111(1111011 f(^. 

t‘<}uilii)ritiiu against rinatitni is y, 

or, if 7* is tho n*sultHUt (jf sovoral iiuuuoutH 7\, 7!^, •*. tltin 
con4iti(ni iHH’onu^s « 



I 


TIuw. twi» ot(udilii>iw, 
for 0 (|uiIihritim jigaiiist irHitslaiioti 

for ts|uilihrium HgiiitiHt r**iuti(>n 

ooiiHfitiito tho hiisis of tiro ontiro subjis*! of siatios. lV|iionl 
ilfustnitions of ilintr iipplinilioii ari^ givni in wloit follows, 

mmiEMu 

IM. laroififl looiiiyoil Mil %hr *»f ii >«*rinv tfrsvii* 

III l*Jtt liir rti’irtt luOi II l«ul fl**" I«t 4 l|l uf IIim fsrrrtt- iluos" O 

brv*4ini til iiii iiiigl*’' *»f lo 1 Fu^ Iom), If ili*' I^mihI of i|i«i 4i'8v*n' j in, 

Vfc'ilir, liini till'* irrikiil noolura tai-w Jirrmi «liori mui m| ihit 



f*|||, |fl^ FiM |l«i 


Iff, III lilt* Irlli’r mmhm uliowti iii Fin. tli*^ Imnlii *•*! lli#’ |«iir:iiil«l 
liiik^ i»» «l ill. iiii4 tliw «l$%liiiirf* of llir »♦! nraiily of iIp’ iii«»%-iiin |iiirl« 

lirfow III#* O I# *i it*. If llfo rsi*IFi# *4 ili*" 1 * H m., siimI iIp’* iii’iglil «f 
tilP ll|ti%$|in i» Fi I¥., Ii*l«l ypi 4 i«l*ll»rs^ wrr*msi¥*^ sittlirp grwillll^ 

liwlif till Itl*^ 

IW* A rnmh In m In Fm- lo7, tin* rwliillon 

lilli Illi 4 »llll III# »«n||lll l\ 
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Solution. With thu giv<‘tii diniuii- 
sions wo. have by th(‘ priueipU^ of 
inonients 




and 


Pa = 


W ^ 


I 


K: It 


il 

I d' 


Fib 4 - I*\(\ 


when ice b7>” 


»■;{< 


d 
f < 


Since this is indepeiuhuit of j\ th<» pesi- 
tion of tlu^ load on t.h(‘. j>lat4onn (hx's 
not alT(‘ct tlu^ result,. 

Let th(^ dimensions lx* so proportioned that 



Then P 


W 
10 ‘ 


7 


anil 


I ti l.. 


A scale. HO arranged is called a tleeinnd scale. 


199. In the toggle joint preas shown in Fig. ItJH, the length t»f the Imini 
levi^r is /i =: ft., anil *1 in. If the pull P ICHi lb., lind the |tie?4»iiire 

b(*twe<*n tlu’* jaws of the press when the toggle m 
inclined at 10 " to the vertical. 



200. Find the least horizontal force v 

to pull a wheel 110 in. in diiiinebn* ami run viiig a 
load of 5{KI lb,, over an tibshicle i in. high, 

201. A Ht4^udyiird wiughs tl lb. anti hiu» rentef 
of gravity in the short arm at a «li?4.anco *4 I in. 
from the fulcrum. Tht* movahle wnghl wrigle* 
4 Ih. Find the wro graduation, ami fim 
between Hucce^ive |h)UiuI griwluftilon?i. 

202. A differmitial sitcw eonsiwla of Iwi* 
one inside the <»ther. Tht' tinier mnew worlt 
ihrtntgh a ttxetl hlotik, unit In Inriiefl by iiienii* of 
a levt^r. Thin scnnv is cored out iiiiil lii|t|»^#| for a 
smaller screw td less pitch which worM tliittiinb 
iiiHither bh«»k» frt'c t 4 » movi^ ahmg the of 

Bcrew^ but prf 3 V©nted from rot4d.|iig. Fiml the mechanicjd iwlviinifinii of i, 4 
differential screw if the lever arm Is d ft, long, the outer Inct h ib,ra ,|.-5 i., 

the inch| and the inner «cn»w 10 thnurds to the inch. 


203. The ktd of a striiiglit river makes an ang!*^ n with the ItMi .,ii 
Taking a cross wwtiem per|>eiidicnhtr to the couriie of the riv»^r» -^i.lrn *4 n.r. 
valley are inclinerl at an angle (i U* the horkiiiiial Find llm imgle whir’ii ib« 
trilmf.,aric‘s of the river make with it. 

204. In the various ty|a*s of three-hofi^' whillletreen u. 1 o- 1*'^*, 

determine the nitios ol tl» d if erent lever arnm m* that rai-li li..r;-r 

one third of the load. 
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III*.*?- 



Kill Hw. 


75. Polygon. ■ iv^jitniiint uliuvis Ihi^ 

of liny .syi4ttoii «*f' I’ftmAM lyuii^ ui jilmo* may ho fniintl }iy 

inoiiiiii of II ¥oai*»r fnrn^ jmly tlio rofiiiltiiiil. !,i*niig I ho r!«t«ing 
niilii of tliP |jiilyg«n im th*^ givoii ^ynioiit tif hiri’i\H in-i mh 

jiiotiiii iiirle«, Allinnigli iho iryigialmto lUiit 

liiftiollc-iii tif llii^ roiintliiut* it «h»oj4 iiui ilotiO"iiiii*o it.^4 |iiwiuiin, or 

lilio »*f iirliiili, Tlio IiimmI 

vrtii«Oil wiiy !*» ih'lmnitio thtf 

lino Ilf iioliiiit «rf ilifi rr^Hiiliiiiti 
1*1 tu ilitr»«Itirit iiilii itir gtV'iit 
mnlmn Iwti oijiml iimi Mjijiiiiiiio 
hm^m t#f itrliilriiry iiiiiiiiiiil iiipI 
ittroolioii, uttrli it.?i iiliil l**^ 
fFig, IP'hh i*' mul F* 

tfiiliiiiro otiti tlioi’' wilt 

tloi iiffori till* iPjiiililiritiiit of tiro 
gs%‘*oii fiyMloiit. T«r iiipl llii^ lint* 

Ilf liollotl of tfio Ir^itlliiiil /f, 

i®iiiliiii« mtl .F| iiilii II rtiitltaiil 0 d\ fHimilt*! 

to rny ilto 

iiiittt.il ilt§»-iti i\ itinl llinii iiciitiliiiiii llg isii4 i\ iiilo .i rrniiliaiii 
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7 ^ 2 , ‘icting along O^B\ parallel to the correH|Hnitting rav CH S*! lli** 
force ])()lygon, etc. Proceed in thin wa}' until tlie IiihI jiairlnd 
resultant Jt^ is obtained. Then the n‘HuItant of I** and li^ will 
give the line of action as wi‘ll as the inagniiiule of ifio rrHiilliiiil 
of the original systtuu l\p Aj, The clewed ligtir**' 

obtained in this way is called iiii cqullibritmi 

polygon. 

For a system of parallel forces the ecjuilibrium |Hilygoti m cun* 
structed in the same manner as above^ the (»nlv ditTereiiee heiiiii 
that in this case the forc’c 
polygon becomes a straight 
line (Fig, 111). 

Since and are tm- 
tirely arbitrary hot h in mag- 
nitude and dir(H*tion, tlu^ 
point 0, (^alhul tlu^ pole, may 
be clioscm anywluuH* in tlu' 
plane. Thend’orts in con- 
structing an ec|uilibrium 
polygon corrtwpoudlng any given Hystem «if fornw, the furce 
polygon ABODE (Fig. UO and Ml) is lirst ilrawn, thin 
convenient point 0 is cliostm and joined In the A. ii\ 

i), E of the force polyg<m, and llnally tfie equilibrium j«t!vg**ii 1^1 
construcUHl l)y drawing its sides parallel tu thit ravs ti,i, ri/7 
00, etc., of the force diagram. Since the pomiioti of tlio j«4r a 
is entirely arbitrary, there are an infinite nnmbm* of 
polygons corrttsponding to any given st*t of forces, 11ie iifisiltmi 
and magnitude of the resultaut H, howevm\ is imlejsmdeiil of llie 
choice of tlie pole, and will be the same no mutter whtu'e () is phmA, 

Fora system cd cumeurreiit forees (ne. fon’es wftirli ull puvi 
through the same pc»int) the closing of the force pitlygMii m liir 
necessary and sufHeient condition for equilibrium, lb 
the forces are not concurrent, or are parallel, this iMUiiiitiMii n, 
necessary but not sutlleient, for in tfiis euse the given »if 

forces may be equivalent to a couple, the efTnet of wldeli iiimld 
be to produce rotation. To assure equilibriiim ugiiiti#4- riiiitiiiiii, 
therefore, it is also imeoisary that the etjitilihriiiin filnili 

close. 





Far m 
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Tlic j,n-ai>!awi.l and analUical <'undittitns fur uiiuilihrium an* 
then as follows: 

(■iixinrinNs (IK Kt^rii.miui M 

Transliititni IX ^ 

Rdtation T 0 

78. PriEcipie of Virtual Work. - If 
frtm pHilirlt' n-iitiT of i»f Art. T‘i) \n 

c»rtit'r for it in Uo in i‘«|uilil»ruHiu thn rt^Huhiiul of all tho ii|i- 

jiliial to it tnirsl ho m^rn, Hint in to if F, X dinuito ihii 
innnponoitlH of thin rt‘Knliatil» ihoti for oc|uilihriiiin 

a: r X ih 


ik^ptuml 

'¥mcr IHilygtiii clmm 


It In r*aitvotiioiit» lioavovi*r» t«» ron»4i*lor ifiiH rointilioii hir ofjni- 
lihriuiti in a aoniowhat tliflVroiit form. rhun HOjijaimi tliai iho 
jiiirtioli* in iliMjitiiwt HU|.(htly fnnii tin pofiitioii of iH|niiihriinii, ami 
lot Bi*, fi//, Bi ilnioio tlio ooiiipomoiN of tlim ilii4j4a*‘«miio$l. llion 
if till! jmriloli! In in mjiiihhruim. ilm oomtilion A*" » Z ti iimy 


bi? wrilliiii 


XBj' I r% I n ; 


tliiit ia in aiiv^. tlio work 4 ono in tlm nsvim miiiitl ilm|iliirin 
ititiiti ia if llm %vork iloin^ iii iiiiv foinilt nrhi* 

triiry tlinjilnroiiirtil in m^nh ih*m in orilor llnil iIp’* ri^liiliiiii 
XBr i i-’' ZBi ^ il uliiill Im Kalnflitttl for itiiy iirhitrary vii1iii*m 
of I/* If* Si* inirli loriii iiittai ^ llial t% AF «3 ii, 

F*tl.i ill wtiirli oiwf llm hiMly-iN in I'nniiitiriiiiii. 

Ill till! oilMli of II ayKlntll tif |iiirlirti^«, if oar ft jiiiiiirlr in iipli.t*. 
jatiitloitl Ilf tlir tflliom* lint riitiililiim jni*l oltliiiiir*! inai h' ajijtlinl 

Iti ftiitili tiiif #o|»itraloly» If* linwnvrr, llio iiiirtnirn utr 

ill itiiy way, I tin liioiiiiii of ninsli «im m mmnirmmni In ih.it »*i tlir 
Hint i% liny of mto or itiorif ji 4 iiir|i*it nf 

till* a rorrofUWilltlill^ tli^phirriiioilt of all l!i» iiliirr?*. 

Ity II wirtial iiiplftccilltftt of llm ^yulrtn inoiinl a #ii»|ilo t'liiriif 
willt tiii* roiifiiriiititM iiinwmiat «»ii tlm ior r\* 

iiiii|iltf* ill llni Ilf lilt? l«*iit liw'isr m i Ill llir point 
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of application of each of the forcim in ctaintminetl in iiir»vr in ilir 
arc of a circle about the center 0 , If, tlien, the Itn'or arniH ^in.' *»! 
length, and and the lever is turned through iiit iiiigh^ tin* 
ends of the lever are constrained to move through iire^ l|<« iiiei /gi«* 
respectively. 

The Principle of Virtual Work, which is a generalixiittiiii of ihm 
condition obtained above for tlie eciuilibritun of a single free |«ir* 
tide, may be stated as follows : 

If any system of partiides (or rigid bodies), eadi luieil on tiy 
any number of forces, is in e<|uilibrium, the sum totiil of the 
work done by all the forces in any small virtual displiieeiiieiil of 
the system is zero. * 

The truth of this principle was first penadvcd by Sicviiitts ill 
the close of the sixttHUith century from his investigations on the 
equilibrium of systems of pulleys. 'FhuH in Fig. 1*11 ami jllH, 
if the forc(‘.s F and W an^ in equilihrium and F is disj»lared 
through a distance a, Will be constraine«l to move through a tli?^ 
tance h such that, m^gleeting friction, Fa » IF/#, or Fa If A n ; 
that is to say, the total work done on the system in iiiiy siiuill 
virtual displacement is zero. 

Galileo extemled this primnple somewhat hy apjdying it to an 
inclined plane. Thus suppose that a bmly of weight P ri'Hls on 
a plane of imdination a and is supporttal by a hanging wtnghi If 
attached to P hy a string passing over a ptdiey at tlio top of iln^ 
plane. Then in ease the bodies are in tHpulibrium, if If 
a distance^ A, P will be raisial vertically a distance k ^ k siii m mmh 
that Wh = Pk^ or lf/i“-./VrasO. In tliis relation Ciitlileo 
ceived that the ec|uinhriiuii of the hotlit^s diq>emletl iitii only oil 
their weights, but also on their relative movement iomiird^ and 
from tlm center of tlui earth. 

The universal in>plii’abiii(y of the principli^ of viriitiil -work 
discovered by tiolm Bermnilli in HIT, ami a forniiil jiri»»f of i}„. 
principle was given by Lagrange in his Mr^^hanu-0. 

For a critical discussion <if the principle see JVbirln iVririt^v 
Mechmim, 2d eci, IfKbi, ChajUm* IV. 

T1 le following problems illustrate the priniteiil iipp-biMiioii of ilio 
principle in a number of simple euMes. Hieso probloiii.'^ mi 
^ TliiU ii4, mtilshcH in ut tlii’ ar»»t ori|p*r mI 
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will Im Holvwl by uthrr ni.-aiiH witifh nuty npiu-ar siini»lfr. 'I'lie 
value ol a j'emti'al itriiifijili' such .ih that of virtual work conHistH 
in the fact that it involved eeimotny of thoiiglit. For e\ainiile, if 
a machine was entirely inelose.i so as t<i In- invisihle exeej.t fur this 
lioints of aiiiili<’ation of two forces 1* and V. and if a disiilaceinent 
of P through a distanen a caused a eorres|)oailin>' disiilucemeiit 
of throiurh a distance K we would know from this jiriiieiple 
tliat for «‘<inilihritim of the ••iitire system. Pa QK irresiieetive of 
how the machine is eonstrucled. The jtrincijth' of virtual work 
thus alTords a |'en.«ral methoil which may Itc applied to all proh- 
lems in static enuilihrium and therefore ohviaies the necessity of 
invest ij^atiiiir each parlicidar case separately. 


205. A I«m|v winifhl It* h l»y tw».» i»f wlikh i»i 

TOitliil, atitl tt**’ hniilimt lil mt u hrifuuisl*i!, Fiinl hy Ihii 

%%Mik Ihn ill ilm 

Suit' I !♦*%■ . Awiniii ^ wiiiii!! t virliiiil) 

*4 ili**' ii?» hIjmiih in Fig, 

ll;f. ‘Ilnni il llii< Iniiglli *»f Hlritig k I* 
niMf'k ilian'f i«y fit*’ li*r*w k 

\Vits$'k %4 tr tv * vMii r**’*! If. 

Wmrk t4 I* I* '*■ s*"!** »*■ 

%Xntk ni T TM I4rt^ 

mu m I T4iil4« iri4#ftTWfi, 



i#r, in^glwtiiig mlimimmmh «f ttm 
mill ilifkIliiK llifwiigli l»f 

i* '■ IFriilii. 

10§, A k hv 

wifik t»|kiiiliy lii*4iiiri| ll»i» fly 

l%tirl|iFt III Virtiifti W*itk iWtir# tku 

lilt* immmt m tli** rnf»l tlii» mHghi 

Itfl|i|iliftrt| Itf till*' |it|||*«V, 

til*’* tm 

if» |»i#tltiili «f itilll* W ikm-fi ill Fig. 

llllt mun^ kiiHlli «f tb*^ r«rt| i* %m 

^ AHFfi !4iit4r»i?t lliw 

llw JIf A If^* -f- > 4« + MF -t- 
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Then KD = BE = KG\ Hence if P in the pull in the* ami 

Virtual work of hvft-hand cord ^ P • h (»\ 

Virtual work of right-hand (uml /* ■ f///* 

Virtual work of weight ir • KM. 

Therefore P x K(J + P x (Ml - IT x KM, 

or, since OH = A7/ cos 2 a and KM KO coh <«, 

7^(1 f cos 2 it) IFcoh «. 

Making use of the relation 1 f- cos2« 2 coh‘'^( 4» this bccoiticii 

W r:, 2 P cm a. 

207. Obtain the relation l)etw<HUi the f<»r<teH acting upon a beni i«ner 
(Fig. 114) by nutans of the Principle of Virtual Work. 

208. A weight 11'^ n^sts upon a plain* <»f imdinaiani 0 t*» the hori/,outiil, rtiid 
is supported by a force P, making an angb* a with the plane. By ineaii’i of tlie 
Principle of Virtual Work d(‘tcrmim^ the rt*lution betwemi i* jiin! IP. 


() 



t 

Fio. H4 



cK 



Km. US 


■I 


209. In the Uoberval’H balance, »hown In Fig. Ub, ^how by nutate® mI ih« 
XViuciple of Virtual Work that the |Hmitioii of the weighl#i In tln^ 

does not affect the result of the weighing. 

210, A smooth iw^rtiw of |>ltoh p supports a winghfe IP by itieaiii of # fnrrw 
F applied at a distance r/ from Its ajcis. .Find the rehithm Urnmnm F m%4 IP 
by the Frineipk of Virtual Work, 

77, Stable, Unstable, and Neutral Equilibrium. - Li'l /* .l.-u.d.' 

the potential energy ptweeaHed by a IkmIv nr maltnial ji.iiiu i*- ui 
any given position, and Jf, JT, Z, the eojiijtoni'iitH nf a i.o. .' In 
which it is displaced sliglitly from this piiHitiun. l.nt tli*’ riton«» 
nents of this displacement he tlonoted hy &r, %, B/. >nu. n 

the total work done on the body must wjual its i biut}'*' in jini.'n 
tial energy, say SI\ wo have 

sr^xsr+ r%4 ZB^. 
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Siure. tlu‘ potential t*nrrt^\ /* is a fimetitut of thr furn’iUiiato,s j\ 

SP nuiv t'Xprt‘sseil iti terms ♦»! its partial deriviitivi^s wiili re,sp(»rt 
to X, if. z. hy mi*ans «»f thi‘ ealenlus furmula fora Iota! clitTerential; 


namely. 


^ hx 4- . I , hz 
(O' ih/ ’ 


Ei|Uating these tw<» eKpressitaiH for ^S/^ we have 
X kr 4 Fl^i/ I Xh kr 4 hif 4-* 

ih' <^// ‘ t-X* 

111 onhn‘ ha’ this expression to he iinlependeiit of flu* liireetioii c4 
the ilinphieeiiemt, the taiellieitmts of S^j\ Bif^ Bz tni opposite' si«lr*H of 
the equation must \m equal i iliai is, 

.. *lp 

A ^ f ^ . 

tlr i*if tiz 

Cmtaiiquenllyt tlie foree iieting «»tt the hotly in any ^fiveti tlireetion 
k equal Iti the {mrlial tlerivative of the pt»tenliiil eiiei^fv taken in 
the saiiiii threeliiiin 

For a holly to he in eijuilihriunn the resultiinl foree aelinn on 
it nnwi l«i itero; tlmt is, X *h F Z ■ ■ th ami eiinsta.pieiiily 

di‘ 

Hilt this is llie riileiiltfs eoiiilitiim that sliiill tm a iiiaxiitiiiiii or 
II iiiiniiitiiiin -C iuiseqiieiitly, the eomhtion ilmi n hotly shiill kf in 
eqihlihriiini is llnil its poteiiiiiil em^rity shall i«’ eillier a iiiiixiiiiiiiti 
nr II itiiiiiiiiiilin 

For It sysletit of piirti-eleii or lioilies, the poleiitiiil toii'iyfy «*f tfie 
ayillilll in a fitiirtioll of all lliu eiwmltlintesof nil l!ie jiiirlielet* ruin- 
Jiri^al ill the systeiin IF llteti, llm sysleiii in in ri|tiitiliritiiri, eiieii 
fiarliele In* in etjttililirilllll* liml eonseqoeiitly tti«^ i'*i|ii|wi|ieiil« 
of the fon‘e itrtiiin oii eiieli jiartirle immi he /er«, lliers4*»r«* tin* 
piirlliil ihuivatives of the |ioleiltiiil emu'^gy »*f the ivilli 

ri.*ijieet to tliii riwir»liliatea of eaeli partiele \m^ /r-fo, ||iit 

ihfit? are l!l« eniiililtons thai ttio poleiilial eltetyfy the 

«y«lini atiiill kf a mmmmm or ii miiiiiniini. lleiirr* m 4 jiMMiioti 
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M!l 

of equilibrium, tiie poUuitial eiuu'gy of any Hyntom of |i*irfirlr.H i*r 
bodies is either a maximum or a minimuttu 

Now consider a single material particle or btaly, tir a Hyniom »4 
such particles or bodies, acted on by any number of eoii,*4rr\ alive 
forces, and suppose that tlie system is in tH|uilibriiiiii iitid rrnl 
in the given position. Suppose, also, that it is subjected In roll 
straints so that it can move from tins position along only mie jutili; 
as, for example, in the case of a ball nisting in a gronvc. An 
mentioned above, the potential energy any systein is ii fiiiirlioii 
of all the C()()rdimites of the system. Thus, if tlu^ potmttiiil ciicriiy 
P has a certain value, say when tht^ systmn is in a given con 
figuration A, it will in general have a difi’erent value /% in liiiy 
otlier configuration //; that, is, wlnm ilisplaeed Hlightly from tin 
original position. Now let s denott? any cobnlinale which meiifi* 
ures how far the conligurati<m of the systtun has Is'en diMpbiri^d 
from the original position A. 'PhuH, for the ball resting in a 
groove, it may denote how far it has rolletl along tin* groove fnmi 
its initial position, etc. 'Pheii, expamling the potential tuirrgv 
by Maclauriids ilieonnn in terms of its value when the sv sfeiii i ^ 
in the configuration /I, wv have 



Assuming that A is a posititm of equilihrium for tin* Hystenn 

have from tlie preceding ^ ss (I; 'Phendore neglecting 

of order higher than the mamml since h is aHsumed to lie sitiitii, 
the above expression heoonn^s 


When the system is displuccil slij'liily fnmi /I, ifu, u.-w 
position is in gfmoml m>t oim nf l•(|l^ili^^^illm. ij (•iU4it..i i.-m.ui. m 
rest. When it hej^ins tu nmvt», hewt'vrr. it nuiMt ijiuit hue n. 
oiKjrgy and therafore lose an tsjuu! aumimtl of j.i.timijfil 
since the forces acting on tlie system an-e iissuun-d t.. 1». , ..tn. t , 

tive. We have then three cases to coiishhu- arcoiiljin; a ” 
is positive, negative, or zero. ’ 



THKOIfV AND i'KACTK'K <»!•’ MI-U 'HAN It'S (iiiu'. ui 


InO 


Cask 1. It' is puHitivt'. then /* I' ^ imiHt iH*inuiu iiasi- 

\ / i 

live tli<» niutum : that in, wt' nmni hav*^ /* - h«H*iiUHti 

tlu‘ othi'r fiu'tnr is i‘SHtnitiuUy {umitivi*. Siitnc I* is 


H intisi t!u'n*fnrt» Hls«k wtii*ii tliH|tliiriHt fruin itg 

jH>sitiun t»f rcjuiiil»riiuiu t!u* systrui hark !r»wiiril tliis 

titnu Tht^ rquililaiuin in this rasr is sai4 in hr gtable, Ihairti 
/hr tyuHiltrium f/ir ptitmtinsl rurntii m ii minimum, 

C*ASK II. '^11 tliiii hy lln^ saiiir ri^asMiun^ iig 

jihovr I* ■’ /^4 liiUHt uiyijiilivr thnntiflanii llifMtiHliHii ; tliiii 

in, I\i* lliin'rlurr siiirr I* is ihn’i’rasiiii^* s irtusi 
iiiiil run.HiHjUt^liily whrii thr HysUaii is ilis|»lar*nt fruia its 
rif iH}nilihrium aiul tlifii rrlrastnh it iiiHVi's away friiiii this iittsitinii. 
Tliii i*r|uiUhriuiu in this ranr in ralhsl nilgiilMii. Hriiri'» /ar 
#hlWr I hr f^frutiu! rnrr^j^ i» ti miitimum. 

(h\HK III. !f tlirli /* "'/Vi; Ihiii k ti» siiv, llui 

\ / t 


jjcilriiltiil niinrgy is nut rhaii|.,^isl \ty tlu'* ilisjihirini$rlit» iiliil ruiisiu 
c|Ut*tilly iti tin iinnlriiry iti mnvi' in tnihrr i|irnrtii»n. ’rtni 

«c|Utlihiriit«i in this riisr in rihh**! neutral. ntuiml ryiii- 

lihriUM tJiM fmk-niMt i» e-^m§(unL 

II iliti|ilp nniiiiijilr Ilf th«* iiifT«n‘itnl r*iiiiiitifiiis i 4 isjiiilihriiinn 

6 fiiwhli»r II tiriivy n^sIhiK nil ii lrv »4 liihir, If iJir vputmr 

Ilf gravity nf Ifin sjilinm rninriili’S with its rrtiinr «f ligtir«% it iiiiiy 
hit fihirisl ill liny }«istlit#tt mt llin liihle itinl ivill sliitw ti*i |.rii«lriii*y 
III tiiiiii% It in tlirii ill ii«iiiral i^ijnilihrintii* Its fiitiiniinil pifrrgy 
ill tills ritu#’ is its w« 4 giil liltlllijilitnl hy lliw «f its rt*iiti.»r 

Ilf gravily ttlaivm ii fixt*tl liiirittitihil *if iiipl mum 

iteillirr ftrliir m riiiiiigitii liy Iliu nmiim'h tin |Miii*iitiii} t,''iinrgy rti* 

If Itii* in iinl htiitingiiiwiiis, m* ihiit its rniilnr »<! griivity 

ilnf*H mil rtiiitriiiti willi ila risntar «f figure, llmrn itm iiiai |ii.»iitntii 
ill mhirti il will hn iti t.fi|iiililiriiiiti * itmimly, wimn its iif 

griif ity ii iiiri?r.lly iilun^ti nr ilwH*l,ly twfhnv iii gnitiitririr rrfiii»r. 

Iti til© lirti iitMit ftin }«tt#iit.ml minrgy is mathniili a iiNttiititiiti^ 
«iii©© til# liiilaiit© Ilf tim ©©iit#r nf gravity alititii ii 
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piano of reference m ilie greatent poHHible. In tliin imhi\ li 
sphere is displaced slightly, tlie motion will coitliiiiits iiiiti if i ^ 
therefore in unstable ec|uilibrium. 

If tlie center (if gravity is direcdiy ludow the geoiiictric eciitri\ 
it is in its lowest possibhi positiiiii, and the {Hiieiilkl eiiorgv 
therefore a mininuun. In this (*.asi^ it- is iii stalile iH|ttilibriiifsn b*r 
when displaced slightly, it will tend to return to origiiifil 
position. 

An important conscaiuent^e of tlui tIn*ortunH of ibis art tide m tin? 
Princijile of Ltsast Work, t^xplaimsl in Art. Ull, Cimjiter VL 


PROBLEM 


211. The annular .M{»at‘r in a hollow riiwt widi 
(UhIs (Fig*, lie) \h partly IjIIimI with in»n* 
cury. VVat(*r is tlu*n potioni in oti tho right siifo 
to a (UTtain hoight whilo tho ring in ln*hi statit»n 
ary. If iho ring n^sts (»u a mnooth, hwni tahlo, 
will tnotiou orrur whnti it in rnh^astal, ami U 
why will it not {H'rprtnid? 

78. Structures: External Forces, “ -'rito 



I 


external forces acting upiin any staticmary 

structure must be in mpnlibriunn Hence they ma> hv f*mn4, m 
general, by applying the conditions of eqnilibritan given in Ai t . 7 I. 



Fi«. 117 


'riio cfuiditiiiim nf f’i|uiiibi inio 
may be applimt eillier nine 
lytieally m griijibieiilly, llw 
former inetbod tins ifiif iitlv'iiie^ 
tugii of being Ii%iiifiilile 
all cin’mnsfiint»e,*4,, wtier«'rt^ lh«' 
latter inetbod n^tpiireH ihr n. , .i 
rate use Ilf inMiriiiiinif 'n .ie*i ii 
therefore eotifilieil rlarfl^ e. 
otbl'e work. Until |||r!|4t,ii‘, 
illustrated in wbiit ndiMiin, 

I. /bni/i/iffeii/ 

aider firai the liieib i.. d* 


mination of the axteriiiil forces acting on ii sinijili^ f r. ^ , 
as the loaded jib eriine, shown in Fig. I IT. 
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THKOHV A\l> l’U.\CTU*K <i|'’ MHrtlANK'S |,iivi'. itt 


('ash I. If [Hisiliv*’, thfii /' must rt>ni:uu iiuHi- 

\ Ha*' / i 

tivi» thnnighou! thr ; that in, wi' inmi hav«* /* * lifriiumi 

the ot!u*r fuftnr is hilly jumitivt*. P m ilf*rri'iiHiit|f^ 

B nuiHt t!u*rrfort» iilsn <h»rrlsl8t^ whra 4iisi»l4MS’il fmm itg 

pusitiun uf tn|uiliiuiuiiu th*^ nystt^iii hiirk li^waril this 

titin. iH|uilihriiun iii iIiih rasr is Hai*l Im hs’ itabk. 

fift rfptiUhrium fmtruthtl rnertft/ is a miuitHtim, 

f {f p\ 

('ask II. If ! „ is iH’|L(ulivi% thi’ii hv ilir saiiir 

\ ilS’* / .1 ■ ' 

i* ' I* % UHist ri‘«tiUli thr*»ni|lirHlt ihi’ liinlioii ; ihiit 

is, P < /*.|. Hirri’hiri’ sitirif P is ilin'ri«a.sui|,^ $ iiiiist uwmim\ 

liiiit rMiistHjiitnilly whi’ii lli*’ syslmii is tiisphin^tt lin jsmilinii 

of iHjoilitiriiiio noil lht‘ii roloiisinh it iiimvi-s fi'Hio tlhs 

llio iS|iiilihritiiii in this ritsf is ndlnl unatiibk. Hmiro/hr un* 
SiiiMr ftptilii*riui» ihr rnrr^jff is *l iinii'imiiw. 

PaHK III. If thru i* ' i\l ilial. i.H In SIIV, itw 

\ /.I 

potiijliiil oiwruy is not rhainpsi hy tho ilisj4ar«nniniti liinl roiiitif« 
HUt’iiily tliwro m no loiotnnrv u* in*«vf^ in «nthrr Hni 

ticjiittibrtiitti ill tiiis is i'4ilh‘«l ntnlraL limo'o/h'f iirwfnil ryiii. 

lihrimm th entrup is e^msUiut. 

Aa % mmpy oumiifik of ihn lUffmaml fsiiolitions i*f rijiiililiriiiin^ 
(lotifiitlor ii limvy njihoro rrsting on n Imi4 tahh^, If Ih*’' rrtit#r 
«il griivily nf tin* #«|*tioro rotiiriih^s unlti ils rnitiiif of ligiiri% tl limy 
im jiliiisHl ill ittif iitiniliiiii on iho Uthy iiini will slioir m* Imnlinii'y 
til liiiivin It m llioii ill litiiitral ifijtiililirinttn lls i^iiprgy 

III liik m W’olgiti ititiItij4io*l hy tho ilmiiiiirr iif sis i‘riit«ir 
tif grafily alaivis ii liioii linriitoiital j»htno of rph’^ronro, itiiil siiir# 
tttiil1i«r fieltir m riifiiigml tiy iho iii* jsiiffutinl i^iirrgy rt=- 

iitiiiiw tMiitfciniil, 

If Ifii'* Mjili#ro sii iifil hoiitngifiioiiiis, so ilnii its mmtmr of ifniAsIf 
iltifu tint foliiriito witJi iln iwiter of figwri\ titoro ari^ iw’** |♦lt«il^fllw 
ill wliirlt it will itt ttunilihriniii *, w-lnni its nnikr of 

gfiifity i« ilirtwiiy or tlitt^oily Inflow its 

Ill ill# irii cia! tho |f#ii 4 »iiikt iiiiitrgy is mnih'iilly n itmtiitiiitfit 
mnm itt# 1111111111## of %im nf gmmly dmm n liiifiiniiliit 
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plane of reference) m tlie greatent pemHible. In vim\ il 
sphere is displaced slightly, the) uiotiou will ci»ittiiitn% iiiid it i ^ 
therefore in unstable etpiilibrinm. 

If the center of gravity is din^ctly !>elow the 
it is in its lowest possible position, and itie potent iiil eii*n;g'v 
therefore a niininnun. In tliis case it is instiilde **«|iiiiibritiiii; f*c' 
when displaced slightly, it will tend to reitini In its tirigiisal 
position. 

An important consequence of Urn ilteoremH of this iirtieln m llie 
Ihinciple of Least Work, explained in Art, Lll, (Itiipler Vt. 

PROBLEM 

211. The ammlar .s{)art* in a hnlliov riuit uith 
cloHcd (‘u<Ih (Fig. lie) in partly tilt'd with m*'!' 
cury. VVatcM* is tlu'U pouo'd in uii tht^ right ?ddi» 
to a ci'rtaiu h<*igld. whit* tlu* ring U h<'tl ,ntatii»tt 
ary. If tlu^ ring roMt.n on a smooth, Fvid tahh’, 
will motion ocrtir whon it ia roloanod, and If mi, 
why will it not Im‘ |Hn’|H*tual? 

78* Structures: External Forces. - The 
external forees aeiing n{H>n any Htatitniary 
structure must Ih) in etjtnlibrium. Hence they niiiy bo fMinob u. 
general, by ajiplying the contUthms of cifinilibrinni given in Art . T I 

The c.ondit tt»ns of njiiiiibiiiini 
may applied either ariii' 
lyittmlly or griipldeiilly. The 
former method tins the ailtiiie' 
tage tif lieiltg iivilillltile Itlnho" 
all eircumstiinei^H, wheroii?, lUv 
hitter meiliod retpiire»-i thi^ 
rate tme of instriiiinniFn 
fhmadore continetl rlorili t.. 
iifliee work. Ihilli iiie-ihiiiiH ,im'. 
illuHtrafeil ill wliat 

L /blf|/f/f#Vr|/ d/rfllilfl, 
shier first the iiii4l\t0Mj 
mination of the exleriitil forces aetirig on a simplr' utin?*? 'a* , -..4 *, 
as the loaded jib criinti, sliown in Fig. 117. Thi^ ^ 4 




Fm I hi 
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vertical uuist supporttal by a euHur /i uu4 t\ and 

earryiiii^" a jib AlK stipinuied by tiu* guy AHF. The external 
furtuvs aetiug en tin* iTane are tiie Itnui IF, the euuuterweiglit 
coiKsmtiug ef luiistirig tuigiiie aiul mutdiiueryv ami tlie rerniinuH 
at B a.ml 'bbe reaetitai t»f the etdlar // eaii have ue vertical 
<‘<)injHnit‘nt, a^ tin* etdlar in inade a hevse tit ho that eranc 
luav be free to Hwiveb For eiUi veliteiiee, the reaetiun uf the fiHit* 
Htep CUnnv be rejdaeetl by itH hori/,outal ami vertical eoniptiiieiiiH 
Hand r/' 

Applying tin* etinditiiniH td‘ enrulibriiun to tlie Htrueture m a 
whole, wt» have I lie rt* fore 

\'ertieal foreeH ss th IFd”- JFj 4 weight of eraiie ■ 

V j tori/, out at foreeH -r; ih //|4- 

^ MouiriitH -15 ti c taken uboiit /f i, Wt.^ !r|/| f //p‘ .'.ml. 

From the tiral eoutlifiou tlu^ vertical reaction of thi^ lViotf4li!p ia 
hmiid to l>e ei|uiil to thi^ entire weight »»f the .Hlrtielnre amt i|a 
toiidn. III ll|■»|»lyillg the hmi eomUiiou inoineiitH are taken iilwnit 
H HiiitHi the inikiiown //.j m ititia elimiiialed, lenving the re.Hult« 
ing nioiiieiii et|iiiilioii with only one unknown The other 

mikiiowri then f«»tind from tJje neeoiul eomliiioin l/|» 

Tllti liioiiietil of I tie eouitlerweight IF| l| Hlifiuhh when jiimailite, 

H*t 

be iiiiiile erjtiiil to wh«we W in the niaviinitni loatl llit't eriiiie w 

tIeHigrieil to lift* ilie iiiiimI will then never ln^ '^iilijeeteil in n 
lieitdillg liioiiielil of inure lliiltl one half ihiit illle lo Ilfteil Inittl; 
tiiiii w to niiyf the hmimmtiil rejielioiiH /l| ainl %vill never liii 
iimrii tiiiiii one hnlf llin vatiie they woiihl liiive tf I he eraiie wai 
rioi tfiillllterwelgliletL 

11, 0ft$pkif*it Mifiihmin To illl|.^triiie itiia inelliiMh eoliHtihw ill# 
Pfiiii triiMi Hiniwii in Fig. ItH. A^Htnne ilii! loittiH in thi^ mm^ t« 
he the weiglif itf the Irii^ 1C a umUmn loail of itiiioiiiit ff|,, m» 
fur |iUr|ioiitt^ In \n* coiireiilnilei! nt tin eeiiler of 

f riivllf * iiiitl Iwoetiiieentriiltfil hmib /*|, Hirtee till’ lilily titlier 
etternftl fiirfiw «ii the iriiiiM are ilie rtfmdioiw llj, Up 

lliij Ktttit iniiil lilt! hitiiln ill «i|iiiti}iriitiit, aii«l heiice the foretf 
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1:1.1 

polygon must close. TIuj force polygon, he\vevf*i% in llir 

present case simply of a straight line 1 li 1 4 fi, iiinl tlicrilMn’ 
does not sunic.e to determine the vulues cyf J[{^ and Fi^r iliH 

purpose an ecjuilihrium 
polygon must be drawn. 

Thus choose any pole () 
on the force diagram, and 
draw tlie rays 01, Oi, 

OH, etc., and then con- 
struct the corr(‘spondiug 
e(tuilil)rium polygon by 
starting from any point a 
in .R^ and drawing a/t par- 
alhd to 01; from h draAV- 
ing ha j)aralh‘l to 02, etc. 

Having found tlu» closing 
side of tlu^ cajuilibrium 
polygon, draw through O 
the ray Od paralhd to u/* 
thereby determining h\ as 
50 and as OL 
If, for any rtatson, it is 
desired to draw the ta|ui- 
librimn polyffoii tlin.ujjli two fixiul |.uiiitH, huv « utiii f in tli.’ 
Ogiu-c, tlut TOu-tiuuH (*..<. tho jM>iiit (!) iu-o Jirnt a.-U'iKiiu.xi 
abovo. 'I'licn a liiH« is <lmvvii throiigb (! jiumllal to himI m 
polo O' ohosoii Koimnvluwo ott this lino, 'i'bo olosing Ktib* «»f tin* 
oquilibriuni polygon will tbon msHissurily b.< panilb-l to f;*t! (,,r 
of'), and lionou if tin* polygon starts at u, it must otnl at P, 



PROBtEMS 

212 . A laildar rsi ft. long lunl wcigtiiiig 7.’i 11>. tciN witt* iti m,.* . 1,4 
agaiuHt a wnoolh VfH iful wall miel its lovus' i-ttil mi rottgh In.i i/MiiOU s;;i».iin 4 

Find the reactioiiK of tin* supports wlifii llu' tiutd.-r i. iu.-tti,*..l ‘.to i„ i|,„ 
vertical. 


^ 213. A circular, thrcc.tcggcil tablis i ft. in r»H |n y ,4 , 

ri(‘s a load of lUO |ln In iuclica from the ccub'*r. Fbid flu’ |crvsi*i. 
each foot and the fitior. Find alw» the Hrnalh*4 loinl %%hsrb %%hrti 1.%' i, 
th(^ ccige* of the table %vill jtwi caum’ it to tip over. 
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the wei^'ht W, the tension P in the guy A(\ junl the ivm ium .4 
the legs of the A fnime. 'I'o simplify the solution the hitter m.tv 
be assumed for the present eijuivalent to a single force A acting 



alon|( tha {’antt^r lint* thii lag'H uf tha A fmititn Tlia 

coiulitioiw of cHjuililunuiti upplitul la iluH jaiiii ara than 

^ Vi‘rti<‘at faraan -a 0, 1^4' ' /i* ai».H li ; 

^ Horizontal for<-es sa U, /‘ Hin ($ 4 ^ ) — H Hiti 0 0, 

giving t\v(^ HiniuUimanuH a(|UHtiunH ft»r It liinl /^ 

Hinaa It in hv iiHHiinipticni aquivitlanl to tha aiin*liina«l iiriimi $4 
tlui Hh(»ur lagH, tin* tiiruHt T in auah nmy t*a fontia! by rafnilvtiig 
fomm ulmig It, 'riiun /^, vvliii’lt tlalaritiiliaf^ ft Miiira || 

littH a!rt*ii(lj haan fuuinl. 

Similarly tha fnraa at tha hnttom of tha ahaar lagn !»* 

tnaka tiiaiii 8|iraiMl In nm n. 

At tha |wiiiii C/tha ftiraan aating ara tha tijiwnrd j*iill rfai ihr* 
anchoriiga, tha hiiri;/.ontiiI pull II mi it, atnl tha t«naia»ii P iit ihr^ 
guy. lianats muilying ilia amnlitima^ iff antiiliiiruiiii 

II ^ P vtm l^mi P nlik 

Qraphiml To iUtmiriita ilin grii|iltiriil aulatihitimi iif 

HtraHStm from jniiii raiiatImiM, amiHiilar tins rfiof triavi lu 

Fig. U± 



m 


T!IK«»iiV .\M> rtiA«’Tir'K |*F 


IMi*. HI 


Siting flit* iii!iirlrir4U iIh" rl•*l*i imih nf tltn 

.SUj)|ilirtH will r»|SI4A luiil lli-*’ IIh^ IlllHH, 

Mlii’ liii^Ht riiliU‘fii-»iil ji^44ti^^ii 4-» F'llrr ll»,’ 

viirioiiH liiii^Mil *4 ihr Ivhhh .iiiit pgrh 

t*?ct t*riiiil fi^r*^*** W4ii » *1 1*1 ili»’ j* H 

Mil Hi4vn »,f il^ im 

th«^ lll*-tl|}irr A a, till* Iriinl 
/!< *, **-lr, 

Si-iiriiiiii witii flip l|,f|. 
III’ fi*ivi^ liirwi 

Illi4't||i|» 4| .1 jttiiiil^ 

I III* in4||iiiiiiil«^ Ilf i,|||i^ 

114111*4 1-, li^ nr Jll, in 

illiil ||||, i|i|*|*|** 

iiMii#i nf 4 I! tlirri* urn 

kir*m li, M rfir-r llir» n|f|i*f 

IllM *4ill i»n *lrii*r|||i|||<|j 

1*1 IHr4ll^ nf 4 lrii||||»li* Ilf 

’riill^i if Hit* in liiifl 

r«tf Ir# I%r,ilr In ri'jir^WHi 

4il4 i*J ilfi’ lllitWII 

fi'Mtit 411*1 l» j*iiriill4 III 

.i.isi4 iiJ, ilii«v wilt 

t«^jiirr«trlil ill 

liirinlw’rn In ||ii! 

mnw sin tliiil III 

%%iil*'li |l| l%4i.n l#iit| riff 

crif. ttJ nth 

l^rnmnliiiii In iiir iii’%1 
Jililll* 4t si *4 Iiflirfi, 

Ifc/* }||i» Jt|#l ilrlrtllllliiMlj iil»4 If#* tn kiiMiifi, ItrHn* 

lllP Illiwr tw*i iltr fnilisti liv 4 I’mi ■i-*''- ||**||» l»|lV, llilllrl 

flip iff #*l >iit4 1*1 l,Kig. I II » i. 

|»ii.nniti|| I** ilnf iir%t |**yii* 4*1/11. tii*’ «fiirnn**ii III A*f 
iiinl Ji liiiiiiii* lif'rii i^mmL Hi III 4tnl Jll iiisiv F** 

fnilll llir *||#l Cl4g* %’mi *lti4 Isii.illl Ui till* 

Jitlfll ||l*|l llif^ frfii 4 iliiir||- ill#- 4«-lr-r3ii4iii^*l Infrii 

fthin 1 14^** ij¥}h 



Wm m 



§70] 


STATUES 


.11 


Since each force polyg'ou containn one Hide <d' *4 lii«’ Hilirr^'i, 

by placiiifif these sides toj^etluu* they may all he eoiiililiied tiilii 
figure, as shown in Fig. \±i (F). In tlie present ease Mrpurale 
diagrams wen^ drawn for each joint to illustridi^ the tiielhod. In 
practice, however, but one diagram, tht‘ (‘omliined one, is dr.ittii. 


as it attords a saving in tune i 
and more compact appearance, 
diagram. 

PROBLEMS 

218. In ih(*s crab hook ahowii in 
Fig. assume that, tlic load (i dno 
lb., the coellicitmt of friction m “h Juel 
deb^rmine the kind and amonnt (jf 
strain in tin*, mtmdu'rs A7n d/i, and 
AH for a no", (i DO', a H in., h 0 
in., and / = IS in. Sliow also that in 
order to hold (In* \V(*ight withont slip- 
ping, the eondition which must be 
satiafhHl is 

/ I * 1 . 

^ vJ (t sin it 2 a I 2 


HpatH' ami prtaiiiees ii iieiiii’r 
Sueh a figure is tmltcit ii MtJtwtli 



rm. izi 


219. A steam cylimhn* is 20 in. in dnitiienn% the «0»iim pre'emre |/*il 
Ib./in.*-^, the crank is IH iti, long and the etmnecting r*«I U d eiank » iMiig. Find 
the stress in the cumnecting rocl, pressim' tat ertiaH^head gtdde*^, and f -.oufeniiiii 
pressure* on crank pin when the crank tnakes an angle «»f Id with the hMU 
zontal on th(^ in end ** of the stroke. Find also the niitniniiiiii f 
pressure on the crank pin. 


220. Find the cutting force exertetl by t4ie bhnh*s of iln* hnr-lii’i 

shown in Fig. I2'l if this Imcket weighs -FJtMl lU., Itn diiiiiieler ^vlieii i* 

5 ft. H in., and its capiwdty Is I cu. yd.* weighing UtHiO lb. 



Fio 121 








1(U) 


TltKdie'i AM> 1 -UA« TH K u|.* \HU‘liV\U ?, i. .uf. 



|«M»iii,aij 4 ’^ 41 * ^ 5 » ■■-***»» Hi 

In flli^ ‘rJ jii, ^ !'<' I*» ?l 

t«* I fl«’ l|«*l 


aa.i. 

t 4i*ni; Ifr* 1 ip. .,| j.. 

ill 

it'! Ihf 

m! Ilir^ 4 

■«w’liyiiril 

in ji!n* n 

Fi. |;f7, 

'■ At ’ ^ tlH: 

: i*nl4 n|’ |ll |\ 


aaa. 

In tin* ♦iijM.I j| 

p rriiiii* 


in Fi^. |;^A, fi,.. 4 lii|r|i 4 ii||K 
fi-, h»li. r^iiriiliilp 
i/iiv fin* F., Mils ,|||,| 


i 3 u,’ iiini iji llin |||||.J 4 |^ 

M In- iH I ,||}.r: hM*nii isisiiiinl III |*|-* 
lln“ '4141 111 *' llliriil ||| i|||" 


223 , III t|i»^ %,i« U !>«’' *4 m | 4 ,^, | ni*|.s|}|| |^r 4 |»tii« 

rilliy tin* iilrr^wr^? SK nil i| 3 n 4 ., 1-4 f.M|lrrni.s: S|»iiit 

■ ‘iti ft.., *l|nUl *4 !■* is, .15:^1 mI »i.,4 F il«ill*||||| lllil 

»4 tip’ In lln** K*'!*!sS..%,= ;*| ' I , 





4 % lll*^ « %|| 4 »it #*«.j llir, f «*4 r^i=lfS|-.i|t .slM-r ly II if ||t|| a«^* li 

flllft III ||^»|f||f» I ilfs ii a* I 4 « Jl«*| f|l34 |4 « <|MH 4P'I»I In# 4 

lliiifitflii if^rliril ill .1.1 ’.^'1 IF U/ 

Ilf ■#*’*1^14 *4 ll*i» ly|«? *4 I'W -.i^ I n If ^4 

Ifpl t||« *4 t*#^4 i|||| ## T 1**. It *■ f4 ...| ® tin': t-*!' ^ |■'4f|*•^ 

iiS||||lli i*t ^ ft ^ ^ill F'^:- % * I . 1 , 1 . - 4 ^ 

224 fli|4»i* 4 IH f*«f i**iii -X.. I I'-filsI'l I \% »"f 

ri*»f Ifii** 4iw^fi lit |4^ il*« «|^ii / I«** Is , h l» . 4 »* 

ft I aiiii »l#ri *4 4 ’^i fi. 


STATl(%S 


ini 


§ 79 ] 


The wei|L]^ht. of truHH in i>()un<ls for this tyjx^ Is giv<‘ii l^j f lit' fMiiiiiili ii" 
hr\ wiiere b an<l / are (‘xpresstul in ft‘et. Tlu‘ weight of the r»«»l turn 

be aHsuined as lo Ih./ft.- of roof Hurfaet*, and tliennow load an ‘ill II*./ 11." t*l iirii i 
zontal projection. 



Fm. im \ 

NoTK.~Fim oalouhiU' tlm (load UhmI lairrl.*.! m i-a.-h .im- t.i ilLi,),! .4 

truaaarul roof cvorh.K. and draw th.. dla«ra.u f,..- .ld.«vi,., .r . , it 4 
Kra.a for nnow Icaui will bo a aindlar ««„».. a.ul lb- arr-aa'.., ». ,b.. V. . . 

l)roi.ortional to tb« oorwHiatmliiiK loada. llom-o tb., Im.mI ,, 

-f ■ ■ 



1(52 


TliKOHV A\l> VUM TUr. MKr||\\|i*s 


liMimttiiii,: flir ai;4.'r4Sii Hf^ri .d .-sh’ nA% ih.- Irf?, ^aKp tkr 

tit ordiT, tlrfrMyUidJK ill M. I, J ,|/l, \ lllis| l\||. 

Iht' liiitl*llr m|' f!u^ t.tf’r?, lliri*- wi|| |.^, 

knulUd, !lJl*i M5P-*' r.udi-* N’ anrHiilUrd nllHillfallir-HnU , ,,f ||jp 

IIUH l^r r»l»l.ini»-s| In Mfhrr lii^ -I’rt |.rf»4r !h*' r , .js-ditP'l 


,V 

ii*4hr 

Kmd 


\! '■ 

f# t . 


M 1 

4 ^ j 

IX'' ! 


iiiiU^r irurin 


I r ^ I 

I. i 


1 " ’ ■ 

t h ! I ' ■ 


m 


4 

#■ 


II 

\ 


\ 


%r 


€* ■ .. 1 

Wi^ h0d ' - J 

mmi fm-m k/§ S* 


*.W 


II 




III 


II I#, 


Nil 


im4 4^0mm 


r#i 


i..-* 

ir 

*# 


,v, 

1 

' I 

1 

n 

I 

Mf 

M- 


I 

Iff 


1^3 


tllli immml t« Hip I^*#4 ^11 Wi4 4p|pt«iiHP Um in f!t 1 4 - »l4« 

IWff A«tWfli |»f lliP i|;mH«I iiiim |«# ll#p ilitTii *!*• lift tiiflp* tip” 

^ll l#| IIp f««g»4 nU^mm 4‘ll| 

WP aiif lllisft 1^1 in llip 1*1^4 1 *^ nipt r«,f|fp|r4» Hip ami 
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STATICS 


Hi.! 


225. Analyze grapliieaHy for both <lea<l aiul whiil ilir IImw*- 

truss shown in Fip^. l»l() for a span (»f oO ft. anti iptarier piteln i.r. ttifit a ri'ic 
of = 12.5 ft. The truas(‘s art', spaeetl H> ft. apart; the weight of earli trii’ct 
may be taken as 2.5 Ib./ft.- of horiztmial area; the rt>of et*Vf*riitg m lb. itJ 
of roof, and the snow load as 20 Ib./ft.*-^ of roof, 'rhe wiml Itiatl, e« n 

pressure*, of 50 lb./ft.“ of vt^rtieal projeethnu givt*H ftu* a roof of oii*' ipiiirh^r 
pittih an etpiivalent load of 22.4 Ib./ft.*-^ of rtjof surfaet'. 

Assume the hdt end of tin*, truas t.o be on rtdlers anti tln^ right end fixed, 
total ht.)rizontal thrust due to wiiul lt)atl is tht*n earrtt*tl by the right iibitlitiofil-. 

In drawing tht^ wiutMoatl tUagram first ealeu lab* th<* reaeiimw h\ aiirl Hn liy 
the metht)d td moments. Having thuH<!et.tn*miiM*tl tht^ point M, the reitiiiitidwr 
of the tliagram is easily drawn. 

80. Structures; Method of Sections. — If a mnTioti m jiin^Motl 
through a structure, (!uttiug not inort* than iwt> imniilHim wlnwe 
strosscB arc unknown, tin* singh*. etuidition that tlu^ foian* {udygnin 
drawn for the fore(*s ae.t ing upon iht*. portion of ih«^ Htruetnrt* on mw 
side of the Heedion, must elose, will enatde tint HtresHim in ihoMt* menn 
bers to lie found, ('om- 
nienciug at om^ end of a 
structure and passing a see- 
tion cutting but two mi*m- 
bors, the stressc^B in thene 
can thus he didermined. 

Then paHning a section (mb- 
ting three luemberH, one 
of which has already been 
treated, the sinmneH in tlie 
other two mn be found, ett% 
all of the HtrcHmm eun be determimul by Himple force polygoiw. 

Analytiaal Mtthmi. To illustrate the analytic’id appliriiliiui nf 
this method, eouHider a Warren truss used m a fleck liritigi% 
shown in Big, l«ll. lad. the de.^pth of trusH and panel timiitJi 1#«^ 
each 15 ft,, and tlie Icmds earrietl at i\m joints of the upper eliiinl 
b© 7, 10, 9, and 15 1., renpeetively, *riic react ions ni /I iiini *i 
are found by taking momentH arouml ./ami li to hi^ I7| T. iiiitl 
23 1 T. respectively. 

Since this form of truss lias paralhd (’liords ami a well 

system, it is not neciiisary to begin at any piirlirtifiir pMifii, fiiii » 
section may be taken anywhere, pnividml it ctiis Iiiiih tditinb, ami 




TliECHiV ANU VUM'TU'K uF MHr||A\|r.S ii'ii.y*, m 


1(14 


II HSIlifli* ll|l‘lJlhl*|\ l'akill|,r Iiiiy 

HiH’iinii j’lf, iiiitl tiitlv flu, 

mI t\iv .Hiriii'i mi hih* 
tlir ih*^ t’\li"riuil iMi'i-rH iiiiiiig 

«Mi thin will hi- m «*<|iiiltlirimii 

uitii ih%* nirvHHVH l\ ij, H in thv iiirm, 
liiTM nil I Fi|^ >iiii«,- g |h iim 

only ^trvm \mvmu li vinlnm! rniitjiii. 
tiriit, it iiHiHt *'**|iiililiriiit«^ till* imli^riiiil 
¥m- W, h»ri'r-H ill a iiiit} "rimi i.^ fn liny^ 

frnin tin' i'litniilinii tif l♦^|ttilil^rlu^il 

^ \ rrtimil furi’r.^ \Vf' Hill In*! ’ '^iV >^4 IT| 7 . 

wltniinn Q -‘s ll.Hhl Ik, itin} if* 

Tti tiinl i* iiiniinnit'i iilNnit /i, I'hrn y ^imj fi h,,|j| 
{iiiHi iliraiiK'li Ih ih*hr nUi.»nl tlii.?^ iirr ; thnrnfnrii 

* hi - I i ^ I n 4 * i , » I, 

wiiniinn Ik Hr uh-m-r^ t.lir hii^hh »*| ih*^ iiiniiinttln *if 

liiif nxinriiilt f«rrni4 ni ii nini f /l, i* ih fmiinl In m*! in flm 

tlirnnluiii ulinwii liy ilw airnw ; timi it*, m 

Htniiliirly in liinl ihn %%nm.n tt tu l*F ii\kv ilm .firiAiMii ittui ii> 

tllil lllfi iif Et ifiPIl tilkn iibiitii E. ^mil Ij jiiii^ 

tlirniigti E^ llnnr iilnnil. thi.fi iim /r-r*»i ninl Ip'Ih'i? 

a ■*: lit-m 17 I *’ T *. Iff, 

wliniirn M <m ll»44 1k 

Hillin' llii? Inutb iirv X'^rlirnh H iiiiglii iiliin Inivn }wir*ii fniiinl frntii 
F mill ^ liy ilw tnitiiltiinii 

iliift/iifiliil •kt' i*' I Ilk 

iftininn* Itm III. 127 Ik 

iimphiml |ir*nn»inliii|j ttiili ijp’ r ijiLiitnlP«i ttf 

ilw griijfliiinil iiifitnnl, it- %% 1 ll Iw firrrm^iiry l«i i|i0 iimifiriil 

t>f Illy llismt^'r nf fririn»»i %%4llt rn«j»?rl in 11 |.ft%-‘nii jiniiil Iiiiiv \w nl** 

teiiitift friiw tlin p»|tiiliiirtiiiii jB4y:||iiii.. 

I#t 1*1* F|, |*g, ilniniln ^tuy m^% uf iniil || fhr fitnil 

jMiliit ittittiil wltkii tliilr iittmiiiiii k ritumri’l f Fii|» Il.lj, Firni 




§ 80 ] 


BTATU^B 


draw the force j)olygou for thcHc forccB, ohoone any j«4o and 
construct the corr(*s|)onding‘ e(}uilihrium polygon tilmir. Now in 
tlic force diagram, drop a perpendicular (^h frtuu the pole O mt the 
resultant It. This is ca,lled the pok‘ distanct^ of h\ iiiitl iviil lie 
denoted by IL Also, in the (aiuilihrium diagram draw tliroiigfi 
the given point Ji a line paralhh to h% makitig t!m intniwjit rg oii 
the equilibrium polygon, d'hen the triangh* (h4E in tln^ fnree 
diagram is similar to the triangh* in tin? tHjuilibrinm dtiigriiiii, 
and honac 

or Hr // X r//. 

But Hr is the monumt of tlu^ resultant H about H and m equid to 
the sum of the monumls of all tlu^ given forces about tins point. 

d'he bdhnving intunent thta^- 

fX rem may tht*reftU’e In* stated : 

/ I \ / The moment of ntui 

\ \/ oj foree^ tihoni tt tHven 

V \ )\^*s et^nn/ to the poir ttiBinner rg* 

\ ^ their reHiittant muttiplieti /#f/ 

\ ^fftereept mutie hi/ the ei/mlihrinm poi§/» 

A \ /\ liutien throutjh the tjiern 

Y parallel to the reHultant. 

'I’lui lllOUH'Ilt (if H pull (if llll" 

Hnt (if fiii’ccH ulidiit nuy pnint ntiiv id.'m 
'* bn found by tliiw tltcori'Ui. iMir (•xiiia 
plo, lot it. Im> rc(|uir('ii to Ittid tho itiu- 
monfc of />, uiid P,j iibout ll 'rio. 
roHuItunt of /*j, /'j is jLfivi'U in ainouiil 
by A(/ uiid nets tlii’oiijfb tin* point /. n i 
Hhown. Hotici' dmw tiirouj'li // h lim 
f; piimllcl to thin piirtiid nwullitnt. nnd. 

,;k, ‘»b' ililtTocpt mn on the .‘(piildiiinin 

pdlygon. 'rill'll HiiH-c t bo trianiflrs twill 
and OAO aro sunilar, wo havo 

e : MU ~ //' : It'. 

H'r' 5= //' X 7 ««, 

which is th(! cxprosBion rctiuirod by tho thcori'in. 


>4" 


¥ 



TIIKOHV AM> PUA<TH‘K i iF MH<‘IIAXlc\S jiii.y*. m 


um 


Fora HVHttaa of jiarall*^! iorovn ihr tliHi.iiu-i* // 1.4 rniistuni 
and flit* t*t|iiilidnnia h .similar to ih,. naantaii 

tliiii(raiu for tla^ fnrafH un idtlan* ?*idt’ m| ;in\ jiuim. 

tVifii llu* liioiiifiit i».f all ih*^ mu otto r«l' ,i niviai j*uiiii 

takaii wifli ri’Hjun't to thin jiMint in i‘i|naf to iIh^ t'liiiHlaiil poU^ din, 
tmivv // iiinilijdif’d Ih" tho inlrrrrjtl nntdi^ hv tin* i-iiiiililiriiim 
j«dv|.f<ai Mil a vaiiifal ihrMiii^h iln^ j»ani m i|iir»4t. 

l‘u iipply tliiH iiii'llnitl In till' rtttif triiH^ **htni.n in Fii|. FM, ftn* 
t'%aiii|»l«'» draw llir fttna' Fidyi^jMii and iti*' I'liuililiritiin 


jMih'ittan an Khnwii in tin' In^nr*'. 



%o\\ fall' aiiV .firiiiHii *if fli,* 
mu'h a.-i ja/ m ili«^ fig. 
nr*', and lakr iiiinii*nit.?i nf tin* 
hiroHnvH III ijii^ vnt 

aliMnl niii^ nf tin* 

/F i krii thr' riilidilinu nf 
i'i|ni!ihri mil 

.^f i!*ni«'iil *4 atiMiil ii II 

nniy I**' %%iiit»-ii 

ill AF 

, ..f l\, /Y 

, It, 

jinl jiy |}|i* I liiiiifi'iii 

111 ** ml /I -■* Idi' ■* fill, 

I fi'liri* 

Slr*‘»»* III . 1 /* - ‘ 

Hti 


^iit)tii<li!v l<y niuni»-iii!j 

rnlunit A tliM in /##* in fniind ti, Jhj 


Suvhh in 

AT 

Will titii III /If im*ii|fnii'* at 1,4 

si,r„n»i in 

#‘*v 
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8TA1UCH 


1 r»7 

By observing' tlie signs at the muinonis, the HtresNi's in *4//, H* \ 
and ^#are found to he compressive, and irt ttuisilc. 

In the present case, from symmetry, the stressc’s in tlte rciiiaHiiiii: 
members of the truss an^ the same as in thost^ already fouinL Fiir 
unsymmetrical loading it would be ne<H‘SHary tO' a}'»ply tlie iilinvr 
method to each individual memlHU*. 

PROBLEMS 

226. Dotermiie^ aiialytit^ally the 
8tn>Hs(^H ill the nHanb(‘rH 07), />A’, 
and /^JFo( the curved chord Pratt 
trusH shown in Pi|(. 1-15, asHumtn^^ 
th(^ load at each panel point to he 

no, 000 ll). 

227. (’alculate analytically the 
stressc'.H in tlui menilHU’S of (he jih 
cran(‘ shown in Ki|^. ISO wh(*n Hflina a load of 28 tln^ dijiicnHion’i 
as given in lln^ figure. 



228. In thii »w^tooth ty|m of rtwif trims shfiwn in Fig. PJh, def.#,ni,iiir ii. 

cully the Htvfmn ill /'*//, 

220, III the Prill |. in 

I’ig. la?, iht^ tliito'irskitw itiiii 
nr«* m f«»llow». : .Span iAii ft,, iie||||,| 
^ no ft,, iHiinhcr Ilf pitfp*|- n, '111*, 

tUnul Umtl jut lin.-iii f-.t.i tu 

for siiijjln hiitli;.- .4 Jj,) . U J «1 

ii* giv.'ii l<y (hn f(*riuiilii » , .v^i^ 


A 


4 

X 



/ 

R'' 


" - 

o 

— 

/» 

e 


, M ' 




Fill, i:t7 


rl 




TfiECHCV AXI) PUAtTH'K nF AIKcifAXlFs 


III 


liicS 


whfH' / clfiNitfs ihf in . lli»* Un-Jit uf 

|»t*r linn.ir an*! ]n»' ..r^ ||<. |,f,r Imr.ii 

iiiuilytii’uily .-.in* m aU ih*- 


.N«»'ri , 


K.trls !ru'» 



.OU- th, !..!=tl l.ntil In Ii». HI Tit,,-, Ih,.,v. 

ft»rt% III?* fMf;il in-r linr-.ir i^i^f tiun/i i-.4 ||^ 

81 . Flexible' Curds. < a !).>vil.l<‘ i ,.i<l. f.f,i..|„-il h( th,, 

I'liil.'i iiin! .siij'jiMitniir weis.'Iit'i at e.iiiMtiH jiuuifH itf itx li-Dirjl, 

«!...evt, ,n Fi.;. |;;h. a, 

l.ltnt. Mav //, til,' If 

and III,' tcii'.h.ii, i,i ,i„, 

ni.-iit', , 1/1 aii.l //f'l MiiHiitui,, 
I In,',’ f.. HI * < 1111111 , riitin, 
)i<<!.iuiit !ti*’ I xiiit /; station- 

*ir> . I lilt iiHrlf 

ftniw 4ii «^«|iiili!»rtiiiii jiMlv» 
g*»ti fJii’ mnlinu 

t»| ^ j V till* 

jMllr» n( lllr imrr fliitv hv tlrlrriiiiUni 1*1 I, IV 1,1*. ,,|T ||„, 

hmk ftV I'Jl ' ' 

'W!t, Iiiiii 4riiitiii,K Itinti 

tfiti ittiliiii mill 

iiiil / |*iiriillt4 III J/J iimi h\\\ 

fminmilvdy, 

l4t| Ifii^ liiiri/<*iiilii! iii%i4i$iii^ II? 

O fmiii tfiii !iiii 4 liiii^ it/ list i|it, 

liy //. 'fliitii II rtfim^rnmin 

lilf^ liiiri/tiiifiil riiiiijiitiiPiil uf till? 

III riirli rif llii# 

wliiitji w llirri^kirt* tlitt mmtm f«r 
ItlL t4j|iiii^t|timilly if Tp, 

3^*, I ifm ti^nmnnii ill iwn 


Hr.,, Ill .ilMjiif Hist III,,* r; ||... »ifi*rivi| III 



Iirpiiriil^ tif tim imnL mnl n,,, ^ i||s.|r iiir|i,imitii« 

III ilir liiirtijiiiiiil (Fin. lfi«m 


II' 




I* 


« I ' 


I* Film til# cMiiitlilimt ^ \ nflii'Skl furr«',a •< «,> als,, Ijiie, 
K «•« «* sin «,,, -- h;. 
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§81] STATICB . Hill 

Eliminating 7^,, and 7Vn lintweon thcHn two ralatioiiH, tla* rrlala»ii 
between the inclinationH of sueeesHive HegmeiitH ih loniitl to !«• 

IF 

tan «nn ^ 


PROBtEMS 

230, The rule used by the makers of eahh‘vvayH for hmlitiK the stri**ii*4 In tlie 

cable is t() eakuilate a fa(dor r- hall tlu muUtply th«» Imul, 

twjci^ t he siij^ 

Humed to be at the middle, by this factor. Show how this formtdii is nliliyowl, 
and how nearly it is correct. 

231. It is usual U> allow a sa^ in arable ecjual to oto^ tvventii»tb of the •^psOi, 
What does tht‘, nunuu'ii'al factor in tlu* }»ree4*din,i^ pnkblrm bectmu* in f lits ca »*% 
and how <1 (U‘h tlu* tension in tlu^ cabk' compare with th** lua<l? 




¥m. Ml 

232. Find the relation between f'atid If**, and tlu^ total pull on iIip iip|#*-r 
aupporis in the systems of pulleys shown in Ft^. M(t 

233. Find tlie relation between Fund IF. in the eompmuiil 
tackle shown in Fig. III. 

234. Find the streiw in lioisting line and boom line in th^ 
quarry derrick shown in Fig. IFh aHsuminK the 
length of mast and lioom to be eai*h 2d ft., load lb 1‘,, atol 
boom inclinetl at 45 ' t4t the ttorl^amtah 

235. In a Westim Inferential Fullt‘y two sheaves, of nolii 
a and h, art^ fastened together, and by means of a continnuiri 
cord passing around Imth and alsr» aronml a iimviilde ptil|.-v, 
support a weight IF. Find the relathm l«^t^\eeii F and IF, 
neglecting fricthm (Fig. I42). 



Pi* 4 I I? 




Fm. WO 




Ihtiyy diiiiiirli'i'n *4 th*- 
, iiihI I» ill. Fiiiii tlw ipIv.iniiH,!*' 


1'*ti w»4glit* Ilf ii Ik m ^ifi^ l»y i ^ I4r-li iHPW'^srt-rr 

kf % m ili» mtm li«riiii»iilal ll», ii^®l li ll^ IipIw^h A ftpi||lil 

r. .a» 4 riK 4 hi ^ |*iiili«p. I^iii4 ili«< mt* 
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238. Find tbn nuudianical advantnago in 
the dirfercntial \vh(*(d and axlt‘ shown in 
Fig. M i if thn radius of tiin larg<‘ <lriun 
is R, of tdio small <lrum /*, and of t.ho 
(U'ank r. 

Tho ropo is W(>und in oppomto 
diroctions around tho two axUm, so that, it 
unwinds from ono and winds up on tho t»tlmr 
at the samo tiino. 



Fm. t«il 


82. Uniform Horizontal Load : Parabola. Wlitui a tlt*3ctliU* cHiril 
supports a load whicJi is imiforiuly distrihutod ovor tho liorr/oiiliil 
projection of the (‘.ord, as, for exanipU% the ttahle of a sunpiuiHioit 
bridge, which supports a load distributiul uuiforiidy per foot of 
roadway, the c.urve assunuul by tluj cord is a parabola. 

''riiis is evithuii g<‘ouHd rictilly . For (‘onsider a portion of the 
cord O/K Fig. Mr>, () bciing the lowtmt point of the cord. Then 
^ I the external forrt*H aeiing on 

^ ^ ^ ^ ~ *1 the eord itre tlie tensions // 

y y ^ ^ tindn of the piiti 

\ I e.onHit!(n*ed, and the weight of 

\ , nx load, aeting at th«^ «*eitter 

X I of Oil, For thr*‘e forties t*» 

^ i __ be in et|iuliliritniu lenvi^ver, 

tliey niUHt meet in a judni. 
lienee the tangitnt T to ife- 
coni at Ji pitsHes ill rough tli«? 
middle of 0(1, Howiiver, it is a property of the |»iriiliolii lt$iii 
the Bubiangent is biHCcted at the vm*tex, in which ease 00 4/1 

= DO, Consequently the curve lissumtid by the tmrd is a punthiihi. 

This result may also he deduced by applying the coiiditioiis mI 
eciuilibrium. Thus from 

IIoriz<mtiil forces »» D, // ■■ /bum « sa 0, 

^ Vertical forces « b, wj- ■ 7* sin « l|, 

where w denotes the load per unit horizontal iliHinitcr. Hiio-r. 
fore, by division, 

tan ^ ^ 
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ut 


aiul niiun^ froiii tin^ fu4:urr wr alnt* havi' 




wiiic*h in tha of ii jNiriilt«*hi rriVrmI i*i 

Kruia th«» hint injiialiHit it ih tn^iitt’iil llmi if tlii» »iri! im 

tlii^ i\iv t/ i%t thi^ mili'r in li\ 


wliitri* I llii’ «»f till' 

Till' «»t’ thi' fur ii ^jsaii aiiit ih fuiinti hv 

it}»|ilytii|j tilt* ftirtnijihi fur thi^ l«^ii|.fi!i uf aii)' aw, iiiiiiiiilvj 


f?/ ^ J 


.<i 


to ltl« ltni»li«ll fiitlliil, ^ J* ‘ III ill!' |irrM’|il Viim- 

aiwl 


I'i w ' //I 

Li H\'’' ■ 


whioli itiU'groU"* im«i 




m u 


« f ^ 

H'-u' ♦ V' 


m » 

«•’ ’ M 


«./ P fP fi ft P 

’ r--* -‘"’'{■J ' l »•>/■ 

OP, n m ^ iJiiH i4X]ir0Miiioii U'i iihm # 



§831 


STATUS 


I7:i 


PROBLEMS 

239. International Railway Sunpension Bridge Imilt iil Xiiigiini 

in 1851-55 was the first railway suspension hri<lgi' ever roust rueieth Ilio iliiiii 
were as follows: Length of main span 800 ft., height of towers Ilnur 

80 ft., nuniher of cables *1, eat^h composed <»f 3tM0 wires .LIH in. in diaiwier. 
Combined stnmgtii of cahles 12,000 'R, jHU'manent loatl tm miiiu eahles lIMii 
T. Find the maximum Uutsion in the cables due to this hmtl. 

240. A small Husjvension bridge of HO-ft, span carries a t4itiil urilforiii loiiil 

of 35 T. Th(!i sag of the cables is 0 ft. Calcidate the strens ru the itl 

the ctmter and at tln^ towers. 


83. Heavy Cord: Catenary. - (^onnidtu* a heavy floxildo tuml 
supporting only its own weight. Ia‘t A <louoto tho lowtmi pritiit 
of the cord, B any othtn* point, h the lengt.li of AB^ ainl the 
weight of the esord per foot of huigth (Kig. 1 1 (>). 'rheii if // iiiitt 
y denote the teriHions in the cord at A and B, renpeetively, the 
conditions of c<|uilibriuni give 
the ecpiations 

,// == rCOH 4 >, 
w% » ynin 

whence 


(27) 


tan ^ ssft 

Also since 
tan ^ : 


im 

it 

dy 

dt 



the differential eciuaiion of the curve in 


<iy 

dr 


WM 

//’ 




dy 


Let y » ; then ami therefore, hy clifferentiatiiig tliiii 


expression, 


w 


d$ : 


W 


n/1 


(it/ ^ ^ 

Vdjt^ + d^ V I •+« y^^ th\ 


since d% 

Writing this equation in tlie form 
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it. iiitfj^rutfH into 

I'V.t.'/' t s 1 t >! “■ ) n ^ >f 

Tiikf* for orii'in nimijitOiit iMilsliiui-o (•■jniil to Itflmv the VM’ti"c 

nf till* ftirvr. I 1 h^ ruiistutit I’j iiuiv tilt'll hi’ ttii.i*rHuiir4 frulij llm 

(•iiiuiitioii.s‘ //' ' tA, whi'rt* .r o. Ihniw ...a II. Thi^ii 

wriliiJif tin* tn|iuilit»li in tin' ji**iH'n!iid ftiriti it ImruiunK 
/ - f- \ I I 

%vhmm\ fur 

Iitingriiiiiig iluH iH|uiiiii$ii, tJn' rtmtili in 

» # tec .? tei> « 

•" "»■ (=»]) 

Tim tnirvn liy tlntt injiiiitiMii I'l I’iilltHl ihn cttentry, 

Fcir jiiirjiiwnH Ilf f’^i!i'til,it iuti ii in. itiiim tn iviijiritug 

Ei|» illl4 'III IrllllH uf Uiti llVjirllHihi' fllUiiHi||||. Fy|. 

iliiit Iri 

■'5.' 1i- 

i{ «■ ir^ ' t Hinli ^ , 


ami III'' » r ‘ I mi ■■ , 

Kq. (-inillHl (JWl) ln’i oj|i*'i f 

^ -- Hinh . 

^ mk I' rtwli 


Fur litti wiliitiiiii tif |irimii«il jirtiliiriiw wti'^ritt ttiljrr ri*Iiitif*fii 

llfr l*ir*il* tiy w|lliilill|| lln^ nf y* la" Hifiili 

#1/ 

ill afi4 (‘3|» mill wilfiiig ilm ri^^iiltinn r«jirw«iMii f«r «, 

it ## 

••■■r (iri) 

t»r 
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Squaring Eq. (80) and (32) and Bubtrauting miv from th 
other, the result is rr^ 

Adding Eq. (30) and (32), 

w 


wlienee 


// , w( if 4 ^f) 

T.= l<l>r„ 

w // 


Squaring Ecj. (27) and adding, the result is //‘^4 «ir Hiitee 
from (33) = n^if\ rp _ ^ ^ 

If the sag is small as (‘.ompanal with the* span, the eiitenarv w 
approximately parah()li<-, and the simphu* equations of the pre- 
ceding article may thendore he tis<’d to give an nppnjximate sohi- 
tion ; namely, ^ri . 

d = ^ ^ , 7h‘oH « rs //, tan « 


PROBLEMS 

241 . A ro|K^ weiKhisK 1 Ih./fU am! ft. loitK hmim fnmt two mipimfU uui 
on the mnm level, tht^ pull at ihest^ ptantH ladng (tU Ih. luul IK) Ih., rmimt^HnAy 
(tig. 147). 1^ ind the nag luul the Mpatt, ca horlsitoittal iIlHtmiee hetwi*eii ^iiippofliw, 

Solution. (I) hnuu (3.»), 1\ u*tf^ iintl from whieh liuil i/i ami 

(H) From (.13), \ ' 

and a,/ + r-* r?: i^,/. Also i«i -r 
s= 200. From thi*He thn»«^ <u|ua» 
timiH ftiid and e. 

(III) From (.14), 

•'■a <• ' *=' 

t* 

and - e h>g ^ from 

whi(ih find jCj and 

(IV) I'he reiultiH sire then 
found from 

span B5 4 j*g, 
mg = .^3 e, 

242 . (Tivan the ^laii, weight |->er foot, and t4nmhm at the mmiitikm 
that they are on the mmti Iiwel, fiml an exprt^fwton for I he ?iiig, 

Solution. Im P cknott^ the and pull and 2n the *ipaii, Tlum i* ini mnl 
4 i'K lienee tlio mg 

ii ^ y ^ i* m y Vtp n'i 

M* ’ fr<^ 




THKORV AND RHArTI(‘K iW MEc‘ilANli*H [ni.y., 


If thl' Slljl i'i sUl.ill. fli*' r.ih-niU*) 1U4) Rr Im hr |»#4| ii|*u|ir'. In t|||j^ 

I%m% Hllirt* P IH thr rr.Htfhiild Ml !!j.‘ liMSi/nnfiil fnrnMU |/ tlir fr,|, 

hava Its iin ap|»rM\inui!r r\|<rrvnMn |m|- th** 


243. A rM|H* Mi' I'Mi.*’ Hingh:** I Ih./n. Triiy*»ii in linvun* nuU, 

ImIHI U‘., .Um! Ill h|4»’ mIMI |1», hs^f^^rrsi rtmivf't ,,I |iis||rv>4 

•'lull ft. tip’ l’*»5' pop’ll IpiII. 

2§4. hi flip *’|prtrp' tri»iiyiii»iMii mI i|ip t\n\in- PiK^iwmm 

till’ StriUf^-* »»f" t*.4r*|iiiiip# ii4 r.ihlMmici, fMiii- IhirhliiiH: 4«,,*| 

.Hlraiid aal*|p^ itfp nwil, r.M'li | in. in »lisini«'irr .umI |/i ||*, ft, ’hi|,n| 

alr-ii' ^imn 1127 4i ppiinn Iuhh. Fii4«i ih*^ itniniiiititrt m llir rjililii, 

245^ llip nf tjip NAn% Hhrr i\*. ns-rirM^ iljii Itivpr il 

CAi|*i*rt«ni, W. V*i.» nf Iia»i nmin rsiph 2 in. in «lniinrlpr iiinl wi* 4 kI|. 

iiiK lit., II.. wiili ii i’l»ni4 »|»tin *4' 2i*77 I't. Ii h\ |.»r4i-ity fiinn tlm 

fllHlltll 1*1' II llillia Mllit fl, iihuiP iliP ih’^ah.ifi.riiu: h’linin-.il, Flint fh** ilrtlrrliim 

tilia III ilii* *»f f|i»^ vil*»n*\ #n4 ll»p ImI.iI lirfh^siunt iilirn riirryiiig a 

grtw# #»f 3| T 

24®. A liiiiitlfipl i4|«^ iipigiiing ||». ft. iiuTi n-^ rnr*F» 

tlin Invrl t4li*l Im |ni|| *»| |li |h. nl |,|.,||, |/||p| 

iiiTtir ill 

M7> Tlia iFilftlirnl < 7it4p in Fig. I|h r^lilpwiiv 

wtlli rnlinti»f1»«ngFt** fi*»in I!n-iii|p*$ nhrxht Jil Ifp^ Ini’^nr 

iniii Tiip WPiglit pf rfciFIn »in»l p;ii lima In4tl in r*|iiilihritiiii 

iiy tlin atninli'*rwi4'iiliN mitl *»rilUiing 


1 *•* ... 














gv/ Ml#*#" * 


A 




ir#4#r 




y ^ 


ot Miw.*. Mwl tec 

rm IIS 
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(xiven fol low (lata : C’ounU^rwoig'lits tmcli Ih., iiirlitiaf i«»ii m1' 

shear legs 45'’ wlu‘n eable is imloa(lt‘d, horizontal project ion of ea!s|*’Wiiv in thi*^ 
position 525 ft., weight of eahh* (5.32 Ih./ft. Find tln^ ttninion and dtdlniion 
for tht^ eahhi and str(‘ss(\s in the sln^ar lt*g8 when eahl(* is uniuiyted, and iih«» flie 
tension and (h^kud ion wlnni earrving a gross loatl of 10,000 ll>. at t he middle, 

248 . Solve th(‘ pr(‘(*eding problem for a eable weighing 3.71 lb. ft., ^piin 
1200 ft., and gross load of 8000 lb. at middltn ( ‘ounttnwvtnght 25 T. 

249 . Solv(^ Prob. 217 for a eabh* weighing 3.71 lb. ft., . span 000 ft., mid 
gross load of 12,000 lb. at cumUn*. (lonnUn'weight 25 'P. 



<ilAI‘TKH IV 


FEICTIOH Ann LUllMICATlCIff 

84. CoclickiU Frkiitm. nm- mI' th*- mu'4 jilni, 

IIMliirliit **t 1**^ iluit ii% fiii'tiMii. I hi* riiliUi|y|| 

ih’lhiithiii «♦!' frirtiMii m fJiiit it tin* rmiHtiiiir*’* !m iiihIihh w'hit^h in 

i»!« will’ll Hlir IhhIv Ih !ii *4!ni»* ill** Mlirfiirit Ilf 

iilifillu^r» Hv la tha-* i-ii***’ |h iiii’^at iiii) whi’llitir 

Haliil* litfuiih «*r ‘ria* rha*! |»rMj**-iiv »*f traiiMii in flyii it 

iilwiivn faiiil^ In iiiMiiMii. la I ha* ii’.Hiirsi if r'r»%fatililt'.t4 iiiarihi^ 

Htlira it iilWiiiH Hi a »a lu i*%ii*riail aj»]4ii’4 |t»i“ri% Siiir© 

frhiiaii 111 MjijiM^iii**ii im itiMiiMia it iilmurbi 

wiirki* tfiiii4 aiyf iii«*rh4iia*.tl riaa'^i la wr*ir 4ii*l hriit hinnai* 

IIllW la livahl ar Hiirh h^nnr^ IrV |i|-Mjirr ,’|||4 llilirkll* 

liiitl i*4» liiria *»tia «if thr- rlurl uf lha lii«**"!iJiiiir*il laigitiapr, 

Wliaii Iwa *1 a*, la gi’iaa-iih I i^iiaaiiitlail 

lfl«* III If lliiH |’»«rri’« m i*’ni4vi*il ram- 

*»iia iiiiriiijil la lii*^ ♦*uri*i»'r*4 in ai*ii|jt«i, iiml I ha itilit'r 
tiiii||aiiliiih lla^ hillar rnllr-tl iha fiiiiana -A-h ili*-*' fiirm Irmii* 
Illifti*«l ilia in rMiiliii*!. afnillflrM, l!#* 

riillijiaiiriil rl$iili||nM* Tlia frirliMa thia* ^ira»*iiiiii*»jfiiifai4 itwlf 

III ilia a}»j4n^»l farm* nh%i%%n riiiin-iiirl in «^tirh iifiifeiiini .a* la jir*wi«iil 
Mliflilig* ♦Illhjarl Ifi tllif fa-ilirirllall tli.^lt ll r. -, 111111*1 11 %-ar^ilr jf 4 r«^rliii|| 
rtillilillH Villiia, III fJlIiar if fllr.'liMii rills jirr'irtll r«'lltll'|5 

iiiit¥riiiinil af ihn lm"ii i»rrr>*trj*|aii 4 liiiiiisfif 

vitiiia* till* ii'il! ffniiiitii III rrtfl. If* Imwi’rrr, rrhiinr nuiliaii 

Ilf ilia limtirii *if4li«llly itrt'ilf#* fririiali i*ik»**» tlir |.fi*’4t«"H| lit!ll« 
|lfiiwlh|r tiiiilrr tlin rirnilftiwliifimii. 

It I* avtilnil fraiit itiiiii |»rrr*?«lr.«* iliiit thr frHii»»ii with 

till! tliirtll^i jtraH^lirn thr ^Uiihis-'rtf. '{ ti€' Ilf lliit 

litflilillg ffirthni i« llm rnrrn^j^nnliiig iranml |iii*jriitrr m lallnl 
lilt Wftctell llicllta. Tlill^ if llw^ lliniliii|.f fm liaii ihimlrtl 

Hi 
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FRK^TION AND LUBIUC^ATION 


t7ti 


by F and tlio corresponding normal presHore by iV“, the eoetliririi! 
of friction ^ is delined by the ratio 


F 



To ilhistrate, suppose that a block of we^ight IF" is pliiced on iiii 
inclined plane, and that tlu^ plane is then gratlnully ttp|WHt iiji 
until the block just begins to slide 
(Fig. 149). Tlie \vt*ight IF may 
be resolved into a normal (‘ompo- 
nent iV and a ta.ng(mtial (*ompo- 
neut F. The hitUu* is (apial and 
opposite to the frietioiu and whtm 
th(^ blocik Ix^gins to slides it btu’oim's 
ecpial in amount to the limiting 
friction. Ibuicis iln* <‘tM‘iri<*it*nt t>f frit’thm is u rr?. , as nhove. 

F ^ 

From Fig. 14‘d, = tan where ^ is the iiudinution of tin* 

Jy 

piano. Ihmecs ^ tan 

The angle is thendor<» called tln^ angle of friction or angle of 
repose. The body will nt»i slide if the imdination of i!ie plane is 
less than the friction anghe, if the im^lination is jnst equal te the 
friction angle, it will he just on the point of nuiving; ami if the 
inclination is gri*ater than the friction anglts the IhhIv will hi* ac 
celerated, tlu^ ac(*,eU*rating foret* in this vnno Innng ta|nal to the 
differema*, h(‘tween the tangential <unnpommt of the wetglii iiiitl 
the limiting friction. 

PaOBtSMS 

250. A weight of 4CM) Ih. renting on a h<»ri‘/ontiil plane r**qnirfin n litai/HiitrU 
fom» of 90 lb. to overooino frirtiou. What in tho valno of the roialirii-nf i4 
friction ? 

251. A weight of 40 Ih, in juHt support ml liy frirtifoi on na iiii4ii}o*i platiP 
of inellnation 15** with the luiri/.onttd. How much U thf friet 4 *i!r/ 

252. A body resting on ii horizfUiUU plane rmpuroH % forr** or|iiEl In niiii 
third its own weight to overeiime frieticui. If th*. phini* in i^ritdiiiilly tilfr'ii, jil 
what angle will the body begin to slid**? 

253. On an inelined plane it U found that a btiily U ju^f hiipp,.iir.d l.v « 

horis^ontal foree ec|Ufil t4,> twf» thlr«h fhp wpighl of the bod^. Fiitd fbr. 
cient of friction. 




IHO 


xsn PHA^'rirK nr MKriLWII/s JV 


254 . 'Fu M tU }«'‘ iU;il ITj IF . ♦ U «’ |.V « lur || 

;i tixfi ! | tiiil »-\ III fli »- *»li %%hu-h fh *- ttunr, fh^f m |»‘ |, t„|Y 

SUMVi'H Itf* tip' | 4 aU'' \Ul»T. !hi' Mihri- If I h^- ■.» u|' trjrfi»»|| 

fi»r fh»‘ !«'H Innilr-.. .IM’ ,M ^ .luA r*'-»|«‘Pf 1 % p 1 ^ , liii*l th*' P.ii s»| flit* 

wii««ii lilt* iii 

85. Sunk Frktimi. 'Hit* hm-^ itf frit'iiun haw tii^,ii 

ifiriilaih «lf*frniuur«l at ^ariMiH liiiir?* h) a iiiiiiit«’r **f tiitlfnint 
|»!i\ H aiiti AintMuf t. hi* i%irlirr this 

lutist iittlah!*^ C ‘f »iih»iff|i afi*l .M«inii. 'rhi’ii* rr*ailt,s iijijilirHl 

«iii!v t*» ilrv .Hiirfai't’M Uiairr hnv aial riiili*r 

thrm* ihr t’lniiMii !irlurf*ii |um ',iii I, was fMiititl |u Im 

iiif iitifHi'r t*t' fht' laafpria/ ; 
ludrp^'n*{t'iil f/ir ^trn'^10 111 ; 

i-* fhr : 

ViiliifH «4' till* riti'ilis'iiaii mC lrsrli»»ii ar** ititrii in ilni 
fiillt»wili|( lahhn TIm^V .«h«in!ih hM^%«*vri» h«* iip<’*l rjiiiliiin, 

1114 tlin iirlinil valiii^ tif fhi^ mrlfirinit in an> faiitirtilar ranr m.iv 
ilitIVr IrMin ihit valiirn hma^ L^rvrtn 





»• 3 |, 

'%l *#»*’;«* 


t'.czi 


iriiii t»ii .... 


,| i » 

.!:♦ 

Wr <» ii|fiit ir«n Mil . . . , . 


, 1-1 

,il 




Wniiiglit inni «iii iiMti «»i htma^ 

4 i % 

,ta 


I 4 la «4 Mil !«'»•* . 

4 * %’ 

. t :* 

*»'i 

am 

i|fV 



IlfilllJlw Mil Ifntil 



PI 

Ilniiiif #^ fill rml' If nil 

tiff 


7t 

I s*ii i *« l , |«« riil|rtl tm umikm . . . 

' 4 ry 

«;i 

, 1 ^ 

.11 

M \ 
} 

Il »| nil iWt % |»^ r |» ft * liiJiil » f ' 1*1 %mium . 

4 f % ^ 

1 WpI 

M 
.7 i 

7 i 

l^llA »iii tmk 

■ 

,17 

! 


■ 4tf ^ 



nil ei^l | f%»ii ^ * 
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IHl 


The distinction between static and kinetic fricfitni wuh 
pointed out by (k)ulomb and the laws of Hiniiv trie- 

tion were also stated by lain and ('(Uifirmed by tlu! t»xjicrimtnR>i 
of Morin at Metz, in 1837-88. The low value of the coidrudciit ttf 
steel on ice, well known to every om^ wh(» has used a pair of skiitrn 
or a sled, is especially nunarkable, and it is su|(^<^HttHl by Foppl 
that a search be made among* the crystals for some Hubsliitieo of 
similar properties. 

PROBLEMS 

255 . A train of total weight ir>() 8'. attainn a himhhI t»f 40 mi. /hr, fnmi ri««t 
ill one minute. If the coefrunimt of a<ih(\sion in .17, fitul the necH*MKiuy weiglii 
on the (Irivern. 

256 . A brake Hho(‘ is again.st a wheel w’ith a forre of 4 1*. If the 

coetlichnit of, frii^tiou is .‘Jo. liiul (h(^ h. p. ab.HorbeU by the brake when th«^ ear 
is traveling at SO mi,/hr. 

257 . A brake on a rotating pulley 4 ft. in diameter ami revolving at a Mpeed 
of 150 r. |>, m. <‘onHistM of a stationary band puMsing over it. If the tennion m 
the tight Hi(h^ of tin* baml is lot) lb. ami in the slaek side SO lb., find the h p, 
abHorbtni by tln^ brake. 

258 . A locomotive has a total weight on the ilrivern of 41 T. and tlii» emdll 
cieiit of adln^sion betwiMm wiiecdn and rails is .15. What is the greateHi draw- 
bar pull it can exert? A1 .h(» how long will it take this engine fo aeeeleniie a 
train of JOO T. to 40 mi./hr. from r«*st if the total rt^sistances amonni to 
JO Ib./T.? 

259 . A ladder JO ft. long and weighing 00 lb. rests at an angle of an willi 
the horizontal against a rough vertmal wall, tln^ coidlicient t»f friction Unng « 
at each end. How far vmi a man weighing 150 lb. mount tln^ ladditr Isdon- ii 
will slip? 

260 . The inclination of a plane to the horizoidnl is fUFand the emgllidunt of 
friction is .5. How much longer will it take a body to slide down fids pliiiie 
than if it mm |.Hirfeetly smooth ? 

261 . A drawer In a bunuiu is of length / ami tho eoellieient of 

Show that the drawer can he pulled out hy oue handle if the tlbitiiiire of lion 

handle from the center tlotts not exceed 

J/A 

86. Friction of Lubricated Surfaces. — From exjieriitteiiin 
by Tower,* (ioodmaiuf I>td4,mar4 'IlmrHtoii, mul oihtu’s mt liiliri* 

^ Proe, Imt Meek. Mng,, IHHS, p. <kTi j IS84, p. t0 ; IHH5, p. im, 
f .Etifj. Neim, Apr. 7 and 14, IHHH, 
t KlmndrehM. IKiH), p. gHO. 
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lK*arin*4’H at lariMiiH j»rr.s.snrrN aiu! it 

WUH inuiul that t^r u-fll-hibriiaUtMi hraniu^s ili«* lau.s t»f fi-ieiiiiu 

wtaai ahtiHHl r%asi:ly r«n tur Hfalir frirtiuiu 

I'tnviT lui.H Hhnwn lhal in a luMrin’t tin*!'** nu niiia[li|, 

(anifart hr‘f\VfM*n llin .Hurt'ari*H, fri*'Ut»n in ihi-^ rant' is thitnu’ 

furt' iiult*iH‘n«li’iit itf I hi’ iiiiili’rial *if wiarh I hi’ l»*ariii*4 h iiuichi 
am! in.HtriMl uii thn vi-Hronity nf itn’ !uhriraut» uial !it»|||.|| 

on ihi* toiii|N‘nitnr«n l*ho fririmn of rvHt h aKu iiuii*h ifrinilcir 
than for inotioin to tin* hi»'t that fh«’ liihriraiti i.h ?4t|imiv.i'tl out 
whim flio hinirinif is allowoil to ?^tanit for aiiv Irnoth of tiima 
Fiirthorinori% tir) .HiirhiroH oratinatl) horomo jtiili,?^!i«-ih ami hoiint! 
tlin friiiioii orji«hiiiliy tlrriaaiHivH with I ho tinu\ uJioI'imh with 
Iiihrioiitrii Hurhii'oH tlio Inhruniiit \\%uirs oiii, m* ij^ 

HtjiiiH’/aat out, iimi Innn'o Ih*’ friiiiou uirmiHi'H with tho tinn». 
For tain Ilf roinjiaitHoin ih«’ U%%\s of iri,’!n»ii for ilrv iital 
Iilhritmiial iiro givmi m jiaritllo! rohonmi in iho loUinvitiK 

iiililti : 

t.WYS MF Flill'Tlin\ 


|»«| II a m 

llii* ffirliwii in , 

I I l*r«|l«r||«ti»| l*.* liitn IimHO-.O , 

»4 tli*’ n»*, I 

low ; 

4 , liiiFiwatiFiit »4 III*'* 

I. Oil III#* nniiitv r 4 liir. 

iiiiimriiii, 

*k HI ill fitly |h- 4 ii 

fcir iiiiitiriii. 

ft h iiiMtiimifii *1 flr*i hipI »!«■ ■ 

witii ili«f %mm. 


"a as s 1 j -j to # 4 < * K *! iu ■: »r % » a 

I i»a*' it ua |j> 

I. I |'«Oas|*'ij| i’4 I »| *'•■^*411 IP. 

’J ^ '41 S«'^ llpn 

IIp'^ i-4|. 

h. ilfrijimf ti*t ir-sl lliilli f*ir 

lin«l iMtj 

i| ,% ft! fti|,4 lit 

^ %|Ji||| t|#w lOSM’' 


II Frtolti Angle aai frlctlta Cune. ---An ptjilionr'ii m An, ni, 

tlii Hfittlliint Ilf llii’ lioriiiitl {iriwnrp amt tlw fririion h<nii#*Pts ittn 

Ififll llif? frlrliPii to v*^rf ftt h*m a niiiilttutlii 

ii i. «|wfi| tif fiii fi /ifiiit- ini 4 nr-f-tr. .1.^11,^ 1 oopiitrii tin* 

Ilf iliP til iiiu lutteri^iiw III# i,j iin n-ii 

m III# 1,4 i*iw»t «f Ilf# 
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siu'faces forms a certain angle with the normal, which aiHstimcs ll-, 
irreatest valne when the friction is a maximum. 'rhi.s tmiximum 

angle is called the angle of friction, and will be denotetl liy 4^* 
tangent of this angle is the coenieient of friction /x; that i% 

fjL = tan (f>. 

All lines making the angles with tht^ normal liti tm the siirfiici^ of 
a circular cone called the friction cone. By tln^ ust^ of the frieliiui 
angle and friction cone, many problems in ecpulihrinm are timre 
easily solved than they could ho otherwise, simu^ the c’omlilioii for 
equilibrium is simply that tln^ n^sultani pn^ssure at tlu* Hurfac*e id* I’oii- 
tact must lie within, or, ait most, ou the surhiee of, tlie frietion eont% 

The us(i of lh(‘ frudiou eoue is h(*st t^KplaiiUMl by Jippl} ing it to 
a few simi)l(‘. problems. 

Ill Fig. IdO h‘t Ali ri‘|)r(‘S<*nt a h(‘am or ladder resting on rongli 
supports at A and //, and let IFdenott^ its widght, (U’ tin* resultant 
of all the w<‘ighis aeting on it. 

Draw the normals A (^ and ///> 
to the surfaces in I'ontuct, and 
on either side of these normuls 
lay off the friidion angles 4>x und 
(f> 2 - d’ho four lines so drawn then 
form a quadrilattu’ail, as shown 
by the shaded area in the figure. 

If, then, the resultant weiglit W 
cuts this (piadrilateral, tlie lad- 
der will he in tajuilihrium ; for 
in this case, a p<unt 0 may he 
chosen on the line of action of Tf and within the i|Uittlrlliiieriil, 
and by joining OA and OB ilm reactions at A and B are defi-r* 
mined in such a way that emth Iwh within its friction emii*. 

Whenever the resultant If cuts the (ptadrilaterat, ts|tidtliriuiii i -'4 
possible in an infinite number of ways, di^Huiding oit tlit» rluiin^ 
of the point 0. Whierh of all tht^ posstldit eondititms of 
rium actually exists, it is impossible to iletm’mini% since this flepmidM 
on how the ladder was placed in position, whethm* revolvinl iirimiid 
B until it rested at JL, or rested llrst against tlii^ wall and t hmi ^diovril 
up to A. 
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th* 

fritiJMii 


rtH iM 


Ah a stH'iiUil tlrtrmuiH’ tin’ IiMri/tiuhil 

Fin Fiif. !»• start thn m ni^MUsi tin. lu;n| |{' 

lk“4i{Hiiiii( at uii\ inaut .1 in tiu* vritu-al surtan's in ruiihni, ilraw 

liMl'Iual hi ihr.sn Hiir« 
.iIhI lav ufT 

anvr!** Siiifii 

i!ii‘ iii«»ii»*ii 1% iti liiA t||i* 

til*' frirliuli will net 
iluwiiwanU ainl ilu! 

rrsiillaiit jiri’Haiirr F^ Ih^ 
lilt’ fiiirfaftvH will 

hi’ iiirliiif-il iliiwiiwanl ng 
ghnw II, rrui'miinti' t«» itii? 

frirtiMiial /I, 

thn iiimhI iiiakn 

lilt W'llh lint iitir- 

liial. Ilf itii^ llifiai 

fiirwH f\t iiiat ir ai'liiiii *»ii ih** vtaiiral flip ttiriHiiiniH 

iif nil llinv iit'f* kiiHwn an4 tin’ aii$»iniit mI niptnf iliPim itiuiiply, ff. 
(.^liiHPUilPlil tVr t hn aiipaiiit't t'4 F^ ainl F.^ uiav hi^ l**iiiiil a fnri’p 
triiiiigh\ m filtiavn in Ihp 
tignn^. 

llin liiiri/..t»iilal 
inny llnni Irpiilmi in a 
ilitilhir iiiiiiiiirr, llttin *|p|pr^ 
itiiiiiiiii #1 iiii4 iiiiiillv F, 

■An II tliirif p%itiin*lin run* 

Hiiirr II milljilr rliHaltfir riir 
lilifliiiK nil it 'Vrrliriil 

jmrh E’l ^IpHi II ill l*Vi. 

A liii4 If m rarrir4 tiy llin 
}>rip»kiil amt rni^al hy m 

rilltlt* iittiirliPil ti* tlir 
iiriii, Hiiirr If urn iini in ihr ^itinr timn !«*! ii rtiiijilr* 

ittiriitiil friirtimm iiiinti #irrnr »! A «ti4 ll» hiriiiiiin #ifi s^nnal riiit|ilft* 
Wlitnt iiiiilimt fn'riir^t llirnr^ linriiiiil r*-i>pin»n^ rrmlr fririn<ii. If itiif 
tiinlitili i* Upwariti ilm frirtkiii wilt nrl ihiw-nwiiril.* itit*t linirp flit* 
rniicliniii it, J iintl B %vi!t fnriti mi migir # wilii llir iiwriniili m 
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shown in the figure. If, then, is combined with F into h siiigir 
resultant, and similarly F^ is (‘.omhined witli IF, tht^se t wt* restili 
ants must bt^ (M|ual and have the same line of aetioiu llir 

value of necessary to cause motion may, thm-idure, be found by 
first laying off TFto scale, and knowing tht‘ dirtu'titmH of F^ and ^ 
forming a force triangle on these thnuu Having thus <lt^teriiiiiied 
01) III amount and direction, and knowing tlu^ direetitnis of F'^ 
and their amounts may be found by means amdJier fiiiw 
triangle, as sliown in the ligure. 

In the solution of the following problems it is only nmwmmvy to 
observe that whtm motion otauirs, tln^. reaction of the plane will 
make an angle <f) with the normaJ to tin* plam*.^ 


PROBLEMS 

262. Show that (Ik* maximum ijiuliaat ion a \vhi<*h (am bn givou a pfanc hi» 
that a body on it. .shall i‘(*main u( n*Ht is wlnm a </). 

263. Show thatt h<‘ hori’/tmtal pull P iK»ccssary to start a body of win^tb* b 
up a plains of incdiiiation a is given by 

/* If Urn (« f ^). 

264. Sh(»w that tln^ luu'i/cmtal (amh aoenssary to start th** bi»dy ibavii tin* 

I.lau.Msgm.nl.v 

265. Show that th«^ r(U’(’(* paralhd to the plam^ ospared to start tbo body up 
the plane is given by 

eos^ ' ^ 

266. Find tlu^ least force nee- 
esHary to start a btaly np a plane 
of iuelinathm U. 

SoLC'TioN. Lay off Afl t 4 > 
s(Uih^ to represent IV (Fig. loll). 

When motion oetnirs, tin* reai’tion 
It must’ form an angh^ ^ with the 
normal to the plane, and hetwu^ 
an angle a + ^ with the viirthfiib 
By laying off liP at an angh* « 
with /I /I and tlimi lil^ at an 
angh* ^ with H(\ tlu^ direethm 
of It is determ im»d. 'Fhe closing 

♦Several of ttie problems in this artlele an* given by l‘V*|i|il, 
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186 

mhFi4. tht* irisiiigl*’ it liniij J 

U» /!/>. tVuliJ tip* I/*/-:, 

/' 0 -UJMil ^ 

If t!ii‘ IhhIv MU :i t< 4. Its iliii p,rs«‘ lit*' |m,i 4 I'.tri-r nt, 

267. nIiuw tlipf thw Ciif*"*’ Hiiiri ltr«s|y ii |•lllnl• nf in. 

rliiJiitii‘11 it in f* IT 

268- fliM mI ib*' Imip** in ^iny .firrrfuni rri|iiir*.,| 

|M Hlini ii l»M*ty ii|» p | 4 in«u 

Shi t F»’t ihn’ mI iIim lb*' iFig. |a||, 

‘ritni fr«»ii4 til*’ iHif!" iriiini.;b% 


F i^$n 1 11^* •nii Cl'* ■* 4*) 
ir 4 n N 71 Ill titi' 



r-iti 1*4 biM I '.5 


tit- l«* ■’tiMii-l 41 *4 V? ti ii 4 fiir}!i| 4 

IF 

Nti|.|ilM\' Fiff 41 ?Kin|.ybMSi*'iilP*4 |4s|n*’ <*# ilS'gb' F 
fitr ill*'* %liu»ti tn Fig< l4/i, 

/ " ‘4 IF' i#gi 1 1# •» #|i I 

Tli#^ ^ill it*'4 ll«4l III |'»''trsil,iMri, |iiil 

Hill %i if, -"■« 

|«tll rr»|Hir<!st-4 t*J millniiftsi lb«- 1% 

IftWi Fr«4«- 4<IF l*» 

F « IF l^iii I »|i *« I 

MW A hm I il ttllb rl«4 I 
m miili ;»si4 iJ% #ti|«|#»ti#i4 i'l f^'i* 

fFiil-. IVlijii f*# f*«jlii’* 

lillfluill h||«p«I» 4 |ms|*I li* 1'^ llllllll flMlIi lilP 

tild «f 1^ I 
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SouTTioN. Draw a normal to tho wail at .4 ami lay oti tla* IrictiHii i|» 

on either of thin normal, ''rium if f 7> pn^hmi^etlintorsorf h II within fhi- 
area so formed, ilu^ bar will b<‘ in (Mpulibriutu. 


271. A prism rests on a horizontal surfaee. If a horizontal forro {i|*j4i**d 
to the prism iH*ar th(‘ base, it will cause it t(» slidts d’ appUtal hiKln^r up, t<» tip 
over. Find the condition in each case. 



Fkj. 157 Fto. I5H 


vSorarTioN. Prolong F until it interst'cts IF, nml from thij4 point draw the 
fri(;tion an,e;l(‘ <f> (Fiip loT). If the siile of this an^le intersf*cts the ba»e, th«^ 
prism will sli<le; if it falls outside the base, it will tip over. 

272. A clamp couMist.H of an arm with a eirctdnr hole in one end thionidi 
which p{mH(‘H a tlxed bar ( Fig, loH). If a loml IF in applied to thf* oppoi^ite md 
of the arm, what is the condition that the elainp shall not slidt^ on the bur ? 

BontrrioN, Whtm the haul IF is applied, reactions ar<» introduced iil ,1 and 
/I, and hence friction is tievtdoped. Draw the ntirmals at ,1 ami II ami lay of 
tb(^ friction anghm ot\ both sides trf each. Then if IF cuts the shmled nn^ii rMiu 
mon to both angles, the clamp will remain fixed, siime by joining au\ p»unf mii 
W within the shaded area with A and /^, rmictions an^ obtaint^d w hich Ur w hulh 
within tlu^ fricthm angles. 

88. Friction Circle. —( UniMider a cyliiulrioal pivot t*r jotiruiil 
roHtinijf in a Inmring which m Hoimnvhat Iooho ho thiil efiiit.iirl In** 
twoen ihu two in praatimilly along a litn? ( Kig, irdl). The Ifitwe-'. 
noHH k inunh nxaggtiraiml in iht^ figun^ to 
illuBtmtn the j>oint in (jiniHtioiu 

If the roaotion of thn pivot on the* Imar- r 
inig passes through tht^ aontnr (K tln^ pivot /„ 
is in aquililtriuin and thorn in no fried ion. ? 

Cotiversaly, if tlumi is no fri<»tion and the // 
pivot is in ocpiilihriunn tho remtdion of tin* % 
bearing must pass througli its tumtor. As 
soon, however, as rolativo motion ooeurs 
betwann pivot and t.Miaring, friidion is do^’ 
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Fill 




veUi[H.nU iUid th«- 

thi* rt*nun’ (K tnit is ifit-liiitnl to tliv iiMriiia! ^Ki iif tin* iiiiir'ii^ yf 

as Ui tlii* ot :‘ 4 iiiiiii.^ I’rirtiHii, 

.Niiit’i* thi* jiHiiit nt r«*iitarl *| h! a riifaiiti^^ 
nhaft Hi* H UmI Usiiiul\ kiimvii^ if jg 

i'ttii tt» uHrufltii*!' v^iiii|i|y «ii'vii'ii 

fur ilrti‘riiunur4 flit- *4* iln' rrsiili- 

liiil jjn’HHiir** /*. l'*»r thin iri f i|i»- 

iioti* th*^ iiiilutH m! llii’ lit' j*niiiial I Fiu. 

I’hrit llii' jii*rj*i‘iiitiri|!ar ilistiiiiry Ilf 
ii iv^nn i.s r sui Hriiri^ if a riri*li' in 
lirawii O m rriilrr wiili riitiiiis r 

tlit^ ri’Hiillaii! /t on lumrin^ is fan4«’iii to lliin I'lri'lr, 

Tli*^ inrclt' HO 4a riilUal iho frictlnii circle^ ami aHonlH i% 

Hiliijili? inm-tii’al for tho urapliit'a! 

fitililikiii of jirohloiita ill tlio luitiniialioa nf 

iimi’liini^ry* 

In iliti of a hiairinif or 

Uhihf fit* itm inn'r^aariH jniaara 

tlirotlKli .miiiiF j«<inl »»f tho .aurfart'»a in 
rtmliml* 114 ill itm j4aiial ion jna! 

8it|ijii»w« ImwitvinA llnil a tuairin^ |.fr4j*>i 
ilA JiHiriiitl «*r jtiii i'nr% li^htlv, ho ihiii 
m grniil iiiiiniiiil of fririmii '%% ili’vi^ojanL 
LfI if tlniiiiltt tli0 liiinl oil lli«* Iaairin4 
illicl /* lliii fnrt^r* ria|iiiro*l In jiiHt i'siiiw tiiriitiig C Ft||* h If lli« 
jiiiiil ia vorv HlifF* llm fnmi t* r«n|iurril in ran«’ rolaiioit iitfiy Imi 
mi inrun in i?«iin|»iiriHnii %t4ili IF iliiii llinr rvHtill* 
iilil II Will niitirnly nnl.Hi4n tlm nf ifiii 

k’iiriiig. 

Ill llin nf m Intt^i nr %iairii liiairiii.K 
Ilf li-mn^nt. In lli*’ Intli^r r*i.« llw 

ifflVnI of ihn frinlioiiiil nttiiinnit T m l«» raiiHis tliii 
u%U* In riiln it|i mi llm l»«iir$ii|| In it |.*riiiii P mu4i 
tliiii lliii nilifln ^ i# llin iiiinln «f r$.^mnp iiitil 1*^ 
tm rumil niitl |«triiUs4 l» IF i 11ir 

tlMintiltl tif i*Q glifitit I"/ iiiiwi tlinii n«|iiiil tln^ friii.iiitiiil tiiiitit»iit 
Tti cililntii II itiitrr grtinridi *4' llm fri«*titiit i?irt!li*» 
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let W (Icuote the loud on the lumriiig and P tin* roifuirrti 

to overcome friction and just prodiua^, motion (Fig* ldd|, L«i 
J{ denote tlie resultant of P and TF, and ^ 

resolve this n^Bultant into normal and tan- f 

gential components, ddieu if JFdtmoles the , 
normal component, tlu‘. tangcmtial (tompo- Lf t . 

nent or friction will Ix^ g-iV. (h^UHCcpiently / \ 

y (if j,,'; ] 


and hen(‘.e 


^ OP/) ry. ^ A P(^^4>, ^ ^7* I 

The pm'pendicular distama^ of tlu^ n^sultant / 

ft from ilu‘ cernttu* is thtu’efoiH^ Ol>: rsiii <f>, 
and luuici‘ if a(urch‘ is <lra\vn about as (’en- 
ter with radius r sin tlu* rtnutlion /{ will ht^ tangent to thiseiride* 
^ mechanisms tlnun^ fretpnmtlv 

(XHUir intermediati^ rods iu* link a 
AV>-v/ or (’y<*H at tnndi end, eon 

inuding tlaun with other machine 
parts (Fig. ird ). From wlmt pre- 
cedes it is evident that the trarmfer of forcu’ by such a link mtr»^l 
take placai along <me of the four tangents whicdi can 1 h’ drawn 
to the two frietion <’ireh‘H. 

Which of these four tangents 
represtmts the line of action ^((kvT 
of the force may ki <leter- M / 

mined by tlie relative motion I 1 jy 

at the two ends of tlu^ link. / [4 ^^ 

To illiistraie l»ow this is / ) I 
done, consider a linkage td j \j ^ 

three members, as shown in i 

Fig. 165, Let P denote the ^ Vv^^i// ^ 

driving force acting on the I 

link AP and Q tlie resistance ^ 

acting on the link CIA First 

draw the frietion eireles for tlm four joints. Tlum ciui-utlrr the 
link PC. For motion in the direction imUeiiicd, the line nf aiidnii 
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tif tht* ftjrt't* truiisnuf P’il b\ this link uill hi» t.nn/jnit ^*xtrni;iilv tu 
tin* frirtiuti «‘in‘!r a! //, aitd iati‘rnall\ a! .i.h shtiun in 
ri^nirr. 

A uav In rhrrk ihn rurri-ti iiivhh id* ihi..^ staft'iitmif in ly 

n‘iiit‘iiihf‘r that IrirUHn ttaids f«* iliU'rnjiMi* flu* «*tlirit'iirv i»f n 
lijrrhani.snu uhirh in I hi* vnm^ UintHH that if iiini’tM.srs flm 

Irvnr arm nf thi* rnsmtiUmr. llms, fur rh«* link AH, hv 

lakiiin iiimimiits ahnut A it h I’vnlful llial Ihr arm uf tin* 
aiii’r is iiirrnaHial | i»r I h*’ »»t /* lii'rrn.r-'^rti i U\ ilraiviii|r 
thf laiiifmit Mil thi* hdl u|* thi^ \%hth^ 'aiiiilarlv fur 

lhi» l«»\vrr link lim Irvrr arm af ihv ttmiiiif lArr*^ i-i ihnn'i'fisfit lii* 
till* taiiMriii mi thi^ rigtil uf ilm fni-iimi rir«-h. at (.*, 

lo rmiijilrtM till' HohitiMii, miti» ttial ihr link ,t/| l||,j|j Jn 

iHjtiilihriiiiii IfV flirt*** fiina^si muiirlv. Uii* drivnu' /\ lh|. 
iirliiiti H Ilf ilm !uik /ir\ at$A l!m rrartiMii a! A, ’khr 111.4 twimif 
ar«? kimwn m |iM‘ 4 itrmi anil iliriaiium anil tin’ linnl imiKt 
jiliiiii ilirnilgli fJiinr jimnt mI' itla! tm iaiinnil tu lliti 

fririiMii rirrh* at A* jtr*4Hnrf /* tintil it itm lim, 

nf iirtimi // nf ami tr*»in ihnr j»riini $A 4 ra\r n 

In tfii' fritiiMii tnrrh^ at 4 , im .^Innvii in lla^ 
tlrlMriiiiimn liiw liim nf 4t'tn»i4 $4 t}|,i riHPinm .*! tti«i 1^1 4 ^ 

till* ilil’ia'I IMII «-if I ihl'i’*’* fi iiaa-'ti ami I lit’' iiiiimilit. mf 

mil! Ilf lltmii* /*% tin* III til*!’ iii'M irniv li**' *1 |*im* 

triiiiiglin. 

Siiiiilurlis liv }*r»4mirritHt llm lum mC ariiMii *t| (/ uuiil it inirr- 

m>iiH /I i!m liim i»f arlniii .if ili». hnk /ll* iiml fr,.iii thmr j«'*iiil nf 
iiitm'srrlimi ilmii'iirif n tjin^tml Im llm f|•it'lirl|| rirnl*’ iil /l, ihu 
liimitMii nl lliif r»’‘iirliiiit 11 ^ in 

linking ilidm'iiiiiiml llm iiiiiiniiit .4 fi fr.ifn ihp ri*i|. 

itrwrtiiim lilt* liiliiP Ilf 41 limy tlmii tw f.itiml frmn a triiiiiglii 

fiir It mill 

11 m tillimiiig pmidimm fiirtlipf Ih^ }rr»ird.iral min «f 

tlm friiiimi rimlm 

ratiitiis 

1W„ ilfits; tli« in Fi||, |n*l »»?«»! fiiri|f«*f 

rA^mifM kt iW ignm tin* t-rnmn* n, u*,. i|„j# ^ir* 

far lli*f IHimtrttirtil Tlmn yi*itr m-mllA !.%■ . i n, fim 

•iiliitta* $hmm m lit 
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lUHlt^rHtiUHiing of thin lyplrjil l« ftiflln-r 

progrc^HH in Hnnlylng tlw fimphiml hMuIch ut incrlmniHm in whirh l» tAkni 

into ammnt. Raving onw thia prohltnn, iii4ution of «»ihor i?i 

largely a tpiiiiitian of tlntalL 

274. Fig. RI7 hIiowh a miHahead and ronneeting rod, DraW' tho fririiMii 
eirekii tt) mmk and cloterniino gra|»hnmlly tin* rolatnni of tho inf^on pM'-mtiir- i* 
to the riikfcanca^ CA umng tJie data given in the tiddo areoin|niiiy ing tlio nil, 

275. Draw tlin I'lttslnirgh riveter nhown in Fig, IHH to donlilo llio »ritlo «»f 
tho cut, then detennine ifalt*|Muidenl ly of the ^iolntion imliriifni on ilio 

the directiorw «»f tin* varioiw rnwiioUH, and linally draw it roinplefo foivi^ 
g(Ui for all rmciioiiji. 

89. Pivot Frictioa. A pivcit in ciftoji ho jdaonl iliut. ihr iliritni 

18 applidcl normal to tho ond, j.r. ondwiiyH, hh in tin- i-hm. .4 t|j,. 
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footstep of a vertical shaft. 
To determine the frictional 
moment, and the liorsepower 
absorbed by friction in siujh 
a bearing, cjonsider first a 
frustrated conical pivot, as 
this case includes all the 
others. 

Let Fig. 1()9 re|)re8eait a 
frustrated conical pivot, and 
W denote the axial loud. 
Resolve W into two c.oin- 
ponents P, eacJi normal to the 
the half angle of tlui (ame, 



hearing sur facta I'lum if « <lenott»H 


P 


IV 

sin tt 


Also, if Vi and deut)te the radii of tlie fnistum, the area tif 
half the Ixairing surfact! is 


A 


2 sin a 


Therefore sinct^ eatdi of the two coiuponentH /* aets over half «»f 
the entire bearing surface, the tuiit pressure p on the Iniaring is 

P 

A 7r( rj® - r ./ ) 

It Ih noUiworthy that thin unit pntHHuru is indajMUKlont of thi* 
auj'lo of tho cono, and ia tajual to tho total thiniKt diviiltnl hy tho 
horiKontal projootiou of th<j iHjarinjLr aroa. 

B’or an elonumtary rinj' of raditm r and wi<lth dl, tho tot d 
normal prossuro ia ‘2 Trrdlp. 'Fho fricti<tn on thia attiittiar 
strip, or ring, is tliis value inultiplifd i)y tlw ooortirient of 
friction p. Thuroforo multiplying the result l>y the I’iidiiifi r, 
or distaucc of the frictional forcui from the (H-utcr, the mouifiii 
of friction is trruAUp. Inserting the value of /> given ahove. 
and intcgruliiig over the entire surface, the total fiirtiMfial 
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UM 

n»iuu‘ni T is foumi tn In- 

r 




,H I H <1 ( 


‘J ^ irc ‘ t 

HUi *M 1*./^ » 

Nuw if N <Ii*nutrH tlii» riiiinbin’ rin-i4ut itui.H prr iiiiiiutf\ |lii» Imrjitv 

2 tr.V'f 

puwiT ii!mi.»r{»tHl !iy in lliii 

hIhivi* vidtU'* T^aint rniiirini*’, !lrrn^lH^^ in tvrmn «tf tlin tiiiiimitem 
li. j». IllmurUr’il m ^ ^ 

rWiiV#il /ViW, Fur II ptvui uf «liitiiirti»r */ imd Imif 

iijjg!f « ( Kit'. 17*1), th** vuhii'H *tf tl»' fjit’liuiial imuui'iil lUui t!ii) 
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fiiir:Hi«|i*Jwi*r ii}wiiirl«.^i.l iiiiy li*^ nl*l*iitii‘*I frK*in llir ulintu tiy ^tilling 

M! 


m II Iiml ||| m il* III %¥llildl rilHi! 


M .^ifi It 


li. In m * 

I’Irtf llwri’ #1^ sifid rt |tir t, l‘'i|^. lll|» 
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ITollow Flat Pivot or Collar Hearing, 
(Fig. 172). Hence 


In tlUH CilHC cc B 


h. p. absorbed = 


l8900U((l(^»-cf./)‘ 


Cylindrical Journal, In 
the case of a shaft or jour- 
nal revolving in a plain 
bearing, the frictiiotuil force 
is everywhere tangential to 
the cyliiHUo-, and Is of 
amount F ^ fxW,, when^ W 
denotes the total load on 
the l)eariug. If the shaft is 
of r ft. radius and makers N 
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rotations per minute, the work done in one rotation is *I*nrFN 
ft.-lb., and tlio powi*r absorbed by friction is 


h. j). absorbed 


2irrgim 


PROBtSMS 

276. Find Uia h, p. mptiml fora nhaft t) in. in <liiuriet4^r, carrying a l««inl of 
15 T., and running at 00 r. p. in., t^HHunilng that the tHmiruneni td friction U Jo, 

277. Find the h, [n almorhcd by a ftnitsti^p IjoaringJI in. in <iiiynott»r, carry 
ing a loatl oF S and running at a Hjamd of 1 50 r. p. in, if the etMdieietit «f 
friction ih A>2, 

278. AHSuming that tlni energy almorlual (or waHted) lad^wiani tho luitt of ii, 

flat pivot and ii» hearing m pro|-H>rtiomU at eacli point to thi' n^mnl atid 
prcHHure jointly, ihow thiit the total energy alworhed hy thr m 

I WrfjiM^ whtre m denf»ti*s the angular velcnuty in railians |«'r Hernnit. 

279. A journal is II In. long, 0 in* in diatneti»i\ and carries a loud of I T, at 
a speed of 1)0 r, p, in. If the coefficient of fritJion in .OC, what In p. k 

and what in the efficiency of the hearing? 

90. Screw Friction; Square-threaded Screw. A st rtnv tlin-itil 
or helix iH simply un inclimsd plum) wrapped urouioi a rvhudiT. 
I^et h denote the pitch of the Hcrew; that ia to Kuy, tin- dixtaiin- « 
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[Hnut on tlu* tlinniit rison in n’Vntutiun uf tin* ^rrinv 

(Fig. 17 . 1 ). firnt a .HquHrt‘-thn*uiti*«l srww, ;iii 4 takt^ fur 

it-H liiaiiHiur l!ir iiirHii tli. 
f. uf i!ii‘ (i.f, 

I ^ j a\uragu uf iliaiiuiurM at 

* ] h Jm.su Ilf ihruaii ami uiif» 

— ’ ■ ■■■■'■ 'A" ■ ^ - ■■ *jf ihruai! A Hnuiirm 

thr»Mtl»*«} isurmi' is 1111*11 ia 
ullin-f a iiarr»»\v iarliiitHl 
'* *' jilaliu *4 hasu wrt aitiil 

^ litngFt h. ifuui-r fh** fuivu 

i* ri» 4 |tiiruti Hi lilt’ liiriiii iliiiiiiutur sf !m raisu a wuight IF in, frum 
I'r.*l.. •i.'.s p j 

If iliu furia* is iijijilirit 1 »\ iiiuaiiH mJ a \vi'«*iiu!t or !mi*r *»f / 

(Fig* ITI It tia* fMi’ui' f* ru«|tiiruil tu riusu ih** |m 4 »| If*' u* givrii 

liy Ft /**f» wiirnri* I 

mi , 




F 


a 


lilllfrl i 


f 


J I 


IMt itiitl 
Nil. til iitlt{l!i*^*ii t*» ilia flu* 
linn nil lltn llimnb^ llir» friiii.ii.iii 
iili |}ii» fiiim nf lliu mil *»r lliriist 
rrilliir lltl|.?ll nriillliirilv lin lakuii 
tiiln imiHiiiiil. F’«*r an nriliiinry 
lull i!i 0 iiiimii rinliim itiitV' 
iisHitiiirt! m 1 1 llin itiniili riirlin^ 

Ilf ilia Dinlnr tiii» llin iilwini 

b-t ,i»»M ».ii»»i4y p II* , ^ 

W.t 


1 


fu 4 i";i 


Hltd 


# # it * 

m ^ -laiilrf t 
I 


Thftt»t (%tUitr. Ft»r » ihfiitit «'i»llsir ll»«' rii‘l»iin iitav 1 h* 

lUMUtisini t«t that Ilf llu? tlijrt'ii«i<« ; m wlurh . ttw 

/* m H'titil ( I* ♦ - (!#i h 

.. IIW. 


littdi 


a I 
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y -threaded Screw. For a triangular, or V-Hhapotl, thrtiail tin- 
normal pressure W is greater than W, as shown in the fure«^ tri- 
angle in Fig. 175, the relation 
being yyr . 

--^_cos-. 


and for the Scllern thread 
As an average value we may 
therefore assume 

ir = 1.14 r. 





Fuk 175 


in whudi case P = IF ta.n(«4- 1.14 ^ ), and hemu^ 
f Az: tan ( a + 1 . M ^ ) . 

y-threaded Htdt and Nut. For a V-threaded bolt and nut \vi» 
have, by the same rtnisoning as above, fFtan (ai' liJll 
whence nr/ 

Psa ^ tan (« + 2.64 ^ ). 


PROBLEMS 

280. A Hquara-threaded holt has 10 threadn it> i\m iutdi, ini^an diiiUH^On 
of thr(‘adH l.r> itu, avorago outHido of mti S in., iimido diaim^lrr «d 

in wanhor undor mit 1.75 in. Wlmt pull can bo cxcrOul mt the cad nl a 5 ft. 
’wreuch in order that th<^ strcHH in the bolt «hall titii t‘iciHHl Iti.? 

Coofficicnit of friction afiHuita*d m .15. 

Soi.oTioN. Ih'obhuuH in i^crcw friation may bo wdved by the mcttiod given 
abov(s or by applying the* principle of wtirk. 'riu'* above pnddom will ftolrcd 
by both mcthcKls (m the sake of comparison. 

(Jonsider first the work done by all the ftirctm involved in t»nc revobitiMU m| 
the s(?.row. Then If /»* denotes the force applied at the tmd of the wrioieb, Hie 
work done in one revtduikm is 

work of wreueh ss F x 'JwlUh 

Since tlio total load is limited tci 4(MKM) Ih., 

work done on threads - 4(MKHI x .15 x tt x I.f>. 

Similarly 

work done on fan© of nut 4tMM'K» x .15 h w n If.-T/fi, 
work of lifting 4(MMH) x .1. 


and 
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Thii af WiH’ti 

, I,'! ir I .a » , I »« w 

whmei^ F aiiUh. 

fnmi funiHilit Hiit;ui}*nl fi»r th*^ fri.'fiun nf ,»|iiartt. 

ihrinul.nl Mrr<'w with nut. iuiiu«4). 

wt' liiiw in lltu twn « ‘3 J^tul tuii^ Ah, n . |;i’ lyjj 

t..»ir 

^ ■ H’ M2a Aisu ir 'iiniHKi Ih., 1.5 i«.. mill I an tii. SuliHliliiliiig 
Viilut''ii ill th»' ftirinuhi. tiw tmuH i** 

a;»H II, . 

201- A #iuuw I'if nnnin liimiiunu* 2| in lui.^ I thnnul'i l*» iIp" inrii, 
iii |4 iliu uf frii*li«ti u.# aH, mihuil^fp li--* iut$*‘4*uv»\i . 

2B2> A l-iii, t«4l Hihmnis* Ih*-* ini-li.if in**-.in r|i^i!ii«iiri ,!i.i ni, A««ttitt* 
ilig II 10 «*f Irik'ttMii II''* Ah, ltn«l tin* iHriiu*-* j| i^, 

iiiini «f *t *r. 

2B$- A .#i|iiiif«'‘ AlirpJiA*''4 hun !» ilir^i^An i*. ih*'’ iiuAi **f 111^411 
L*i ill* Wlnil iitiiil fiumi w^ill iit wh^n mu |,y ,1 tur, 11*11 »*| |ii ft, 411*1 

01. Efficitacf mi Kflcitncy* In iill ifm 

wiirk jitil titlii til** nmvhiuv lu puiily in (th* 

tkiiifiiml tn griuilrr lAnin ihut iihintnmi fimin ilni iiimOniin. 

Tlitj ntlkiiiAtny wf n itiiinlnnn iliAiiiiut m 

. iiiitinil 

lAllriniiri, * 

injiiil 

Hiiiiut ill** iltfiiiiiiiiiiiitnr tif thin irm^ium h iilwiiyn |{r«uitpr iliitti lliti 
liiiiisin’iiltirt file tAllrii'»iiry m nmniummu in iliitii tinny. 

I#i4 ilip %fitrk put ltil«i II niiirliiiii^ ln^ itifinilisfl lii IF, ili*ii m- 

|M<inti’<l ill ii%''i*rr*iiiiiitg frirliwii l*y »iii«l lliiil tilii*iii4iu| fniiit tliti 
tiiirliiiip m nm4ul %%hirk by Tlum 

If* ir,. 

mi luitiatuntiiillf iIms iilliininiry 

Wr 

W " Wr -i ll'V 

Kilir «ii|i|iiiii# tfinl lint itimiliiitii m ri»vprM?ti. mi lliiil tin? nrifitiil 
»iiittiitf» llti* tlrifttr, mil lltw tiriMiiiiil tlritiff Imnmmm 
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the resistance. Since friction always acts in oppo-sition to motion, 
the condition for equilibrium now bocomos 

W= W„- 

The efficiency of the reversed mechanism is called the reversed 
efficiency. Its value is fy jfr,— fy . 

The reversed efficiency must also l)e less tliau unity, and becomtin 
negative when the frictional resistance of the nnu^Iune is greiiter 
than the useful work done. In this case tlie tnachino will he self- 
sustaining ; that is to say, it will not rtm backward. Screw 
jacks and differential pulleys are oKamphm of sucli self-mistaining 
inechanisins. The least fric.tional nmistaiuH^ rcHiuired to make a 
machine self-sustaining is wluui 


Substituting this relation 
ward motion, it becomes 


in tlu* expression for efficiency of for- 


e 


Wf. I 


Hence the efficiency of a self-sustaining meclianism (’an never 
exceed 50 {xsr cent. 


92. Efficiency of Various Machine Elements. — Inclined Plane. 
The elliciemy of an inclined plane may be found at once from tie? 
definition 

0 a aa woi’lc asHuming fri (’4 ion to l»e zero 

in|)ut total work imduding friction 

The most general emse is wlum the fonu^ is inclined at an iitiglu # 
to the plane* In this case, from Prob. 2hH, 

jp * w 

cos ^ r 

If friction is neglected, ^ 0 and F » W Ilenet 

cos & 

y sin a 

iirsin(a + 6) eosf? mncTig y ib{ 
mm (& «- 
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If the feret* FartH jtarallfl tt» the plane, $ — h iuhI 

8111 it rtiH ih ...» ,, , 

e ^ iHtrtiilfi in 

HUH <« i I i - h 


If tlii^ hare /'aeU ht*rki»ii! alh , ■ - a, aiul 

Hiu it e« iH| f i lais « 

f - , ‘ 

i’MH II. HUH ii I- taiHic ’i i|i I 




Wedge. A weih^e in HUiijdv a tlMuhle iiii-liiirnl j4aiii% iiml itg 
eilii’ii'iH’V IH llt«*referr 

r 


tail H 
taiH ii I- t/i I 


llie reverHetl rtlirii^iiey i»f a winli^is that in, wlieji if in wsIIh 

driiwu* in * . 1 

taiH it t/i i 

t\,. -M 

tan a 


Sqiiire4,hreidecl Serew. 11ie rtlineiirv i»f a HtjuarrHlimiitnl 

nertnv ih f lie wiiiie a^» hji- an liirlun’il j»laae; ii.uiirh, 


tan ri 

r 

laiHti I »/i i 




Fcir II ierifw llimi«l iiml thrn*it ndlaia iiHfuiiiun^^ that llii’ 
tiiatitiiltir «f llie rtdiar ih tin’ mittw m h»r lh«' tlirrii»|, 

e ■*» -- ■■ ' i fnth %imi thruti e<*/l#ir L 

liiliCyi 4 * *i#i ' 


Ftir II iennf iiini mil* iimtiimitig llnii the a%a’fitgif iliiinniii^r nf ihn 

mil m I| lliiil «f itm liireml# 


litli m 

la it If# 2»ii^) 


i -Snfmtf€’^-thft:miit4 iiiei fffil|. 


If llie neritm^ m rnternHiln* tliml i«, if tim iiiil itili liriia’ ilie ttiri?inl 
ii III tliii tiiai Ilf llm iiiitfiiiiilk! ilri%"er in tnnniiiriii iia?, lim 

ttffleiiiiitiy m 


*f • * 

titii II 


iHtfUntff thi'cthli'it f*»lt ttu 4 Hill). 
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V-threaded Screw. Referring to Art. 90, the etlieioiu»y 
V-tlireadad screw is found to bo 


tan(« 4- 1-1*1 <p) 


(y •thremied $ereii* K 


and for a V-threaded bolt and tint. 


tan( (« 4“ 2.04 <f>) 


(y-threaded holi mtd nut). 


The following table gives approxinmtt*. values of Uie ellieiimeieH 
of screws for various inclinaitions or pit(‘lu*s. 


lN(!I.lNATt<>N OKTuUKAI), (t 

eiTt'lt \ 

( I an ft »- ) 

\ IT Imam./ 

F.Ki ti i» N 4 V IN Prn <’t 
lN«‘l.riUN«i Niff ANM Wahukm. 

'riirtwl 1 

Nf /l—.lf* 

»*n 'rimtmr .v>i 

V 'rUri’iHl 

2 ‘* 

n 


H 


14 


12 

40 

17 


in 

50 

21 


20 

10 “ 

as 


20 

20 " ; 

4 H 


■■12 


Toothed Gearing. The (dlieionej of gears depends on tin’ ruiislt 
and form of teeth, lul)rication, etc. I'he following lunpirieid 
formulas are due to (loodman, and are very elosely ajiprtociitiiite. 
For one pair of maelnne-eut toothed gears, inclutling the frie- 
tion of tlie axle, 

e. « rph «« per cent, 

where n is the number of teeth in the Hinaller whcitiL 
For rough, unlinislied gears 

e MB ^99 — par cent. 


For a train of geam, the enieieney id the whole train is rijUid. in 
the product of the ofticieneies of the severiil pairs. 
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'I'lu! folluwinsf taOlf i,nv.'H HjtjiniximiUi' vhIiu-h .»!' the iitci-lmn- 
irul (‘ilii'ifiii'ii'M "i' varitiu.s mai'liinf aiitl juiiui' iukvitn. 




i rri. 

l*-‘o % S«» Tfeil I 


Piitllo) hiiH’k t»l ?i 


t%vi» | 4 ii jpiiitu 

. , 

diflVivulistl . 



Slmifti 

»lmll«riiiry ulriiitt , 

liytiriiiilb %tni4lii.^?4 . . . , 

ll jilrttiili*" 

Cl'rpri^lii»t wilier %liwl 
P«*iir#»lf 4 . wftlfr , . . 

miilrr wiitvl , . . . 

ffiiii r’ligiit#* 

Hli^iiiti iiirblii*' Willy , , 

liirliiiip iiiul 

ilyiiwfiti **r 

14 iiVi’llit^ crsiii«^»i . 


mi ii/i 

rllir|i-*||t-y nitn 

HI !lT 
IlMI 
;.ft* III 
all 7il 
Hi I Til 
HI I !iii 

«l:* 7 a 

till ..Mil 

mi 
7*1 mi 
:iii III 
liW Hii 
fo* • » a 

7 a 

7 a -n!* 

H#l 

in 

nil 

!«i m 

.lu :i«f 


S 3 * EttIMiii Frlclfta* - A whmA riirriiii^^ ImhiI wi. 

jn^riftiiwii III tiitiiitiii* iltii-* in ihi>» irrij||iilii.riii»*«% m ili4li»i!- 

Ittili i*f ilip Riirfitrp Hvmr witirli ii r*»Ik, liii«i r**lliti|.f rr^Hijiurr^ 
ill rtiitrli ijmii i'liritmi iiKitilil 

Im fpf ftip Itiiiti* Aitif frii?iir»it iil.«ri |ii« a44r*t in t!w 

rii!liii|{ ipiiiiitiiiiris iilllimigli il in iwiisilty- niiiitll in i'*iiiiji4tii^iiii iiiili 
lit# Ifillpr* 

Wliitfi II wIipp! m III tmU l-lw rwiiplimt *tf llip luntiisKf 

liTOiigli til# ppiilpr iif tiin «..itlp iiipI itif^ mni.pi «f Iti# 

W^el Wltll ill# gr*«rt|llll. hn ^mtl lin llir wlirrl \nrintm If# 

liiiwtttr, Itit ml# |ir#iintiris lAngpiit. in ilip InriiMii r,t**|p 
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drawn for the axle, as indicated in Fig. 176. Ilia vertifa! etna- 
ponent of the reaction is equal to the load on the whotd IF, iiial 
the horizontal component is the axle 
friction. Calling this horizontal com- 
ponent J/, we have 

nr 

it ' 

Since If is inversely proportional to 
the radius of the wheel ii, the advan- 
tage obtained by using large wheels is 
obvious. Also, if the whcids of a truck ari^ not all of the same 
size, it is evident that most of the load should bc^ carried over the 
larger wheels. 

Consider next the rolling rcmistance lM)tween whecd and road** 
bed. When a wheel rolls on yielding material, it forms a rut. 

If the roadbed is inelastic, us in 
the case of dirt and maca<tam 
roads, this rut remains after the 
wheel has passtuL If the roinl- 
way is compoHcd of an elastic 
material like wood, uspluilt, or 
steel rails, the mattu'ial is iumt- 
prassed in front tif tln^ wherl, 
hut regains its form tmu’e er 
less completely after the wheel 
has passed, so tliat no rut k 
formed. In either ease the resistance i'.xperiem^iHl is lajiiiviiltiiit 
to constantly mounting an obstacle in fnmt af the wlietd. Let // 
denote the horizontal pull necessary to ovenuuim this rcHtHtaiin-, 
and W the load on tim wlieeL Tlmn taking monnuitH ahutii 4, 



7T7r7jr:..,i 


FitJ. ITT 


Fig. 177, 




or, nogleoting h in coinparison with /i, 

IVh 

Mom — appntxijniiUily, 

This fortmila is only approx inuito at iawt, Hino.n it JiHHiuai-H that 
the resultant reaction of thowlioel and the ground piwwH t hi . .ugh 
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A, whtTcnis, ill furl, if ftiruui^h th«’ vvni^*r of i^mvity of tlui 

t‘oin[in‘ssi*<l art*<i /I I lio inouiujilotriioMs ot tlio diitu on thig 
li(»\vovo!\ «loi‘s imt %VHrnuit tliv Om-ivutioit of n liniro ri|(- 
orouH fonuulu at |»roHont. 

i4 0»r iiHi’ in thin forinitlii havo- la^on «nii|iirifiillv 
itt*t.ormiiit*-«t iiH fr»llinv:s: 


'I *'*■**’■* ‘* ■», in 

Ir4i),|| i»r nirri wlirrlHMlI iO»H *»r »a*‘r| » Oi|*‘ lt|;, 

Irpii 4*r n!i*''r| \;%||rr|’-* t»i} . . . , . . , . .Ilf| , |n 

»,»r wlir*’l«4 Mil . , . . , .tii* -jy 

Irmi uf wh«’r|’4 «jii , ■ . . . ii.im rii,!io 

f urn *»ii ftnul Mf . . . , , , ,ir,» 

riiMii’i' III*'-* Mil . , , . . . ji| 

l*iiriliiiiitii' tiO'H 11 } , ji| Jill 

Holiil rtiliiwr m imol jil* .j| 


Mnriii tlm valno t»f $ f*»r Wiii^oinn on joift f4oil n** 
liiifl nil liiiril riiaik iih .*>2 in. Ho aUii foiiinl t,liiii mi tianl^ 4ry 
willi wiii.n4« 44 in. frmit mnl A4 in, r*^«ir» rtinl oiltior !|4ii. 
or 34ii. iiri% lliiil ilio triiriion 114 lit, '^-T. fin wimhI 14o«*k 
liilVilitiiflit llin inirlsmi W'lili l|*iiu iirr« wm 2H lli. r|*.^ uml 
llim M tin '1*. 

Aiietinliiig In llnknrnf imln frirtimt vario« frmti J'l|2 to JI2 of 
tliis Ifiiiil ftir liilirn’iitiom I4'*r oriiinury Atiirtritjin «'iirrnt||**ii 
llip Iriirlioii iiiwU'Wiry In tivoroosiiP fririnni i?* frnin II in 

^l| 111. / Hint fur oriliiiiiry {mm 4| in 4| lln 1\ Tlni 

toliil Iriii'limi rill iii«iniii!iiiii mmlm for wlioitk fiW m, m tiinimiiiff 
mailt fmiinl i«i k.* ftl lln/1". j for *WI in, sii 

ill III* fl\i 1111*1 for wIippIh ill ill. ill iliainnljfri III lln /T. 

R§^ ifii 8ttt Priclitn. ~ C %nt»i4pr n rtf|«* t»r }i«4l jiinuiifil 
iirniiiiti It Ikrtl ryllii4rin#ll Inulyx mmU ii^ n ptml or lr«‘n Iriiiik. 
I 41 I tliP I'liil! nil ifiti niittn Ini 4init*tPil tiy #*| iiit4 f\ tFi«. 17M). 

riliii llsti firpliimii m It* 4pt#ritiifiii tiow iinirli nnnit r%pivii F| 
litfo» Itin liiittliiif frioli*»ii m rini«li«wl iiinl 

♦ Wii i |« ritiM |l»r frii', 

iltiiiA* ^wrnMm, ill. ^kmp it 1 % iw iir-fr-c 

I f if, %iti, M^mU II, iw«. 
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Draw any two consecutive radii OA and OIL 1 Inui it t!ie 
tension at any point A is denoted l)y tlie itnwi^^n at a 
neighboring point will be F'^db\ Now let a tortai triangle 
be formed on the three fore(‘s 
I\ F-\-dIL and the reaction Ji, 
the latter being tangent to the 
friction circle drawn abo\it 0, 
i.e. It forms an angle ^ with 
the normal iV". Expressing 
dd in circular measure, wt^ 
have from the force triangle, 

.i\r=: Fd0, Hence tlui friction 
dF on the segment A B luutomes 

dF^xVfj^^^ fjiFU). 

Writing this cxpresHiou in the form 




and integrating ovov tln^ tmtirc^ arc of contact 0, we have 



whonc.c) Uif', « //,&■ 

KxproHHiiig’ tiiiH in Uu'inH of tint invoms, or oxjunnintiiil, 
thi« relation may uIho ho vvritUin 

TIhh formula oan ho changod to a form moro (amvoniotti for 
computation hy changing from thti Napierian to the coniinon mv.h- 
tom of logarithma, and writing 2 ira, wlmrt' n in t he munhor of 
laps which tho holt, or rojas, makes around the iiylinihT. Making 
these substitutions, wo have logjni^a - Iog,„^\ *= . UMJl ft. ■at wn, or 

logj^Fa = log,„^', + ‘i.T'iHH 

This formula may also Isi used for tsahudating tin’ I'ririion of 
holts on pulleys. In order that tlie belt shall not slip on tlm 
pulley, cannot exceed the value given by the above formula. 
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20 t) 

llui (liflVreiUH* hHwvim F.j ami t.H, thfia thi^ driving fiiri’iuirtiiig 
on !hr i’irrumtVrtna’n nl tin* juillrv. 

Thtna^ nrv alsi» in gnninrul xm* taU!«*H and nitijiirlral fiiriiiiilnH 
giving tlm apjirnxinuitn traiiHndtting jnnvnr ut i 4 iiiglt' miij tltnihln 
Inat'lmr hasnd vni atinid ri^HidtH iditaifird in praiiinu! iijinni- 

tion. It liaH tliUH bvvii fitiiiid tliat tinder av^ragi^ vuiidititiii.H it 
singlv Ivatlmr Imit rnniiiiig ut titHi ft./ min. ttil! immtmi I In p. Pn- 
vnvh iimli uf widlln aiiid lliiit a dtuiltlp linithnr Indf rtiiiiiiiig 4110 
ft./iniii. will ad^t» Iriiiifitfut 1 Inp, prr iimfi i.»f witifln viditvi 

Innug t»n IHti" arn nf rtnilati.» Krunt rnaiittM tliv fullnw- 

iiig tniipirit-al fttriiiuhi f*»r valvuliiting iln^ linrMnptiwnr lr#ini4fiu|.tod 
iiiia lwi»n dtHltivtnl : 

h.,.. - ^ . 

ir ■• -.■p wii'ilh «d" ladt in iiirlmH* 

I* ■ Hpriat ill 

I* . ' rinpirira! r«-*nHtiint» iim givim lwd*»w. 


!«►*'»»< »*9 r*R |'¥ I' 



V . .. ' 1*1 



. . ^ ;!! 

II T 

«it»ilt4w . . . . 


aa: 

HliiiiilirtI . . . ■ 

, . ' iia 

! mu 

Hifpp pi>^ , . . . 

l:* 

l*TJ 


Ttili littilit til twiHn'd mt IHII” iirr id Wiiini llm iirn i*f 

mmluH- in limn 1^11% t|ii» pnwnr nf Ifidl in iv* 

dtnmti* iiiiil vmim wxlh liman? *4 iw^liuwii t»i» iln* 

mgm ill lliv fi 41 *fwiiig tnliltii 
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To illustrate tlics use of the formula and tables, let it lut naiuired 
to determiuo how many horsepower can be transmitted by a 7-in. 
light double leather belt on a 48-in. pulley at 800 r. p. m. with 

an arc of contact of 150®. 

Here the speed in ft. /min. is t; = 4 tt EOO, Ilenca, 
h. p. for 180® lap = I =a (>Jh8. 

Reducing this value to 150® arc of contact by multiplying by 
91 per cent as given ai)ove, wo have linally 

h. p. for 150® lap =« (>8.8 x .91 » 57.6, 

The centrifugal force devtdoptul l)y a ladt ruiuung at high Hpeatl 
materially increases its tension. For the low HpiHMln wliich ordi« 
narily ocjcur this addition to the tension is negligible, but for vv-ty 
high speeds it must he takim into a(H‘.ount, 

Thus, for a speed of a mile a minute, the centrifugal fona* 
developed adds about 100 percent to the tension. The methi»d 
of taking this into acconnt is explained in the following paragraph 
on rc)j)e drives. 

Rope Drives. In rope drives the friction is increased by using 
a grooved pulley with a groove smaller than the ropts as shtiwu 
in Fig. 179, so that the rope cannot bottom 
in the groove. Tlie normal pressure is thereby 

'1 

increased in the ratio — — ^,and eonsequently 
sin 2 

the fricition is also iru‘.reased in the samcj ratio. 

The angle 0 is usually about 45®, for which 

--l»^=s2.6. The friction may then Ih> (u>iti- 

sm 2 

puted as for an ordinary belt by simply using 2Ji /u. for the coctli- 
cient of friction instead of ft. 

For a rope on a cast-iron sheave, .8, and hitncc ,7h. 

(Jonscciuently, for a hip of 180® we have Bsaw amt - lljl, 
whence 
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Thi^ wi>rkin.i 4 * Hiivui^ih in }H»unt!s fur hnnp rii|ir nun !»i^ 
lIKI if\ wht*ri* d is tht* diainutm' uf thv rupr in whirh in 

<5cjnivnlinil fn a fai’tur of siitVt^ uf atH»ut HO. 

hum*|Hnvi‘r f rausnultisl by a ruj«’ »lrivn 

h. p. 

wli.T,- ». is t!»0 in fi. mill. H,*n.'.-. sulwtitnfinst tl,„ 


\'a!t|u,H iii tliiH fiiniillliO liiinirlVv 

h.J 


•j I'i't «/a j|,„j 




.Pv 

t»*.» 


wiu'nt 


a (hiuni'lm- itf in mrJnw, 

I' ...» sjim ii in ft. inin. 


fn tim nf a ..r l.rU ihivo rnnnin),' al iuifli tlio 

nffin-livc ti<nsu.n im ilunuii-.li.-.i hv tli.- .■•mtntiii'al f..i. i<. Thu {rtui- 
cFiil US pri’wiun fov uunU tiiii'al fini'u is 


whuru in tliwunMu t’mav !«’ u..n<ml. iu.l i»« « nnlnil prusHun- hutwuttn 
tliM rnjiu i.r Jwli «ni| juiU. v j.. r .,f iuiiKnh. Hi n. u ,f /• ,jui„itu« 
thii tuiwimi m Ihu r..j»u ..r U-li m-,-, ssary u> u,ju,hl„.,f„ thn. Fiiiiittl 
jii'UHnttru, ivu hiivu 

<‘p. 


whun» /I iluimtun thu aittmui.-r ..r Uh- j.iill. y. ('.miuniiuntly the 

iiioilrifii^#il immm t* 



ert-i/i 


cifi iitiimi t Mm 14 tliii 


wimm 



II* m wingtii «f mm fwil «f r*ij»« m bill, 

t* » III fl. 


ii » S«» *J f I * /ifci,tr , 
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For a rope drive it haa been found by exi)erinu>nt that tin* ad- 
hesion of tile rope to the alieave is aullieient to prevent slippage 
when the initial lenaion on the driving aide is twieo that on the 
slack side; that is, if 1’ denotes the eflt'ectivo tension, namely. 


A'= F., 




when the adlu'sive tension is S F. (kinaiainently the total eflet;- 
tive tension becomes 

F= F.^- T-S F, 

or, F=l(F.y-T). 

Since h. I.. 

‘ dot) ’ 


wo have tluM'd'ore 


h.p. 






F^ssmaxiiniim allowable tauHioii. 

For a couHtani ttoinion tlm power tranHmitUHl in «na<tootlv 
dircuitly proportional to tho npood, whorenw tho otnitrifni^al 
(lt3creaH0H tho olTottlivo toimiou in proportion to thu H(|naro of ilo' 
Hpood. Hiort* is a Hpotal tlioroforo at wlu(‘li tht* jHiwor tnuiKiniiltal 
18 a niaxunum, and niu^h that an iinu’oaHii in npood boyinnl ililn 
valuer in acoouipaniinl l)y a doo.roaBo in powtn*. ThiH m ItlnHiriiii^l 
by tlu3 diagram in Ki^. IHO, tho data from whioh tbo iliiiKraitt \vm 
plott(3d boing givon in tlm following tablo. 

lluH table wiiB caloulatnd from thn formula for horHoprnvin’ jtiHi 
dorived^ taking for thn valuoH of t-hi» oouHtantH tlm iiunt«ririit 
values in actual eonmnuHnal use ; nanndy, 

Wiiiglit par fot)t w ^ 

Inamking strength » 7<H)U ti\ 

^ i it II t 

maximum allowable tenaion »■ F, m ' '' 

■* ltd 
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PROBLEMS 

284. What size of double bolt will bo miuirod to trunHiiiit apj'roxiiiisit.dy 
280 h. ]>. with a flywha(d U) ft. in <liaiuoti'r ruuniiig at 120 r. jt. m.. 

ing t\n\ arc of contacti to bo IHir? 

285. A pullov 5 ft in diamottT transniitH 25 li. p. at MCi r. p. itt.* tlif’ lii|* 
being loO'^ and tiio coofficiont of friction .2. Kind the touHioti in tlio bidt. 

Hint. — Lot 7’i and denote the tonKioim in tin* two hUIoh of the Iwdt. Tiioti 
from the b. p. tranHmitt(‘d, the hizo of the pulley and the npeetl, we may tlml 7*t — 

To. Likewise from the lap and the eoetheieut of friction W(* may flml Hoh iftg 
tlu^se two eipiations Himultan(‘ouHly, Ti and To an* obtained. 

286. 30 h. p. is btdng transmitted by a belt rimning at ItHM) ft, /min. 
AsHuming tln^ maximum working stress in the ladt as 330 Ib./in.'*^, how wiihi 
must it be if it is | in. thick V 

287. A rojie drive carrying 20 ropes is M ft. in diannder ami traunmilH 500 

h. p. at 100 r. p. m. 'Fuking /4 .3 and the angh' of eontaet IHO , Ond th«* 

tensions on both sides of tin* pulley. 

288. A rop(' is wrapped three times arouml a ptmt ami mipports a weight of 
200 lbs. If tlni coedichmi of frietitm is ,3» find the least force necessiiry to 
raise the weight, ninl also tin' hirce rtspilred to just prevent it from slipping 
down. 

289. A cdiain is wrapped twice around an iron drum, ami a pull of 100 lb. 
just supports 50 T. Find the ctHdIlcieut of friction. 

290. A barrel of Hour weighitig llMl lb. is supjw)rt4*d by a ro|H' passing uvcr 
a round i>eam. How great a pull will it take to raise it and to lower it, the 
coefficient of friction being assuimui as .5 ? 

291. How many turns must \m taken around the drum of an tdi«trle im|i» 
Stan in order b.» ('Xert a pull of 2| T, on a loaded freight car if ii itmit eierti 
a pull of 100 lb. on the other end of tlm rope? Assume the mudieieiit of 
friction as .3, 

95. Rigidity of Ropes.™ No rope m porfesctly hut 

more or Ians rasbiamta to baudiug. 'PIuh raHintauea to liaiitliiig in 
greater the more sbarply the rope in bant ; that ih, the Huitillrr ila 
radius of curvature. lu the case of wire rope tliis reMisiiiiiett in. 
partly tdastic ; that is to say, the rope tends to straighten itself 
after being bent, so tlmt the work done in Imiuling it m not eii» 
tirely lost. For hemp rope, however, the rt^«istaiic*e is tdiiofly 
plastic, and the work done in bending it is lost in fricdion hetweni 
the fibers. 
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I f ^ = 1, tlien 
tackle is 


Hence the efficiency the entire 

^ c — i f 1 ^ ^ 

^ nF '^n{e—l) 


Since the flexibility of ropi^s decreaseB as their «i5(^*e hu*ri*aHeM, 
there is a limit to the size which can be ehicuimtly unetl for rtijiti 
driving. This maximum diameUu' is about 2 im For ordiuiiry 
rope drives, 1| in. rope is commonly used. I he diameter of the 
Bmallest pulley over whi(‘.h the rope passes must then be at leiiHi 411 
times the diameter of the rope.^ 


PROBLEMS 

292 . A rope 1 In, in diaiticU'r pasHos ()v<«r a hIu'iivc 2 ft. iti cliaintdt»r iirtdt^r a 
Uninion of SOU lb. What for<M‘ \h tioc.i’Hsary to ovi*rc‘omo tho HtiilnoHH of tho rtifw'*/ 

293 . How nnu'li lar|(tM’ wo\ilU tho shoavt^ havo to bo io rotluro fuivo 
nacoHHary t-o ov(‘r(U)ni(^ tli<^ rigidity td tho rojMi in tln^ prcManling problmi i»y 
50 per <i(*nt V 

294 . A ta<‘klo of twt) blookn, (*ju’h containing throe slnnivoM H in, in diiutn'» 
tcsr, han a |“itn ropo running through it. What pull will Im» nupiirod to riitw* a 
weight of one tcni? 

96. Anthfriction Wheels. — A device for reducing axle friction 
consists in mounting the axle on antifrictiem wheels, as slmwn in 

* Ropes used for ptwer trauHinisslon are made of tiherstd aeleennl hemp, Ualhtii 
hemp being Htrongtu* tluin Uassian hemp. 

A yarn in a tiUer lakl left handeti, and a strand eonnists of yartw laid left 
A hawser luw tliree strands laid right handed, and a eahle eimslHts of three 
laid left handed. 

d'o keep rtipt'H In a flexible eemdition the best <lri*Hsing is castor oik Fi*r new 
cotton uipes tallow and wax may Im* uscsl. 

'riu^ appremimate wt^lghta tif ropes in terms td tludr «Uam*’ter« arc as fi»l!i«w>4 ^ 


Kwa er U*ii*k 


\V>a»oo t> rs I's I'Mf.i 

«i I 

Manila ....... 

dry 


Manila 

wet or tarred , . . 

.12 

Hemp 

dry ...... 

.*iU d' 

Hemp .... . . 

wet or tamnl . , . 

.11 il' 
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■rnKum \M> j’in' ih'i; <»*• \iKt'!tv\ii s 
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Fi^. I^U witt*r*‘ .t iL -4 tit*’ .iit4 /I, /I |i,iir uf aiiii. 

frirliiiii \v!n‘fl,s* If ir lii'iiMti'H ili*^ hKi4 ,.ii i|p- 

I ! ]-,ili^*lliil l*'4 y* - 111 ! lf"ri*i i«,|| 

!ir ir 

1 llrlirr llp^ frir!y*li Mil ils,. 

.1 jj 

J I *4 iilitltri^-ti^»li mijn-! ih ** * ^ .|jp| 

*'l ., II’ |l 

/ ‘ • * '>: \ ..it l*.t}h J« ^ • !.••! /tM. Ijr.Ji' i|,r 

k J 1; 1. < j 

X, ' ■■■' %%lirri» 4ii4 r r.pliiH 

p ’ 4 4\l«% i'Fru ij||. ^|lti»vi‘ 

V^Ihi’ *»l tlir lri*-hM|| Mil I lilt 4 \||t Ilf' ||||. 
iilllllrirliMii |%lir-'r] !*» |||,r h|* ||||, 

tllilt 1^4* III ilifi Htirhp'r o|' liiM :.|%l.r J, II «i- }ii|| 

|4llV 

// ti 


I **l» ill. ills 4%4 


!f rniiiHii,i.f m an Mfslisstiri |*l.siii I«mi *! ^ ft i.iisiiyil 

ri^l4i,i||itliw W'»|I|||| ir, lip-. 44 i ;il||,i|lf»’ *»l 4 j»4|r 

Ilf iiiitifrirliiiii mlirrlss r-%|*M'v«*4 In iFii : 

0 H r f 

ii *■***♦ 


Tlii« iwiini fitliiii yf # 1*1 * 4 r\ in i%'hi«-h 

0 m , 

r 

iviiir*li N 4I W411'# lli 4 ii iiiiil% . 

If* lillfr «tti iill ififlifi I"*-, i'r-' 4 »ii '0 till’ frit'iiMiiilt 

ilirr *if 4 |iliiiii b^iifiiiii* rnilifig- mm- urii.'iiilli ^lilnli*^ 

liil^tt fiir «liiliii|| irmtnm in nwrlitti*^' In ili** nw yf 

r«it!i*r iiii4 i«ll In n mllifiii hr.irmii* if ili*' in 

fiw util, m IP* mmr m tu a liiil itr* 

ulrtlrliiiii nmir^ h\ ppwliilig ut tli«? tiiirFir-«.t^ III ii*-|t|,il r«iiil 4 rt. 

Fmiii l♦%|«frliilr||t# nil rnllrr iIIpI linl! liia*!#- In Fn 4 »^«Mfir 

Ilf I ipriii<iti%% It Iptf-rii ftjtiii 4 iliiit ilii’* fmiiMii.il rr#i 4 i* 

iliirp m triiiit fur till rtillifiif jwnlrrt!^ iliii «, ifniitif 

livn jmiiii# Ilf I IP.! filial tig llip iiiiinlw-r **f ^4 r*iin 
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tact to three or four produced a hi^luu* frictioiml with’ 

out materially iucreasiu<j^ the carryini^ caipacity. Siurt» fiiilurr 
occurs by crushing', it was found desirable, hovvt^vcr, to curve thi* 
race, as this resulted in a large iucrtnisc* in (tarrying capmdty with 
a very slight increase in frictional resistuiu^c. It is cniHtoiiiiirv in 
make the transverse radius of the cups, or ball races, from 1| to I | 
the radius of tlu^ balls. 


K 




Wm. m 


Th(5 size of ball to be used in any given casci is clctfumiincd bv 
the load and the c.rushing strengtli uf tlie balls. Hie streiigth 
of the balls depends of eourm^ on tlie materiid and niethod t»f 
manufacture. It has Imen found by experimmit that the i’rtinhiitg 
load L in pounds for one ball is givmi approximatidy In llii^ 
formula 

L ^ H2,40t) M 

where T> denotes the diameter of the ball in intdmH. T\u* nitfe 
load to be used in designing may be obtained by flitddiitg the 
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criusliing load L givtui by this fonnula by a factor of naftdy. vary- 
ing from 120 for speeds not exceeding 50 r. p. in. to 77*5 fm* spcnnlH 
of 2000 r. p. m. 

In a thrust ball bearing, one type of which is shown in Fig. 
182, the load on each ball is the total load divided by tlic nnniber 
of balls. In a journal bearing the balls dirtndly under tln^ h»iid 
are most heavily loaded. Professor Slreibcttk having found thiit 
about one fifth of the balls carry practictally all the load* llie 
heaviest load P on any one ball is thus given by the formula 



where W denotes the total load on tln^ bearing and N the niuuher 
of lialls. Convei’sely, if P dtmott^s the load for one ball tlie 
safe working load M7 for the bearing is given by 



Professor Spooner of London, England, has found that the 
actual working load on a ball bearing varies inverstdy as tint 
square root of tlie product of speed and load. almv found that 
a pra(*tical rule for proportioning the load for dilteiHUit speeds is 
to decrease the load itiversely as the cube of tln^ speed. 

In Fig. lHt1 a type of ball bearing is shown designed for the 
maiii l)earingH of passenger ears in railway service. The inner 
bearing here shown is so designed as to take up tlie end thrust. 
In gcmu’al, the thrust cajamity of Inairings of this type is iibont 
one (piarter of their radial oapaeity for Hglit and inetUuin loads, 
and cme tenth of tlioir radial taquicity for heavy loatls. 

When bearings of this type are suhjet’ted to shoc.ks, m in rail* 
way service, they sliould be desigmsl from 2 to 2| times Hironger 
than for unifortn loads. 

The following t'xainpb tho inia.hmlof iktertulning nf 

requirod for oight-whmdtHl oarn ; 

Woight of oar wlihotii piiminigerH ll«, 

Weight of paswongers, ear rrowdod, ir>e Ih. K SO ....... llfjMio lit. 

Weight of tmr ertiwtlfsl »»h, |i»i ||i, 





If 


I il\I-* 

i 

1Al.a ^ 


.4»«t ih 

|U, 

IliM IL. 
lb 




.,-u j.MHIIsll^ ■ . ■ 

i«i lb |«n bs'jlti 


n::im ii», 

III. 


;\|4% :is4iiUi ,*.|'**‘*’*t *4 sn, |* h-, mC ’j/jri 

-u r.biiu; b**'« a***^** * ;* ;f^'* * 1^31 lb 

■’riii’^ <lifiir»ii'HiHii^4 iif th»^ lirsinnij t*» t»»‘ n^i*4 ^%iiti ilii'» !»*iii| iti*|«iiil 
fHiPitnvlyil Mil tli*’* ^rt«niin|. F«»r lli«^ •%r|i4r4li»4 li.ill ti|n\ l!it» 

iiiiln^lHir»ii?^ Wriiil*l hi* m»ji|M\|iiiitU4v ,%h {t4hn\ : 

lliiiv^iii.; iiiilHiilr ilbiiii*4i4-‘ T,| hi,; %%uUh 1| ui.; tli4iiii4.prilf 
lyilN 1 1\ ill. 

Wliiii lb» I'rliiiiiiiiLf 1'^ u^r«l, lli«* li4liH inn^^l till llm 

riiri^ f»»r 4 I■!r.|r4|p'*’ *»f *b*>*.lt hi. lnAwnHi iv»irll jniif. 

'■’|'‘*4 itiHt'‘rtiuiii.^ mC tlii< liiill 

I f I 1 I rMiii^iili^r 

^ ; j 141*1 il*l|4*'r|ll illlll rniiiirii 

^ \ lh*nr #4 *lii 4 I luil M 

*4i ill*’' liiH^ m lli»nr |i*»iiil ti{ 
{44 4r||»:,i|*'* tliiM’li|||*r 

\ y« X „ .4 ili*^ jjiiiiiHil iiii4 « l}i*^ itli^lt^ 

III ' A I'*** h'l 4iHpil*^ tll0 

iiPitHil i44iti-% **f llip' lyill |- llip 
irf I Hjlill m, |» 4lit| H 

f$ lii*livi*% *4 lip** tyili rtfvliii 


Akilf mm%^ mr li Imll mthum^y mi mi^y « m »ii iIp* i?0iii«*-t . if A* 4 riiriii» 
flip tiiifttb*r i 4 l»iill% *4 ^ ^ ;|i»ir% 

imi ' 

iir « ^ ■ 

A 

itll»tillil4llf fill# Viiltip «f « HI t|pt f*ir r 4ii4 fMiltlltf 

iiti l!ip rmliiw itf lli*^ Ij<» 1I rif»’|p fniiiitl tti 


/I r 
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For heavy service a roller bearing is fretiueutlj iiHcd instead of 
a ball bearing, as it offers a considerably greater resistaiica' in 
crushing for a bearing of the same size and weight. One tyi»e of 
roller l)caring is shown in Fig. IHf). The (U)nit»al sliape of this 
ty])e of bearing not only permits of adjustment for wear, but also 
enables the bearing to take a certain amount of end thruHt in 
addition to the radial load. 

The coetticient of fricdion for roller bearings is very Hniall and 
can be made less than 0.008 by prop^u* design and lubritaition. 
The safe load w per inch of total effV(‘.tivt^ lengtli of roller, assum- 
ing that one third of the rollers support the load, may be taken as 

te(lb,/in. ) = 2t)00 //\ 


where /> dimotes tlu^ nu*.an dianudiu* of the rolhu* in incdies. For 
a shaft of givtm dianud.m*, tlu^ propiU* si'/a^ of thc^ rolhtrs and tht^ 
safe total load may bt^ (hOtuanimsl from tlu^ following empirical 


formulas: 


0 . 08 /^ + 




for sliaft diameters up to alanit 0 iii,, to the mairest siKteenth of 
an inch; and 

where /> = mean diameter (»f roller in inches, 

=s diameter of shaft, or bore of shuwe, in inches, 
c=s length of roller in inches, 

number of rolhu’s (not hms than d), 

Tr=! totid safe load in pounds, 

AS^s3 surface speed of couvex*-l)tairing surface or slenvii 
in ft./min. 


FROBtEMS 

295. A iWn. shaft is carried l»y a rtdler l)eariag with 20 hiiol 

half-itioli rrdlers, each 4| la. atai revolves at MO r. p, m. What iimtl ciiii 
it carry with safety 

296. A ball hearing supports a total load of MHO Ih„ and in fitt4nl with iwo 
sets of 20 half-iueh balls. Find iipproximat«dy tln^ inaxiimnn load on any oio' 
of thc^ ballH, and the, factor of mfety. 

297. Twenty-four J-iu. halls just fill a mu\ there ht»hig no eagi* and no 
clearance. Fiml the dlaiiiett?r of the einde of tht*ir eenf erH. 




mull w*‘^» 

ill fiicliuft Traiiiiiitiiteti* ■■ 

itiitef«% aii4 r-«»iniii«#iij% rnn4**) «'4 

tligi llip. iiiiilw^y till? %%%»* *4 

illfi^r fiirifw l«^ili^ In 4 p* Iri’lii 

iitl|iif tfi iufttirr ti4iiti%p ulir-irj^ iii 


TliKltliV \\l^ liiA<*TH'K <»F MKlilAXH‘K liit^i*. iv 
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case of friction trarisniission the uiitootlietl piU^h surfacu'.s of \lw 
mating wheels are employetl, positiveness of n^lativt^ inotiim Inniig 
either imdesirahle or non-esvseiitial. The driving ptnver of tin* 
wheels depends on the eoenicient of fricdion hetwetm thenn and 
hence their actual driving capacity be{‘omt^s a function of the 
ju'cssure with which they arc Indd in (U)ntae.t. 

It has been found that a paper driver mating witli an inm 
follower forms one of the best combinations for durability and 
driving power, d'he 
papier friction is always 
used as the driven* to 
prevent flat j)laces Ixnng 
worn in (ntlun* whetd in 
case of slippage, A pair 
of mittn* frictions is 
shown in Fig. 1S(). It 
has bcHni found by e\- 
perinunit that for papm* 
and iron fritdions tlu‘ 
most enic.ient working 
pressure isabtmt IdO lb, 
pen* ine‘h wielth of fae'es 
and that at this pre'SHurt^ 
a slippage of abejut 2 per 
cent e)cenirs whiles driv- 
ing loa.els corre‘Hi>onding te) a ceadlicient e)f friction ed* tl/i. rsing 
tliese^ cxpen’inunital nunu‘rical valuers, the power iraUHniitind in 
given by the ft^rnuda 



h. p. as 


loO 

12 X dntMM) ' 


whicdi rediu?es to 


h, p. M ,000228 wdn^ 

where widtli <d la(*a in inc’hcs ( Fig, 1H7), 

d a mean diameter in inches, 
w M number of revolutions pen* minute*. 

One of the chieif advantages of papm* anel irem fri-ctioiis in thiii 
they can l>e useel at much Idgher than arei praediinililc fur 





TitKuin \\I» Mt.uTiti*: iir 

t«ii»ili<’il I’m!' iiMii iiivarun^^ f| 

in llir inii'ii liiji’ i.N ,iiiii llii^ mmw h inir u( iliiini f|,, 

: ji 

'i\ 

nv.-s-,:A5i5,^> 

» ”• » •'•*•^- » i In-.n.Mu. 

i- !■ I.-.M-,... ,1 

Iw-; |l.r.%*-| 4lri| in^ll 

fur wui.il iiitil iruii t,.,,|lu..t ijuiUi., wliuxMH |,,.ih „},, M,.ik.il.lu with 

Iril’tiiiii t iiiii*isiiiH»iiuii,* 

Fur Hiiirtui}' .uui ?.t..(.|.iti!.' miu him-rv .jui. la^ w stl„.iii ji»r ur 
«}uHik, iimt wilhiiiii . h.uit'uis' alistuuii'iil ur j»«i* 4 iliun <4 amftin^. 





I’ 34, tm 

Itll* ittltl ilt.Mi i ff,,, (Hr .l. ut iu* i« ||„. r..||.- rltllrh, 

“»*•* * “* 'n.irl, 1 * „ 1 ,UW|, J*},,, 

with J.,ij*,.r ur l.-.iihur. ih.- hiit.-r !». »».(» hwI i., « . .in«ul,.r„hl,i w. 

* J!l»- f r.-tnit«t» (•Hr* ilin |t« 

i^i * !,»■«..» ,4 M «ti.t xi, uUiiixtlr. Uii.ilt. •ifriigltt ,4 ilM.OIIH jti /|M,»; 

|». I*. |r*f |«%*<||r«| gr^|:a ^ . 

w mhUh $4 f#rr it* Ifirlit-*#, 

I *4 Um, 

f’ III fl./itili, Hi |,||,,t, 

I » Itfif III «4 l^^flis |h 4«I I*:* |fi 
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tent in automobiles. For a paper cone the horHi*powi*r mav 
calculated by the formula given above. The half auglt^ of tin* 
cone must not be less than the angle of repose for the muteriiilH 
in contact, for if less tlian this amount, the cone will we<lge and 
require a reversed force to pull it out.^ For a (H)eOieient of fric- 
tion fjL = 0.15 the half angle of the cone is 6 = H.]‘^ f; for ^ == 0.20, 
6^==n|®, and for ^=0.25, ^=14^. An average of about ItP is used 
in practice, although sometimes an angle as large as 14" is useah 

The design of a (H)ne clutch is bas(al on the following analysis. 

In Fig. 181) let P denote the normal j)ressure on tlu^ fa(‘e of 
the clutcli, fM the coeflicient of friction, T the tonjue or moment 
which the clutch is tnuismitting, H 
the mean radius, and F the compres- 
sion in the spring holding the clutch 
in place. Tlum 

and P{jm cos $ + sin ^), 

or, by eliminating /^ 

T 




fJLlt 


(jM (‘OH $ 4- sin $). 



For leatlier on cast iron assume 
/4=s0.2f>, whicli corresponds to a 
half angle of 15®. For ctist iron on cast iron assume IT5, 
or 0 ss 10®. If // denotos tlie number of horscqiower being trims* 
initted at a speed of iV^ revolutions per minute, then 

^ttNT _ nr 34025 If 


if. 


or 


12 X 44000’ ' " N 

Hence from tlie first formula abovcs PfiH, we liave 
P 


Substituting ^ j 


T 04025 /f 

0.25 (leather on cast iroi'Oi this iHicomes 

p 2521 00 H 

^ '""NR 

^ 7 ram. Am, *Vcc. Mark, Enyr$.^ VcL IS. 


t tlillt Jt* lull #. 



224 


TIIKt'^liV A\l* VUM'VU'K uF AIKi’flWir's 


IV 


Siiw it* a* iltiit »t »*■'* til*’ uiJtii *»i liH’ iii iii**lir’^, p ijji-* allitwiililii 

jtri’A^ilirt* ill Ih./jil.", -2 ii ■ 4l4l|piiM‘ nl rllllrli, Ijmn 


i* ■ 


nr lin^ ViihiP mI |iih| 

\mvr: ii 

yt*^P ' 

tlir« ii^rkiinf r*44tn»ri lsiii%nnii hr*-pltli ;iiiil 

Tit .III «*% {*h rv»iii|*rn***si*»ii m fln^ h|i|'|||^ p. 

pillllillllt*' fjii- n*|U^ill#»l|-4 

T 

#* i I* «■*-»•» I" r^)» 

I# /i 

am! T ' ‘ ^ ‘ 


ill will* li 


•; 5"i • // 

I ■- k I 0 I ••Mil ft F 

1 n /* 


IllM*l'llll|4" II ^ <iii4 tk*- I# fl f|,|l7lj2| 

#il| If till^ 

„ 211.414 ft 

Xi* 

I Ifir Ilf tlii? Sll«*%l i'lllsHi’lil «4 nliitrlj |** I'jnil klli-tWli iW tins 

liiiilli|:iii» ilinl rillir'ii* It. *4 iflip-li m juti'* 

III kV.F r.«t 4iii| 

I Iii% Flat** lip#lr% Iii 
.;l|,f4ill%l ll«»* »iin«“li |lkll*’' 

wtlipll li ill luili liiii% 4 M| ill *|||ttilnil t|p‘ sir%»*.|p 4 riisii.* | 4 ,iir 

tim li llHlfnl ill l|.||iillifi| t||«^ m*r-«i|s«l «’i* If* lip* 
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clutch shown in Fig. IIH) there are four frictional surlitci's in 
contact when the clutch is in use. In automobile ccmstructiou iht' 
number of friction rings, or disks, used is very large, as many as 



Fi<i. •— Friction DLska 


70 fri(‘.tion surfac(‘s laung ust*d in tlu5 best (Outches. 'TIu^ o!)jet*t 
of using smth a large number of friction surfaces is t(» deert^ase 
the intemsity of the pressure, thus obtaining a cluttih that will 
not ‘Cseize,'’ but take hold gradually. 


PEOBLIM® 

298. A motor oom^ (Ouirh (loathor ou oast iron) traimmitH 20 h. f), nt OOO 
r. p. m., th(^ m(*an diatuotor of the clutch being 10 in. What «houhl hi^ (he 
strength of tln» spring, and wliat ts a suiUthh^ breadth for the leather Hurfaei% 
allowing a working pn^ssure of H Ih./in.^V 


Solution. 


24 nis« X 20 

000 X 10 


040 ll>. 


100427 X 20 
SmFk lOx 10 X H 


1.74 in., say l| In. 


299, A motor running at lOOO r. p. in. transmit 10 h. p. throngli a eniio 
cltttoh wlioso leather i« 2 in. in hreaiith, the working siretigth of the spring 
being 110 Ih. What should Iw.-^ the moan cUamider of the eluielt if the working 
pressure is not to exceed 7 Ih./in.’-^? 

300. In the pa|>er ami iron friction transmission shown in Fig. !S7, rjilrtt 
late the hoimi|>ower traiwmitted for the dimensions and .speed« shown in lim 
following tahkn 
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Itlitrliilli^ ilwnigfl llinl !«’ is».i 4 *^ liiliiii-jiiiiin, 

Till! lii'lltili t»f ii l*iltri»*iiJit K#*!. CmII v l»iii if i;»i 

lltsi lliii jiiirtbii^i «i llw’ tiil*r 4 »^*iiil. wrii" jitiiriii-iilly i!i*i miihht jmr- 

ini* m II l«ill 

I'lll* ii|iji*rl *4 ii||irii*4llt»l4 III 4»i Im ii filiii Ilf 

ilip liifiririiiil lli*^ Iw^irinil kiii 4 nf Inliri* 

mill Itt ilpj*riit|fi 1,111 ilit^ 1*111, s»f «prvi«'t% *4 lutirtim* 

lii*ll, illl 4 Ii'‘ll$j*rt 4 li||p »'»f lilP “liiP rtlilv iiiIp m 

tlllll ll|p fintlirr lliP liw lip*i%irr l|i»? Iti-litP'siiil t!i 4 l liill| 

\m mmh 

ll Iiii4 ln^t^it fiitiiitl Ilf wXj]»’fiiiiPiit fiisit tlip a !ir4riiig 

tiiki^« j4tirp liip film mf Mil 1 % iltinnp^i^ aii4 ili.ii iiip» 

ft! Ml* iir 4 f liip Iff HWilImt j«rp%%iirt*. It Itn.** lirrn fiiiiii 4 

iJlS-l if All lilt I|« 4 p llllllr-il it lliP jiMllil i 4 j#rr%%iir«^, flip 

trtl will ll#» fiitf’n! Mitt <if lliP ||t4«, s|f 4iilliii||' IIp’ Friiutii* iii%|r«i 4 
♦if fpwlitif it* fur «ir4iiiiif% hibijp^iiMii ili*- *»j| itIpAikl im 

fiii|i|iliift| III ilmf b^iirsiig ii,| m |wiiil W’lirrr ilipfr an htilr ««r un 
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The most efficient form of oil lubrication is the foretnl fetuh 
whereby a certain fixed amount of the oil is automatically sup- 
plied at regular intervals under pressure. In this way it is 
possible to maintain a constant film of oil of any desired tliic‘k- 
ness between tlie bearing surfaces. Forcuul lubriiuition may be 
said to be essential to such exacting conditions and higli speetls 
as found in the footstc}) bearings of verticnil steam turbines, 
and similar motors. With forced circulation of <ul a pressure 
of one ton per square inch on the pivot of a S-in. shaft has l)oen 
found workable.* 

100. Area of Bearings. — The safe working pressun^ on plain 
bearings dejxmds largely upon the tmnpiu’ature at winch they 
arc maintained and tlu'. viscosity of the lubricant used. If ilm 
temperature of the bewaring is raised Huffi(Ui‘ntly, the viwumity 
of the lubricant is so diHU’cased that it is scjmHJzed out. Wlum 
.this tak(^s phuu^ and the imd4il surfaium come in contact, they 
will in general appea.r to wtdd themselves togetluuy small piiHU's 
being torn out of both surfaces. This adhesion of the bearing 
surfaces is called seizing. The load at whieJi stuzing occurs d<v 
pends upon the material, fhiiHli, and tempm'aturt^ of ilm bearing 
surfaces, but (diiefly upon the viscosity of the lubricant. If tins 
can be maintained by cooling the bearings, they will st.iuid an 
enormous pressure without injury. (loodmau eites a In'iiring 
with pad luhricaticm tliat was kept running feu* weeks undm* a 
load of 2 T./in.^ at a surface speed of 2.10 ft. /min., the tem- 
perature being kept down to 110® F. by eireulating water thrmigli 
tlie axle. 

The first item to be observed in (b^signing bearings is pre* 
cision and stiffness of the loaded parts. Abnormal wear is frr» 
quently due to a misfit, or to springing of parts, whereby tht^ 
pressure is localized and becomes very intenw* over a Hiiiitll 

♦For detailed iafomiiitlori on luhrioatioii the following tvhmmvm may Iw oiiii'. 
iultcid ; 

Ik‘au(^ham|) I’ower, Pmr. hm. M, E. ((Jreat Britain), 

Oaborno Keynold«, Vhlh lM%m. 

John Goodman, Appltml U* Emjr,^ ('*ha|it 4 ?r 7. 

Hele-Shaw, (kmior Ltmimrm an Frietiun, 

W. F. M. (km, ‘‘ A Study In OriiphiteJ* Dixtm C^rmdhlo tX 
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;iri‘ii. F<»r th*’ *^|»ninTiui.f «»! 'tli.ui wii! r.uHi^ il 

oil »»! tilt'’ 4 |h| lifMiliin* r*i|i|*| u 'riii,»4 

liiiiv In* ttliviai.o«i ii.Hiin:' Hpiiorir.il ^n- Fall ■.uni 

Ill’ll Hllrh ♦I"* *ll‘0 llott' UH»n| flif lilifli .‘‘i|i|'r*«| lllljlltl'g 

iiinl I 

llio iiiiifi'ii.il to !»’■ lor ,% ili‘-j.*riiti^ n]»»ii ili«. i-iiii, 

Ifriii! of fill’ :H!uifl joiirii.iU tiio uiioiu^iu *4 |«ri’?ooirr-^ ilir Mjifiicl 
mill tlio liiliririiisl. I 2 i.hI iron !«’ Cmi* liiiMir-r.il'O jirit|4. 

4iio rliii’lly to il-*» j*or'i»*aH iUnl j«ni«’r wliirli 

tJm littiririiiil Im iiilhin'o to if. Wr»ni;.4*t ii'mii 4iii| mijil 

i4toi*I linn *iIho iit^ inri'F ^vlnio ntorl, i! w-rU ifriniinl, lulum 

riilnil, iiii«! rinflotl, tt'iil r.irry ^iii «“n»*riiiMn«4 jin-ouirr. XImi-o 
i|iiinill>% tinmnni', FiniriiiifH liro Ilnliliitlrd, or hirr«| \uili %nU, 
wliiln iiriiilti. 'riio *4 UHHiii ,1 h.4i malrtiiil in ily|| 

li llriw# tliiitor Hiiliii'iini! jnim^-nirr, 41*4 linn* 4rit tlir |»rpg» 

:t4tll*l* Wil«nt it |oil4:^» |o lifn*(i»|||*^ iori|hf**4. Io:»|' Ihi^j to.UiMll 
vin*y riir«4y rH-rntr?* m |l4l4Hii«H| 'hr4uirt!"». rio^ ir*4t-rri*il 

m'liily iim^ 4 for iir4iii;ir% iinn4nnr'i% Mr rniii itii'tiil, nn 

iillny of rrijiiwr iiinl tin in I Iso |no|*oilMH *jn j*4iri'‘» of riiji|ii^r 

III I tl i if fill, 41 io fuil'4ln'''Oi *4 iImi 4 l|o^' itir' tr'i%Mr^n mifli llir^ ijtlilln 
lil-V Ilf littf »« ilnit for %vi% r!t*"4i li*iii nf |||| 

llliiy ilinf«^il^«’?4 to ti pn '*»r o%4«n |*or roni, rMiivi’rtirlv 

ill ||fltl|||r0 14 irifii tmto}| f,*! tliM |.rrt li *4 14 lirrli 

itllljwtt'’li ill iliO iMli U.4 till m t o.;|/4r'4 fo H jn^f 

mnil, Tti»^ !iiii'4iio#i-.^ 4ii4 Im !■?♦ 4i-m»i 

hv iilinyiiiif iiil}i iilioiii 2 |«n- <-riit *4 j44f»ii|i|i**i'nfi| jn'M4tiriiig 

,ill 4il*n iiiottil *1# |.4in#j*liof in«»n#«n iiit4-» *4 nlfm 

ijMswl twnltitlf*^ if jirM%plo4 irillj oils* Ir4ll Oll*l 

|p|lilll# r#f*r rr#|tl|||'i»|ily Um^*l lot lutmi |m” 4J »iuyt *4 j*f«n 

j*f4lnr pimfl* III Aor-«*r44ii:Lj liifiu.im I’ltii* ciiitf 

Miiitipwinpl ii'ill »ii#t44n r.%4'rrsiiiii|' liinn ih. m4, iiliw 

jirm^ r<ijii4ly 4 t mm fiiiitili tlu% !«44 ; «-iii4 mill inn rnm 

tiiiiioiiisl) liipln Hi. .»i wlnoli h^ml l»r^nirr. ^trj/rii nn 

#tillillin l\iifiii*«*4 litr^ Im iiiUiuiii iiijfiri' 

llllilrf Mi|l|l| 111 . 

X* lilrllliii|i«*'4 *ilnn't% ilip iit'MriiiiLf |r*r twiiriiigi 

ti|»f*lt l!ii4f' iPliijpn -.itiirr, -40 tit« 

Iff liil:irsmli«iin 'Ii»p w^^tk 4 »*iii- liy lfir-ii*in w 
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largely converted into heat. Thus let 

W = total load on bearing, 
fx =: eoellicient of friction, 

surface J:Jpeed in ft. /min. 

N= number of rovolutioiiH jku- luinuto, 
d = diameter of bearinj^ in iuehoH, 

A = nominal or projected area of bearing Hurface in 
square inebes. 

Then tbo work done jic.r minute in ft. -lb. is yaTFA', and the heat, 
generated per minute in Hritisli thermal units is 


Heat generat<Hl = 


p. IKA'^ fJL. W-yrdN 
77H 12x77H 


H. t. u./min. 


Hence if r denotes the rate of itooUng of tlm bearing, or 
number of heat units e.oudiuited away per minuU^ tbo retiiiired 
nominal area of the bearing becomes 

12 X 778 r 

Ace.ording to (Joodman, the following may be assumed as average 
vahuis of ya and r. • 


Mr.Trr<t(» 
(»F Ltuttit* 
<‘ATtoN 

rcjurri 
; rtKNT «»b- 
FuirTln!¥ 

; M 

OK UltNNINH 

tti' 

riim 

llriO iSi|? 

Bath 


KxjnmHl m read air (rar axO'H* 

•1 t.o 7 

1 1.. 1..I 

Pad 

0.012 

Mimtw and Htathinary 

o.7:»t<» 1 

(i.;t ii. n.., 


0.020 

hi lied plata*H : 

' 

oj 

11,1 f.t (i.:i 


A<‘.cording to Thurston, the liability of a journal to In'atiiig is 
not affected by changing the diameter, but is dimini.sbeil by in- 


* (IfMMlmiyi, MtHimnka AppUttl tn Hnulm’rrinih 
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tliv. !tnii.,tfh. H** tUn^ timh thut t!n» jiru|itn* af a 

lH^iiriii|^ iiuiv tl«»t *'riiuuf*ii li^ ilu« foriiiulii» 


/ 


n\Y 


will*!*!* i%n i^riijiirioil I'oii^liiii! 4rt«^ritiiiiini \^y nnfl 

liiut }* in lln tn/^ 1*4 i|t%ini In 


Tlin liil*ln t»f I*! hii.*4 roinjutti^st tiv I'ltwin 

frmii l!n' »tf lli''#tiir)ntiii}» rMiim' : * 



%-i ft » a ; ■■ 

|.«fsri»j, in.t 



* ■ ■» »t » % f , .jfi 

*»ll , > . . . . 

1 1 


nil 

*1* i 


liiijv «iil , . , 

.X' 1 


filivii »liit lufii «ll . . . 



Mliwimi »4ii .... 


1 J imn 

Itefi#’’ nil hy . . 



inl fft*i wHli |hi4 , . 



I4l4tifitiitri' i<ii,^iiip inm -, 

Jiiil 


I*. S, Smy- . , . - 



... 


liiiliMlil 





Alter ifrititig at tlip mte Iw'-sirmn j#rr#%iirp Iti *♦ 11 *’^ nf liiit 
iritliitMla giftiii llw %li«.»til4 }»•* rr#itij%iri^»| tliii 

tiiliitti iififit III tlitf f«tki«tti|{ talilin wkhh iirt^ mmd 

Tli» rr^iilt iiiiif «4i**f‘k«»ii hy ''l‘iitir.f%i*^nX tnh% 

wllifli ililliii tllilt: f*fmiM^i mf »|#rr4 i» fi, ’ mm, 

md ll# prmmf* im lA, ;■ in,'® §hmi*t m-rrr 

* lffiwt»e mf F |:^ al*» lt«fl|i«ilt| 

.|^#lf#,* p, Wi, 

! i^|wii«i, |i.. 
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WotikINU' I’KFfS?* 
L»./In 8 


Crank pins 


stnall land (‘nj2^’uu\s 
inarinn nuginns . . 

faHl. laud <‘uginnH . 
slow laud (‘uginus . 
torp(‘d<) boutH . . 

. . . 

shearing machiiuis 
gas (‘suginas . . . 

( iiidgeon pins, gas tuigines . . . 

(JroHshoad neck journals . . . 

I pas.H(*ngcr 

Locomotives axle boxess 


j friuKhl. 
i tender 


Main crank shaft Ixnirings 


fr(‘ight Hteuinusrs , . 

passenger shsamers . 
ironclads . . , . 

stnall enusesrs . . . 

steam tiigH, f'tc. . . 


Flywheel shaft bearings 

Ecemtrie | Hlationary . . . 

[ marnns etigintsH , , . , 

LiuoHlmrtinK f «<<» n.HaUt..,* 

{ east-iron steps 

Fccentrio strajm 

r wrought-iron shaft cm gun nmtal Ht(*p 
I'ivote j cast-iron shaft on gun metal stc^p , . 

I wrought-iron shaft on lignum vibe 
Collar-thrust bearings for projwller shafts . . 

cast Iron on Babhitt metal . . . . 

c.ast iron on csist iron 

Stf«el or iron shaft on lignum vibe 

Fattens of link blocks , , , 

Pius of link blocks 


Slides 


4CKP-fjtM) 

HOO-4kMl 

Hmt-4000 

PitMbdStM) 

nmAim 
HCKt UHKl 
HCM) 2100 

urn 

200 

.100 4180 
200 225 
225 4100 
250 4i5{» 
150 400 
loo 550 
lot)' 250 
tIO 

70 140 
200 
50 

7t) Mo 
20t) 700 
200 45t) 
lOtMl-'^MOO 

50"^HO 

200- 'I(M) 

40-400 

ir»t) 

220 150 
550 UHlf) 
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101 . D’Akmbcrt’s Principle. In rhaj.i.i IJ, Ait. ;!S. it whh 

uliitwii tinil Ni'Wtiin *. l.uvM Ilf miiliMii iin* u» thu I'ljuatiuu 


f 




Tfii^ t}i«^ 4 vniiiiun 4 . 

Hllllwl ill it liitniii** iliill it *i |»iiiisrii' m! iiii|Ai »4 III t*i iirtiiit 

by lit! t'.tit’riiiil b»r»'*' ^ mil lif 

nii* 

iif tillrli III! m ■nali* 4 fv lli*' 

Kinr tliril fulfriiiil i* m l-n flm 

jiitrlirli?*, by lb**' r«‘- billon 








wliWft tli0 iirri’k^rfilinii \ til*’ III iiiiiMiiiii iiiiit ilim’liiiii iw 

lllim^in A*l*tsilg lliimr l%%M till! lull**,, Imii' P 

-f' -i* ; 


lliml ill t«i Hiiy, iliw |i#rlt«4i^ n hi tiiii|r>r i.ht^ piitrrtwii 

f«rrp# #* iifitl Till’ t* m riil!»A4 kliitic 

illii llti’^ iiir.iiui «*f t!iii ifiirlH'l*’, »ir IW 

rtipitiiitiri? Ill Ilf ltt*ili«iii. ts4«iliriii p 4 i* «!» tir 

Pm - i\ IP piiiijity itw *4 liiirtl litit, 

IIEIIlrl'l’* liiilt tl'l«^ kllirll*’ frlttltiitl ri|tial i'*|*|«r*f||*^ |«i ||||« illl* 

Iniw* b'r*sifi rf4atis'*ii #* ■ ly till’* kiiir^ir riW'iiitfi li 
tiflaii mllwl ilir rtf#rp^ eMmUm imte. 

By illlrin|tir-iii|| llii^ i 4 kiiirti*' m ifyiniiiiinil 

fircillittll W r«fttirii 4 in *»ih< in PtAlir.#, ’'tli.il m !*♦ mfi if ill iifiy 

tlyililltiillil lliw kili*4lr rp#r|i«*iiP itr*^ * r'4 Ii.fi *w 

wm 
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the external iixipressed forces, the problem can l )0 solved by apply- 
ing the ordinary conditions for static e<piilibrium. This impor- 
tant result is called d'Alemberf s Principle, and is usually isxpreHHcHl 
in the form 


A more general expression of (P Alembert’s Principle is obtaiiHul 
by resolving the impressed force F into compomnits X, F, 
parallel to a system of rectangular axes, and also resolving the 

acceleration ^ into components rnirallel to the 

dP ^ di:^ dt^ dt^ ^ 

same axes. ''Phen since the above relation holds for each pair of 

components sej^arately, we havt‘. the throe ridations 




dh’ 

dt- 


0, 


m 


iT\if 


0, 


iPz 

dt^ 


0. 


Now let Sh denote any small displacement of the ]>article, ami 
%, ^25 the n^ctangular (unnpouents of Then multiplying 
the three relations by Bx^ Sy, Bz^ respectively, and addings 

they may be comhiiuHl into one, namely, 


For a system of n partii‘/leH, this expression may b(§ applied to cac‘!i 
particle separately and their sum Uiken, in which case the general 
statcrmmt of crAlembert's Primnple beconuis 








In this general form the principle will he apidical in the next 
chapter ; as, for example, in deducing the law of the tamHervaliun 
of energy. 

The practical importance of the primuple, as mcnti<mtat ala»vt% 
consists in the fact that by introdmhng tlie kitn^tic rmidunm. a 
dynamical problem may be solved by simply applying tlic ('imtli 
lions of static ecfnilibrium, as illustraietl by tlm examplcH in this 
and the following articles. 
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301. A tJHiJi U». .Mi *■!,«% 4!«»r ttiiu-li -ifart'i f.i* f|i‘M|*|A|it| 

with ;iii “I* I H- ihr fsirviur*^ «if |ii‘4 fri*i, i^H f,|u, 

tllHir ttf t Ip’ rlsW^llM!'. 

Th«- 4s'S-iit^ in iln% flu* uf ilm Hum, lAfilh 

. n » as'*- ■ I 

Htt.ira, IMS m ^ ♦ -I, iirtiiii»- v«n1i« 

tiiliv ii|niiHsi, iiiiA Ih*’ r*u»»‘ls»*ii i*f llisi t‘id|» 

luu, ^4^*' I'riirlluli .r, lit*? *"i*||ii|llif*|| mI miu hrrii|y»?;i* 

|.*i* 

-I ^ *. I t'4<* %%hs''iu*s? $ I ^l| I III. 

302. A “t* mu m simi m* Isi* ^ tfrliig in n 

*4 *' It* %iiurii lh«? mI iIjm Hi 1*|||, 

II fit*? hu"IU4ii ttiM [% III, 

4u 4 tlsM JiiiiMiiiitu Im s 

Ih. Illul Ih*? ||Art|,,.|i Ilf Iliii |i|||||»y 
i-'i linv^An-frih IfiM I4 jm||msi 

iMi'4 I|m“ j|| i|i8. 'ilriijg, 

HmM, ||m»|' ‘I'lar- iti)|.i*-%w4 fiirt*« 
iiij 4 1 r*’!;i4'l 11IS5 'i 4 h*’ tfi llP’ftiil 

Ml this r-ii.ni'j 4?* M!4l4'''j|lr4 ||| tlfii 
liiMitw, r'»«ii?ii4tuirt|,* |k'?4. tipi 
■4,s -.1 ^ Ipilin, lliM |i'.|i'iiM|'| iii lli*-} 

4ttii.fl |i«i| iliim il Is ll*M ^mnr. in |..-4yi iiif«irli'.si4.® |,rA -.i 4«iii*b'. i|pi m^mh 

ftflllilllM I ll*’l| III** ii IlMRiiii'*- t*'. 4r l $oU i*AjK ■:} iJt * I|p» ||||, 

filfp'** i* 7 II* , fllll4 lll«* lf'|rlJ**U4l fsi'Si.si^iirw i% | ||i ilr.iM’ii 

till* r«iiiiill»*iM4 w|ii4ll*ri»i**i, T ^ '* * * .i »i, m |?| li 

»l 4| • 

T*i liii4 til** iu iim *nll***f ;iir^||-. |nr 

lii*^ iiii«iii*.i,* ill** iiiiipti'0 *: r;| If r iim 

III llip fttllllg* f* # « 17 1 7 * 1 , ^'lirnrti 't 4-1 Ih H|«rlkt|| ftir 

Itlil ^.illlllg Wriglll mm Umm T -- | * 17 i O, 'f 4 ’4 Ih 

|©i 4 lt«iii ^PluliKi^ ;w T,: In It*#ti-| tmml In fl« imt If u% 1*1 inlii, 

If ill# frl«ll«ii»:i In ^ Ik/T, mnl Il4« |*«ili III*? h 

4 hwmnmth'm m%.0fU m 4mm li#r irtili *4 A T *^si 4 

iltg I -, ii|i S I pnfil. II il'*** ifnmiitl 

fel III III,/ f *, iMltg iiAII II lull** 1#* #li4iii n >*4 ml ht 

li'^. fl*iw fir Will llm irmln l*ifw 

Til# fir 11*11 |«irtn #«f n m-rni^k ll» ##4 ilf»Ms « 

III Iff Ifwiil «-if ill# iit ii | I llr ♦trf» 

•n# ly liif^ ntmifi Mil |||» |f^|«4i|.. 



§102] 


KINETICS OF PARTICLES 


235 


306. A rope passes over a smooth pulley. A luau weighlug PIO Ih.hiuign nt 
one end of the rope and a weight of IBO lb. at the other. Find tin* uuiturni 
acceleration with which th(i man must pull himmdf up the rope in order U» just 
balance the weight at the otluu’ end. 

307. A man who can only lift 175 Ih. can lift a barrel of flour wtdghing 
19(1 11). from the floor of an elevator when it is descending with a certain 
acc(‘U‘ration. What is the accehu'ation ? 

308. Two weights IFj and IFa are counectrxl by a string passing over a 
smooth pulley. (Such an arrangcuiiont is calh^d an Atwood's machirie.) The 
whole apparatus is then placuul on an elevator which 
starts to deHC(‘ud with an acceleration a. Fi^ui the ten- 
sion in the string, 

309. In the preceding problem find the tension in 
th(^ string wlum the elevator starts to as<smd with the 
same acceleration. 

310. In an Atwood's machine one (uul of tin* string 
carriers a w(‘ight IKi and the, other end earritm a ptdley 
of weight IFa ovfu* which passtss another string, having 
weights IFjt and ICi at its ends. Find the tensions in 
botli strings (Fig. 195). 

NoTis. — The second i)ulh‘y In this problem has a motion similar to that In the 
preceding problmn. 



102. Centrifugal and Centripetal Force. — Wliau a lunly niovt^n 
in a curved piath, its motion at any iimtant in the name an if it wuh 
moving in acirclt! tangent to the path at tlic point in (jucHiion, and 
of radiiiH cuiual to the radiuH of curvature of the patli at thin point. 
If t; denoUm the Hpeed at any iuBtant, the actual motion can there- 
fore be repreHented by a uniform circular motion of apecid v, ^ 

It wan hIiowii in Art. 10, however, that for uniform circiiliir 
motion, the liody ia acKU^lerated toward the tumttu*, tlie amount of 

the accoloration boiug whoro r donotoH the rndiuH <if tlu' 

circle, or in case the patii ia not circular, itn radiuH of luirvaturt! at. 
the point in uvusHtion. Sy Newtiui’s law, the external foreo 
necessary to produce this aeceleratiou is 


sa m aa 

r yr 

This is called the centripetal force, since it is directed toward the 
center. By d’Alembert’s principle the kinetic niaetion /* which 
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iH|lHiii»nit t*H tins fMl'rr is 

P m 

r 

iuh! is rulhnl lUv ctnurifiigiil f«ra* ^luvv li avin in tht^ 
iliriHiioii !»'» tii«* Infi-t’ ; ili.it i,H» iiiviiy fri.*iii llir 

For if II at ibf^ oii4 tif i% Hlriii|# jutd 

itii'ii HWiiiii: ill H inrrli% itio pnll »»f iho ^ 1 . 1114 .^ oii tln^ nimw k ralliHl 
ih*’ t‘oiiiriiiriiil faiTin iiimI tho oqiui! iiiiil Mlritig 

till iltf’ IihikK tho rriiinfui^tl foivo. Ai'iiuu it 11 tniiii k rmiiiiling 
II rurvi% l!i«^ j*ri»:ii.< 4 urr fit ilio inilor r^it iii^ 4 iio 4 i iln^ of iIh* 

wliool'H k tlio i*riilri|*ot*iS lori’i% whilo iIp’ o*|ii4il luiil jnw- 

nnm of ilio wlo*i4 ii|.^tisiHt i!i«' MtUor mil m ilir I'oiitrifiiKiil 

Ill 111 *’ jthiiioiiiry 111**1 ii*ii iiroutui iho miih* tin* iif.triir* 

tioii o^nrtinl Fy itir Him on 11 j*l*iiiri h tho os^iilri|ir|«iI ftmH% iiiitl 
tlif^ ii.|lriirtitiri hy itio |»hiii*^i on tin’ mm i.H tlm cinilrifitgid 

frimn 

mmum^ 

311' A wlp’rl m I**** ? i* i« 4 «f«nglit *»! All*. f4AtP*iP*l In i|. 

m :| fi„ Irntii ?ni4 »l V II*. -41 Uio Innii Him firnl iin4 2 

ft* Iriifii ilip #%!». I**ii**l iti*"* itii 

a t*‘ Its*'- %%hr-<*| ir* llil-’i r«n4lrifH.|54l 1**1*’*'? 

312, 4 m4i4 4i«l r*-»n;i fl%' -a lira-y 2 m. 4ii*l *1 It in 4iaiii**lt*r i»i ll..| 

lilt wilt tif Fiipi tin* «***i%%a*'*l |*hII s^%«nn'4 **11 tli*' tlialt mlitm rri'Mliin^ 

it f\p,m- Al«« a»*4 h*»^ a Ip 4«’ Jini-fil 4fillr4 i« lliii 

mh***4 l«i it. 

313- ii* a r-iiiilrlftiiittl »w thr^ tlir* r%t i-a in 

triiiir ill a hy l|#p hmw-f *4 a .|■’iil4 wlisil 

flip *i|*'rii iiimi i»i# %%-m l*i**|* a«t4 ai liigli«'%t |.^*itii in pi#W tliil 

tli»*r#i» 4i;ill iP'iiii'iilt 1*^811!' ii»i4 fAli% 

i» **ftFr f*»r tli 0 rur i*i **p il»r. irmk ll*.*-* frtis*#» 

wtrii lliP l^illit i»wl hm lliaw lla , HpiI iI r 

til** »|»»5fi| #1 tlip |wilii, 

^ » '■ 11"** H't|r'f»r‘« t- 7^ %, *|r, 

WlllifB f »|»||t'|ti:»» lIlP twUtm wf lil»* .fl|i#r4f« l|»«t «|««| I* gt lliti |Wl||ll 

I* lit t|if' $npmtUm V* ^ » 2 *1 | ~ * h 

tll« fe**! f lltlll- rii F f**f H'lilrli lliw em «nll m^kr- # ,r.*fii|4**l« n ,4 Iiltir4 

Ilf Ml^till|tfil§ r ^ If* llii# 1/^ # 


HVa 

* 

,ir 
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Ilouce in a centrifugal railway, iti order to loop the loop the h|hhhI on out«n'ing 
the loop, neglecting friction, tniust he greater than that obtained by rnnning 
down an incline of lieight e(pial to 5 r, or 2J tiinoH the diameter of iht‘ ltH»p 

314. At what angle should a circular autoniohile H|>6edway one mi It' in 
circunvfennice be banked for a speed of 60 mi./hr, in order that ther«i Hhall be 
no tendency to skidV 

315. Find the velocity of projection in order that a bullet shot horis^ontally 
may travcd round the earth continuously. 

316. The center of a crank piti weighing 15 lb. is 8 in. from thi^ center of 
th(‘. shaft. Find the centrifugal force developed at a speed of 150 r, p. m. 

103. Application to Engine Governors, Railway Curves, etc. — If 
a body is swungf iii a horizontal circle at the cud of a rod or 
string, one end of wlii(5h is fast- 
ened at a point v(‘.rti<;ally above 
the center of the circle, as shown 
in Fig. Id-I, tlu^ arrangennent is 
called a conical pendulum. A prac- 
tical example of a coifuml pendu- 
lum is the ordinary Watt governor 
used on steam erngines. 

Let W denote the weigiiit of the 
body,* I the length of the sus- 
pension, T the ttmsion in it, r the 
radius of the horizontal cirede, v the speed with whi(?h the <drcle^ 
is described, C the centrifugal force developed at this HjHied, h the 
vertical heigld of tlm pendulum, and <x. the half angle of the eoiui 
(Fig, 194). Tlmn 


and from the force triangle 

tan ass ^=8 . 

IT </r 

Htsnco Y “ — from whi<3h A = Hiu«« tho (•.'ctircNsiiHi 

h gr ^ * 

♦ The word binly is used in this chapter to denotii a single niiiturial |iarf4e|ii» 
a Anita mass ooiicentmled at a single isiint. 




2 aH THKOUY ,\NI> i‘U\«TIfK OF MKtiIWU'H y 

fur h ill tiTiiis uf !lt<- auuular vi’lu. ii> liurunu-.s 

'‘V 

I'lif rouiiMl uitlv uii iti 

iyi|ru|;ir vrliH-lIV, iu4t’jw^lid«-*at Ml itn h^Uv^ih trr iVi*l|„f|ii, 

I 1 ir ps^riMil i\ Ml' liittM Mf naikiiiif ii r«^% i4iili»iii, ii^ 

HiihiMiatii'i} hv »! w 

iir» fl'Miii flir iilnnv.m Imi-Miiir.,*^ 

^ ft 

I* M r \ ^ . 

^1/ 

Til** jita^twl llaa'i’fMr#'' i}i«“ Ht%mr- I Mr si j»«aitlii!iiiii af 

Irllil'lli L Art. '2^. i 

Tlii* j»ripi 4 r 4 il iij*|»liF*si! tu ill** iil»M%'r Im rip„fiiir ||M%-*'riiMr^ will 
ill 4**t:ul lu l \ II. 

Iii*it.i'»iiil mI” Iw4iii.f %vr-ijtrii4*Mt li'Miij 4 lU*-*! jiMini..., 4 liMi'ty iimv tm 

riiri?ilriiiiipil iiiMVf’ III ii |».-;iiii liv *4 4 |» 5 iir m| r»iilfi, 

iit ill till* rmm Ilf si irsiiii -4 In llm* r 4 .%*' ttiw 

rimiitiiiiil tif tin* rsa$lrifni.isil ,%ml iIim *4 IimiIv m 

llii.t rt!iipli«ti *4 tin’® Inwly *iii i»fMiiti4 Mr ir*i-rk, Fmi- iln^ hmlf 
t^i ln^. in lilalilp in|itililirinfn, tln^ r*’^nll4iil imifil f'iill W'liiiin llm 
»tl|i|»«rf4ii|f ; llntl 1 ^ l*» iii*< *Alp^f4^i ** 1 * i*#iil.<« 

M«rr**»vr«ri III lliP rs%Mm *»f si riiik%'";iy ttinin if iliti riMiitliiiiit |»f*’'%iiitre 

m linl iiiiriiiiil l« liiii j4.*tiin Ilf llir^ lr44"li, il iiill Imiim'* a I■■.ll^^'r4l r*iiii» 

jiMiiriit ii'liii'li m'lll r#tiiw IrinliMii l*^*iw** 0 ti lin^' Mt|t«-r tml nii4 lliit 
llmigim nf tlip tiiitf^r wiiP«4% fiiiti 

WtW* llnip’p t« 4imnn'^ 4ii4 rt%'M*4 friniiMn, iIhi jil.ni*' *4 

tfip Ifiirk m iii*'’liiir4 Jti mirli m% mngy !<* tli*’ Iimii,^m|iI4| 41 Im tn* 

jinr|#<ii4iriilitr l« lln^ «»f tin' w«igiil iifi4 iIm *'<*i»ififii||ii| 

fiirrn ill tlm #i|ww4 ml »4itrli ir-.iifi# j*w« iiiM^ifi4 ilir *m%i\ 

Til #1 in il s*iir tf«iti||' ^fMiiipl lini rnn*^ ,%i iIm% 

Il will IliPit Im fniiitiiii iMirfpctlr at anv «ili»*r 

»|m»4 II will «{*}«»» r IM tijn 

Tn Ittnl lli*^ ltirllimll«ill «»f tlin lw«'k »*.» llml itn^ Im 

inirtiinl III il nl 11 nit-rii 1*^1 r #lrii* 4 .«i i|ir i..i4it4i *4 tint 
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23!) 


tan «= 


curve in feet and the gauge of the track in inchoB (Btandard 
gauge = 4 ft. 8| in.). Then if a denotes the inclination of tlu^ 
track to the hoiazontal, from 
Fig. 11)5 (7/), 


W gr 

and from Fig. 195 (c), 

II 

sin a = — , 
it 

where II denotes the diffiu*- 
enco in level of the rails in 
indies, or superelevation of 
the outer rail, as it is called, 

Situic a is always small, sin « is approximately equal to tan a. 
Under this assumption 

G gr 
gr 




Fuj. 11)5 


whence 


i/. 


P\)r standard gauge, namely ft. 8| in., this becomes 


PROBLEMS 

317. What uuwt he the mip^rd^vatioa of the oat^ir rail of a railway aurfi^ 
of 4 ft BJ in. gaugti for a Biwaal of 50 trii./hr. on a cnirvo of H(K) ft, ratlhw in 
or(h‘,r that thorci shall no aid© thrust hotwoou iho railH and whool fiaugo.H? 

310, Th© HU|>ert4«watlc>n of the outer rail for a of *1 ft, HJ in. In li| hi, 

for a Hpood of 45 ml/hr. V¥hat in the radius of tlo' <nirvo V 

319. What ii thii profMir Bi^waid for a cuirvo of OOO ft. ratliuH if tho gaugr m 
4 ft Si In, and tlni 8U|wnd«watk)n of tho outer rail w 1,| iti.V 

320. The revolving ball of a csonical |Hnuluhun wolghs 10 Ih. What w tho 
spend for a height of 12 in. ? 

321. Find tho change in height of a conical pendulum making inn r. p. m. 
whcui the spc^cul inereamm I |Hir cent. 

322. At what 8|aiotl will a lonomotivt* going round a lovel cmrvt' td Him ft, 
radius exert a side thrust equal to I cent of itn own woigld. ? 
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104. Harmonic Motion. -i\)midvv u umtorial particU^ which in 
Ui a fArct‘ directly {inijjort iouul to its distance from a 
lixml point; that is, the impressed force is nt*gative and ilirectly 
proportional to tin* dispbeement. As shown in Art. 2th tht^, mo- 
tion is tlicn a liarnnmic vihratitm, backward and ft>rward through 
the piunt in ijut^stion. 

I,t‘t // denote* tluMlisplactunent ineasureti from the lixml point as 
origin. Siiu’t* hy Xcwttm's law tlu^ aect*leratiou is prtjpetrtional to 
tin*. iinprcHHtHl force, we have 


If, ilicm tlie faettu* e»f proportitenaUt y in tlenotml hy /, thee dilTeren- 
tilll eejUatiiUi id* inoliiill beeumes 


m 


ffh/ 




Tlte cfinstiini fuctmyf in this eqitaiitin is the vahie of tlie inijU’CHHed, 
or elastic forei^ when tin* partiele is at a unitb distance from tlu* 
origiin when y ...a I, anti ilie itdimH sign is preli\ed to indicate 
thiii ilie bnans always opposes the itudiiUK 

The geiieriil solution id a dDTereniial enttiilion of tins fonii k 
kiiowti to be * . , , t* . 

If m *1 sin Mt I (i eoH air. 


where A and /lure eonsiiinis of ititegmiimi, and m is sueh iw to 
aiitkfy the iiliove dilTereiiliiit cijuatioii. ’rhim, dilTer«mtiiitiiig iltk 
exjircissitiii Iwiee, iht^ second derivative is found ti* !»«♦ 

i' /Icim mi I - ' ■ 

III* 


ami eiiitijilirtiig lltiii remtlt %%dllt the origimil dii'fereiiiiiil er|itiitii«i| 

it ii fotlitd llittt . , 

I 

m mi , 

^ m 


To exjiriiii llie geiitiriil iti ii more eoiiveitieiil foritt, lei 

A w f Oiii f iiitd ii r sill wdiitre r iiiid are Iwai neW'* cfiiiiltiiis 
wht^ am to lie tlwieriiiiiietl. Miikitig Ihis siitwiiiiilkiiu 

g m r eon # niii mi 4- r m% r vm mi 

m r mm (mt 
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I 

Since the greatest value of tlie tUKsine is unity* the iitiiiiiiituit ^ 
of y is r. This constant r is tlunH^ftn'c* calltHl t!it^ amplitutli 
the motion. The otlier ctmstant, €, is ('alhal tlu^ phase. 

If it is assumed that the displacMunent is zero when lln* f-iiiie 
zero, then substituting // == d, t in tlie iihove et|iiiif.i«iii ii» 
simultaneous values, the result is r euH( — c) ^ tl, or siiire r d, 

cos (•— e) = 0, whence ^ In this ease, 

cos (mt — • ss van — ayt\ ^ sin 


and the eciuation of motion beeonn^s simply 

// ss r sin re/. 

Ilarmonic motion is there fon* eharaeterized by the faii tlmf the 
displacement is a sim^ or cosine ftuietitm of the time (coiii|i,iii^ 
Art. iiii). Evtu’v ptumMUt* pheimmeimn in nnitire may he rrpir 
sented by a series of sine or eosine terms of this form* frtuii the 
coordinates of a phuud. or satellite to the most eomplei^. viitriiiioiii« 
of water, air, or et!iei\ as represented by tides, mllerM, ripjilr#, 
breakers, sounds, ratUaiions, luminous or otlierwi.Mc. tc!egiaj4i) 
with or without wires, eartlnptakes, iemperiiture tdmngc^, idf'. 

Since the sine ((»r cosine) passes tlirough the same fnoie*# uuw 
in each revolution, that is, for an angular ehiinge of 2ir, y will 
resume the same series of values after an inter viil of" imip m 
which the angle mt lias increased by ‘iir. Iletice if i* ileinittoi 
the period, that is to say, tlie interval <if time wbieh idiij»ses frniit 
the time when tlui particle is in any given js-mtlion 1,0 tliai ivlirii 
it is again found in this |Kmitiom then Pm *i w, or 




m 


Since this may also be written 

Moreover from the equatioji m ' a ~ hav.- 
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a (tonutcs the acci'leratiini ' ''• lleiu-e the esjires.sion for (ho 

ptn'lcnl inuv also Ih‘ w iatton 



TT 


lispiuconioiit 

iUHa»ti*ratii»n 


To fiinl tlu^ voliKntv at any instant diflVnnitiato with mHoect 



riM. im 


mnaiHcaf, 

in% sinro V' 1 

this hiH’cani’H 

V m \ ^ 

By ph‘ttin^( tin* clinplanniHnih 
vnUnhl V, aiul in'roloratiun inirvt*H 
fur harinunir nH»fi«»n tti tho naina 
mni!n un a tiinn \mm\ m imlicaitad 
in Vi}^, VMs tho vitriouH idiiirais-* 
turistioHuf till* iiiuli«»n iiro rhwly 
nlumtu 


pmmmu 

$ii. Tlit^ rraiik uf mi I’liniftt* r. p. iti. itml ifi l| fl. Itmic* N#g-» 

tetillg llitf tilill«|iiity of iW riwi, that iti*^ lfi*il|«ll to Im 

hmimmh\ tlml lh»» iiiol |ini».#iiiro whioi tlm 

rriiaii ri'voiml lliiitiinii la' Ui«^ **$0 tlii** Win^htcif 

rf»rl|>rtii*iiiiiig |*iirl4 Itm ||i» 


III till* |»frr»’i||ii|| Ilii4 ih^i mol 

witwii liw H m, imm ili#» mpl 


cil Hi iirtik*!. 

tas. h moiglit fmtM fill iliP uf a iprltin: h»h 

atiw> filiirli ii a ¥prlk»l limfiiiuiiio *4 

fvriuii Oil Wfiiit k tlip nfPit^l aiii|4iliiil«* 

tif tiip iiitiliiifi ill orditr ilial tli** wpiglil tmy fi»i I*oi%p 

Ail imu'i 

A |*t4tii|i k l»y n. rtmuk 

ptt wiirki in i »ltiit«l 4i4itig h»f» m 4it*wii iti f'li;. lit?. 
Til# attarliifiPiili wpigh Umiir mi4 tl»«’ «’i4nk 

iitilCnfi$il| with II. wf r. p. iin Th*-^ 
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§ 105] 


■2 I'd 


stroke is fl in., i.e. tlio radius of tlio crunk circU> is -I i in- I’ inti llo* ti. i -h 

force on the i>lun}{cr ainl its simisl in ft./scc. vvlmn it is 'i in. Sitnu nit< iit.**-- 

327. In the prec(‘diu^ proithnn find the luuxiinntn uttcc!ttrulii 4 , . s. ti- 

plunger and its maximum sjas'd. 


105. Elastic Vibrations. — 'I'lio numo “ hamittinr,’' as l«» 

elastic or natural vibrations, is duo to thoir ofourrotioo in jtrialus'- 
ing musical sounds. Huch vibrations ar<i of coimiion «K*ourri*t»w in 
miture because of the fact that in any sysUim which is dtHlnriwd 
from a position of rest, foritos are tailloii into {duy which dcjionil in 
general on the magnitude of the dis[ilata)inenl. I* or iiiHtiinte, 
suppose that a certain disphumment ilcjicnds on a single varirthh', 
say y. In the case of elastii; hodii's, the force arising from this 
displacement will then he a uniform continuous fntiction of #/, «av 
J'(»/). K.xpanding this function by .Maclattriit’s theormn, we have 


iXy)=i’(0)+ /’'(t»)y + 


'"‘'Oya 


I 


Assuming that the idnstic foreo is zero when the disphieetni’nt is 
zero (i.e. that the body was originally at rest) the lirst term ui 
the development disappears, and cunsecpnmtly 


For a small (lispliicomcint tho t4irms in iiiiiy tiff 

lected in oorrifmrimm wiili that in mmn* in 4 

constant, say £/, tliii iix|irc«sicni for the iinjiritumtil fiifoo 


and the motion is lliertifore harmonte. 

The simplest mothod of representing a hannonie molion ja hv 
compounding it witli a uniform rectilinear motion, ‘riiis i», in f<i« i, 
the device used in self-registering instruments, such as the ueh 
cator of a steam eugiue, in whieh the j»aper is l auHei! t«* m«ne 
horizontally, while the traeing point has a vertical ini.fi. m pfi 
portional to the force exerted. When this meth<»l »« npph. 4 « 

harmonic vibration, the result is a sinusuid, as shown in l ig !•««, 
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Tliu equa-tiun sufh a hanuonit* tairvf is tn‘i<h*ullv 
if r ifi,r ), 

wlunH‘ ,r imd // an* tin* !atri/,tiutal nntl viniii^al c‘onrtliuatfs of u 

t>f tlio rtirvo. \Vla»u 
r iH coiiHtaiU, tlui initiation 
iH iiltnitiaal witli tlio 
in Art. iPttaiiit riqiroHorttB 
n liarinooir riso and 

fait with tho tinio at thy 
{lartimlar |ilaoo in tinosticjn, 
Wlinn t in tninHiunl, it tcivoH an itiHfantainnniH i^'liUioo at tlio wholy 
wavOt itii Hinnvn in I PH. 

ThcNntuatioii of an oquiil wavo nioviiq^ in thr ojqi«miitu.liriH'titin k 
if ... . r vnH{mi I mj ). 

If tliiw two waiVi^H ar«’ jiUjnn-pirntn!, an in flu* ra*^^ uf a vihratiu;^ 
utrini*: Hi tho tnnlH, \v}ii‘rr mudi wnw wlifii H rmirhi'H tho «nid 

of this Hirini; in rovin'-nml in dirootion and ndlraimt hark* tlni rii« 
uniting wiiVif Iihm for tin injiialion 

^ » r tniHfi'iif mr} f r -i- m.r), 

Exjiiiiiilifii^^ iinit »itti|iltfi'in||', thif4 ri^ilnro** to 

1/ mf fttn mt nm mj> 

Ttir }ioiiil?i tif llin it ring fur %%‘hirh m*** wjr o ronniin niitliulnrliyil 
lij tlio vitiniiinin iiiiil urn riillml ntdti. In ulnngott in^iirnitiiailM 
iiiuli iitiilirrt iiiiiy Im rrtfiiiin! iirliiiriaity liy Htojqnng tlm viliriitiiiii 
Ilf ilii ilriiig ill II hy loiirhing il liglilly irilh ||ti 

ingtr* Tliti Ipiiglli of lilt* WitVft h Ihoroliy idiiingi^i aini riiiiiiii- 
qiiniilly tini |iilt4i iilltfrnik itin rnutillsng tiaiin liiniig irriiitiritlly 
litnwii m II itraittic. 

ICi. Appicititft l§ Itiwi, l©4i aid Spriaif. ■ 11iwrv iiru 

Itllliwnnti I»riirliriil iiisliiiirrpt nf liiiviiig liiiriiioliir iiiitliiiin 

ftif ill fittrf«*ily ♦diiKtin lawlinji llin Htriiiiiing fornn i-^ jirojiorlimigl t<) 

tli« iinwlitml c litiv i, iimt iiniat 

art iliiiiwt |«*rfri?ily idiniliit tmir a liitttkal ritiigin 
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For exaniplo, eoiisi(U‘r a ntilT In^aiiu aii*l A 

(IcflcctioM at the (‘eater uatha* a loud JFut rent ill jniiiil I 
199 ). For 8iaiplitat}% the \V(‘ii(ht is iissuiiiril t«« he hirg-*' iii 
coaiparisoa with iht^ wcaelit 






of the l)eaia, so that t ht‘ latter 1 ir 

may he negh‘e4(uL If the 
load IV is suddiady applied 
to the beam, or dropja'-d on 
it, the detleetioa will bt^ 
grcuiter than A, and sineei it ****' ^ 

cannot retain this defle(*tion under a statit* load IF, the tieiiiii iiill 
vibrate up and down until tlu^ (meri^y of the iinpii(4 is destroy «’d 
by mokuudar friction and other resistances. From Art. Io| I lie 
(Kpiation of motion is 

/. //A 

i f- 


where./' denotes tlu‘ vultn* id the elastic fonm at a unit*s distan»-e 
from the position t»f no load, tn* unHirninial position. If, tlir'ii, 
the unit load is taken as I lb. and the tttuf distance as I 
the load in pounds pt»r toot of displacement, i.e, 



The period of vibration is then 

IF IF 

or 8inc;e m « • > and f » , tluH becomes simnlv 

(/ A 

i* ,1 ^ /drspliiriuinnil 

^ ’ iieetderatioii 

where the acceleration in thie caHO ia tlmt itui* f<i ^'nntty f « i 
Art. 26 ). The beam therefori! vihralfj< in the muno iui»r ,m a 
Himple pendulum of Iciij^tli h. (See ,\ii. » 

The same law applies to the tongilmlinul vihrufiun * ,.i > j...i »> 
well as to its transverse vihrations. For oxiimp!.-, i ? i, 

cal rod supported at its upper end and hiivuiy' a »»(it »»r Ik .»«1 41 
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tht‘. l(>w<‘r end U|)un whit‘h a Hruliii<4 wtdi^hl falls, as .shnwn in Kitr. 
200. If A (itnnOes fin* <!<dlts*t itni td tht* nni wlitni t!u' wtdi^ht IF in 

at rest, the imjiac’i ef it,s fall 



Fim. ;iiii 


will eailse it te defh‘(*t am 
anniuiit ‘greater than h, anti 
siuei‘ it t'Hiniut retain tlan 
delleetiun, it will vihrafi* hnii^i* 
tUilinallv. If the stress dees 
not pHHH tfu« idasiit* limit nf 
tite imiteriii!, iht^ nndiun will 
therefore he hariiiiniie, ami itg 
ptnaod uall he, as ahuve. 


,, A . ^ I siatie «liH|daeemei{t 

'// ' iteetnerat ion dne to 


Tim miiriii result apjdies lt» a spring of any form, h'or tocamplt*, 
the griiduiitioitH on a spring halanee are at eipial itiHtaiieeH apart, 
whiali iwlieiileH that the h.*ree is proporiioiiat to lln^ streteh nr 
dmplaeenieiit. If, then, a helieal spring siretelies A in. under a 
loud of IF’ib. iiiiil the siudiig is disptaeed front its poMition of ei|iii» 
librium mid tlieii released, it uill i^xeente a vihralioii of perintl 



KtiTii. »iiil 0 iiiiiiit eii|in«ii«ni III 0i«-» ntuni, riileS' It-^ sih nr IwSli 

fisS-, 

A fliit HpriHif, HUrh im ,hmvii ui Fis.|. iiol, tiruii rllijitif iil nr mniii- 
t41ij*t.ii’iU Mjtriiijj, ax w in I'niitiuntt iiw utt vnhii'li'**, »x tn jtimiUv 
sitttpiy a ajR'fial ituw< nf lh« Sight 
Ktlff b@ttm uuuaubmi alaive. It 
la tltKnifnm wily iitHatanttry t« 

iioti* tin* Htatio lU’lliH'tiuii nf tliii 

«{trhig tuiihtr a givoii hatil, aiush 
an th« wi'ighl nf »u aut4iiM»il»ilM 
orearmgn hiMly, i»j nnlwr tiMlotnriiiiiin tin* {inri*«l .if hs \$iir*itinn 
whan th« ia aiuhlmily aa fnr w h. ii a vi'hkflis 

is in motion. It will thnroforu vlhrtiUt ttiih ihr ■*;uii** an 

a siin[iti» lanidttlutn of intigUi k, atthough ilm .4' ilm 
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MT 


■vibration depends on the amount of the itn in lln’ 

of a simple pendulum. 

Torsional vibrations are also of the satne nature 11^4 t}i»^ 
but as their chief mechanical application is in titiiliiiic numtruU *4 
inertia, their consideration will In* rtnst*rvtHl for the next rliiipter, 
whore this subject is disemssed (Art. 


PROBLEMS 

328. A light spiral spring ♦»l(»ngat4»s | in. uiuler a wri>dit- i»f ‘i| He, I in. 

under a wnight of 5 Ih., H(»vv nuiuy oumpleU* fiiu iiiiiiiiU^ mill 

it make with a 0-lb. weight alta(‘ht*d? 

329. A semi-elliptie autcMiiobih^ npring cii'Otu-tM 1| in. ui*il«4 a »>! I 1 
at its center. Find tln^ jHTitKl nt vibration td' thi» spring w h*ui w* 

330. The belie, al spring of .an autonii>bil«* .nhort iib?«oi'l«n I in uisdn 

a load of HOO Ih. How many vibratinns prr ininnln’ will if wlifii 4 

with loDO Ih. V 

331. A V(*rti(*al ti<* rod of a britlgi^ didleets j tin nmhu'ii %vla<*4 load »*i |m |' 

If the train paancs over the bridge at high speed, thnl the period of mI 

this rod. 

107. Composition of Collinetr Harmonic Motions. ■ ruu^ider tlin 
(iomposition of two harmonic vibrations in Ihc liiii% giini 

by the equations 

v.m i mt 4- C|), a nj mm ( mi tg ), 

where tlie amiditudcs and phases arc dilTenuti, but lliu puritMi** are 

the same; namely, The tajuaiion of the nmiilliiiit 

is then ^ 

y as f j cos (mf + f|) 4 - fg tarn | mi f 

Blxpanding and simplifying this expressiuiu it becuniter 

y = coi €| + mm turn mt — (r^ sin tf| 1- niu 1 sin mi,. 

To simplify this still further, introduce two iiifw ciiiistitiiiii ii iiii4 
II defined by the reltitions 

Tj Cl»» *j ■+• sa f{ ftm A*, 

Tj ftiji «j 4- r^Hin sa l{ hi» A*. 
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Thfii tin* t^xprrssiun ft»r // herdiacH 

//....r // ros PJtHiSfOt ■ Ilsin »U-;: /|NhKS( ri>f -f 

Hir rrsultant motion is tharafura ulsu a har» 
lutiiiif vila^utitai, <»f amplit lali* ii aial phuHr h\ 
^riii* vuliasH «»f U aitii H may Im* fuiiml IVom 
tlii* rquutiiUiH <11*1111111^ thrm. Huts In .sipiartuK 
ami A' y vi^s^ H : I, wi* hava 

li M <*<w t J f r,^ <*<t;s j'*^ -f ( rj niu j r,^ niii 

\ rf -f r./ -f :! rp-.^ tam c t j t.j h 

A^ain, hy tliviNimi of tho t^xpri^HHioim <l<*rmin^ 
/i iiih! /i tlrupH <»ut ami tha lt»ft imuahar 
hrt’oiiH'H tall Kt 

n ht'mai h ^ tali * * i i i, 

r| ta»H f J I ro.H 

By iHitiipnrin^^ iha mpiaimn for // with llama 
f<<r //| aial llm ptn*ii*4 <if tlia mmiillaiit vilmi- 
lion in. <»liviimj4ly oijiuil In ihai of ita 

iiaiit? 4 ; naiitrlv, * 

” m 

108. Wiivei and Tlden, ™ i hio of ilm liimt m- 
iiiiiphm Ilf till' riimpfi.Hit lull i4 rullumar hiiriiiiniic! 
irmttona in that fitrniHhf’il hy tiro ui’naii tittim. 
lirru llin film iiml niuun tf itritnij f^apiinitaly 
wiiiiht wiali prml»«**i ii lulls or liaritioiiia riHti 
itilil fall Ilf Ihn iiijnilii, niirn in ithuiil 24 liutirii. 
Tim litlifa iialiiiitly iHanirriiiii iirn tlnni llm nmiiil- 
lllli tif lliiniif livn nlTin‘|»4» ’'HiiiM wlirii llii- niifi 
iiinl itiiittit aril in miijiiiiriitiin m iil now iinifiii, 
«r ill ri|nawilliiin at full itimiii* tli*' liliiiln liilti 
in Ilia aiiiti tif llin auhir iiml Itiiiiir li*lfm.» itml wii 
fiinm ivliiil urn tstUoil j4priii|f tiilim, Wlwni llm 
iitftriii U in <|ttiiilriiitir*% it m hnt titln mn rpgiirik 
till* miin wlinrnna it m liinli ttiln mm ririfiink 111 # 
Itiitiili, lliii W'itlal ts4n lirilin njiliil li.i tli« oxntii 
III lint liiiiar n%"i*r tha aohir liiks In iIip lirit 
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and third quartern high tide is earlitu* than if titu' tn ihf* iiiHi^ii 
alone, and in the siu'.oud an<l hmrth (|iiiirtt‘rH it is latfr, thi*^ j»lp*- 
nomenon being known as the priming and lagging «d thi* tides. 

A similar phcuomenou is somt*tiines ohst^rvinl on an ot’eiiii Iwsit'li 
when two std.s of wavt‘s of slightly dilTtU’eni ptnduil riiii Ingetlier, 
tlie result being that evcu'y ninth or tenth wave isi»f iiiiiiHtni! }ifU||lit, 
This is shown graphie.ally in Fig. !20*J, the full lines riqireseiiliiig 
the component wavt‘H, and the broken lint! their reHullaiiO 

109. Composition of Harmonic Motions at Right Anglti. -4 '011 = 
sider two harmonit^ motions <»f the same period P ^«»i* frei|iieiiei 
in directions at rights angh's. 'I'ln* <m| nations of inolii»ii are ihtm 


X rj eos{a)/ p Cj ), 1/ I 

To obtain th<! (spiation of the path <»f the reHulliiiit iiiofiMii mI' 
which thest! are thi! eomptuumls, eliminate t betwiMUi these eqii.i 
tions. From thes first etfuation 


- !!w e.oH ( f«g I €« whenee mt si eon * r*. 

r, r, * 

Inserting this value t>f mt in the Heeoml lapnitituu the 


I/: 


> e.oH 


1 X 

cos * tq + 


» COB cos"'- ^ ’ ■ eos (c^ - .) sin eon ^ sin f f%| - t| ) 


Let coH '^- he denoted l>y 'rhen, 
as indicated in Fig. 2(hL 


' ''1“ 


sin (JOS' * V .1 


t ./ 




and consequently the u 1 k>v« ex|>ri*Hsitiu 
becomes 


I (n ’>> 


= <HW («j, — «J ) — t stn ( *■_ r, i . 
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Trausjiosinj; luul siiuariiii,' in order to got, rid of tlu* radical, this 
simplifu^s into 


.r** 




: J ii , 


r,r 




siirCcg cj). 


which rcpn‘scntK an cliijiHt* with HiniuaxcH aacl us nlunvii in 
Fii(. -h)h I1u‘ msnlluat inuiitni iu thin case in rulltHl elliptic 
harmonic. 

If the (lirtVrcnce in in zero, the injuation hccumcn 


« Xit 




r.r 


r,i\ 


Ih 


Vt 


or 



- i). 


whicJi rojiremnUH a pair t»f tMhinhtloiit Hiraighl liiicn; inuin^h, nut* 
of thii tliiij^onnlH tif tin* rceiau^ifh* circiimHcrilhuK^ tin* cltiime nlunvu 

ill Fig. 20-t, The luotion in thin vmt) 
in therehna^ rectiUnrar ainl Kiinple har-* 
nttuiic. 

Sinularly* if the ilillVrence in phiwe 
in iHii', that i»» air, the t*«|uii- 

tiuu tjf the jmth hrimliH up iitlo iIhi 
pair ii{ ct»incii|ent Htniighi tinea 


which repre»eiit-i4 tliii oji|i4imle diagonal l*» the jirt^eeiiiiig, 

If tills illti|iliilitli!« lire eijtial lllld the phiwe ilitlereiiee in iW'\ iJiitl 

lif if fg iiiifl fj then the piilli Imrtiiiieii lini rirelii 

m 

tiitl WO Itiiw ititihirtti idrriiliir iiiolion. 

When tlie periods of Itiii ttottijmitetil iiintitiini nn* tipitrly litit iini 
Unitii i?niiid» the pliiiae of one itioiioii giitii.f4 gritfitiiillj ini ihn iillier, 
mtcl thif fifitti immm eintlititioitiily lln^ fiiritia of ittl 

tfllipoi tiiiorilied in the reatutigln eoiiattiieled tiii *2r^ ii 

nklm, Tim figltt lit tliin erwe m ii kind of apiiith wdiitdi immkm lit 
attciewiioii etoli iiili of tini ri^liiitgl# or Mi|iiiiri*. 
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When the periods of the component motions lire uis*’i|ii*i!, th*.* 
equation of the imih is not, in general, algehniie. fluty wIp’Ii 
the I'atio of the periods (or frecpunudes) is a raiitntiil iitiitiiw^r will 
the path bii reentrant and algtdiraic. 

To illustrate the latter, consider tlie simple %%imi «*tn^ 

period is twice the otlnuy and let ilm phast^ dtfTtn*eiiee lie titiiinle-d 
by €. Then the iMpmtions of tlu? component mol ions iirii 

(‘Oh (ait c), // jss csis li! mi. 

Since cos 2(y<^=l — 2 sirf-^ca^ tin? latttu* etjuatitm may irrit-leii 
y = r./ 1 — 2 sin*-^ fa/ ), or y 2 mi - 1 ), 

wliene,e sin^fa/=s^- cos^ ra/ ^ 

o , *t . 

-'u - '*i 

Expanding tlu^ (expression for j\ and instuling the values of sin mf 
and coHca/ jnst olitaiucal, tlie la^sult is 



Rationalising thi« expression, it iHsaumm an eqiiiitiott of tlie fiiiirt}i 
order, representing a curve called a Iemnis(*al<i wliiidi reseiiiliks « 
figure 8 as slmwn on the 

left in Fig. 205. If 

this curve becomes a pimib- 
ola, as shown on tho riglit.. 

One of tho intormotliato 
positions is also sliown in 
tho figure. 

Tlio curves shown nhovo are known ns hissuj.mN’ . un,. ,, i 
liave important applications in iicouslioH, 'rhi<y niiiy b.’ m|.i.»u.. 4 
mechanically hy inoanH of a piece of uppiiralits kiimvii m ,% Jil t. I» 
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l)uni\s jH‘U(lulinn. 'This consists simply of thrci* ihrtnids, urran^i^cd 
as shown in Fi.ic. two id* tlu* thmuls hthng fastmu'd to sup- 
ports at .1 and /A ami jiuntal at (* to tlu' third, whicdi tairries a 




tracini^ point, <»r driippm*, at its 
h^wor oiul iK For a small dis- 
turhama^ in tin* piano of t!io paper, 
tho ptdnt /> will tnddontly move 
Hkf* tlu‘ ht»h (\i a simple pttndulum 
of loni^th ( *fK tliat is, it will oxooute 
an upproximatoly hnrmonio vilira- 
■' t * I p 

tion of period *2 wXj ; whinaam 

// 

for a disiurlmnet* perpemlicudar to 


Flo *3^; 


thf* plants of tlio j»aper, iln^ pmnod 


of this vibration will be tSee Art. 2H. ) I'lm umijli- 

</ 

tiuli of the motion and the ditTerenee of phase inddeiitlv tlepend 
on how the bob tP is set in motion, lids simple apparatus there- 
fore iiffers II immiiH of producing all possilde eombinali«ms of har- 
monic! motions til right angles, lie eliminate the resistanec^ of the 
air ii» fur iia pimsible the ibreatls should be long so as iti make ilie 
motion very slow, A eonveidiuti way to imeompliHli ibis is to 
afclaeli the thremls to the eeiling and let thr^ bcib swing near the 
ioor. Ilia bob sbemUl b«* of lead, and I lie t raring point may 
camsiHt of ii fuiiiiel with sinatl opening, tilled witli Hand, or a iitlie 
filled with ink mid wilb iillne orifo'e at the hnver emt, fly laying 
II sheet of paper liitder lliii bob* the eurves will iliiut triieed on 
it as iliii iieiiiliiluiii switigi, # 
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do not continue indeiinitoly, but die awuy after n liuif^er it Ii i 
interval of time. 

It baa been found by experiment that the esti'ruai reMatiun-i' 
varies directly aa the apee<l for amall oaeiUationa, and the tnteriia! 
reaiatanee may also be a.saumed to follow the aame law with a Hiitti 
eient degree of apjiroximation. Asauming, then, tliat the dainpsiig 

i-eaistauee is t)roportional to the veloeitv it beeomeH k where 

‘ i(t, Iff 

k ia a eonatant of [iroportionulity, and the ditt'erential ennalhat ‘d 
motion given in Art. lO t for aimplu harmoidi- luution miw laTimnw 


■Pi/ 

IP 


— f If . .. k 


<l{f 

,i( 


The damping reaiatanee ia negative, .sinee, like llie elaatie 

tit 

foreey)/, italwaya reai.sta motion, 'riieaulntiun of thia ditl'erentiul 
equation ia known to be of the form 


;/ s: /lr“' + /hi»*. 


where A and B are conatanta of iJitegratioti, and « and /fare to Im 
determined by the eondition that the aohaion ahall wilmfy the 
given differential eiiuation. Making thia aubatitntiou, we have 

de-' f /b-W) »t4-( /l«e‘‘' } /h'le'") , o. 


or, separating the (u>ettieienta of A and It, 

-1-/+ kn) 4 I-./' f kfi) 

Since tins relation innat be aatialied for arbitrary vahiea of A and 
B, the cooiliciunta of A and It »nuat eac h he /.mo ; tlcat ia, 

tntP +/ 4- kit 
mfiP 4 - f 4 - a» (I, 

Since these equations art) identical in form, <* and 0 are aolnteuw 

of tl>« ,uadt»tio + f 

Solving this equation, the roots are 

■r I Vr, 

-5 /// ^ i nr m 


M 
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Let thus radu^al l)f <it‘!u>tcti hy (• ; tliatia, let e V ■ . l liea 

L , r I 1 ■ ' 1 m 

the viihu'H of ic and p lieetnue 


+ '■, ^ 




and lu'nee the j^eiieral solid i<iti is 

& 

'rw(» luuHt iinw In* nctujnlini^ m tlm riutituil a In 

nml t)r iiiiugiiiH.ry. 

/.u f 

Cahk L Radii’iil rtniU i,r. >0, or A* 'J v' Sincti // 

1 m 

m not a {Hoainlir fuiu*ti«m ot tlu^ tiim^ tho motion in tliin cami in 
aOE* periodic. It tlnniiforo not a vihratiou. 

Lot !♦„ donoto tlii^ initial voltHuiy <»f tho |Hiitit; that ia, hit 

a fur t »a IJ, *rhi'n 
tit 



Alio from tint oonditinn ihai // n f»»r t iK wo havo 

A A a 

Solving tlmao two- onttiilioijH atimiiinnoimHly for A. and /I, tlm rti- 
Hult m 


Slid itiMrtliig tiioiii viiliiiiM ill lliti goimral aolnlioit it 

0 m *^0 f 

%€ 

An I alwiiyn rifiiiiitiiitig gnmior Ifiiiii iifiit)% 

iiifl f ' ^ iiHfiiyn roiiiiiiiiiiig n }iro|wir friiolioin II«iii*o lliii 

txfiroiiiioit ill imroiitlirniH iiovor altorii itn mgtn Moron vor% for 
tmm^pm§i lliiii ifi, ilto iiiolittii dioa iiwiiy m liiiio gimn tin. Bticilt 
mfitloii ciaifiiw wliitii till* ili4iti|iiitg m vory atrotig 5 fttr tfiiimplti 
ill Iho tm«! Ilf n tiillintii* |iciiittiltiitt% or iii tin? nrtliiiitry {aii 
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used to check the motion of 
valves, etc. The general char- 
acteristics of sucli motion are 
shown in Fig. 207. 

Cask II. Radical ijnagi- 
nary, i.e. k<2\/»>f. In this 



case let 


.it c' - -J-- ■ 


, . 

4 


Tlmn 


tV, where i denoteB V — 1, auul the general mduitrai 


// 






>» f . , 

HUirt, 


This evidently difTtn'n from an tuulampect haniicnui* %iliriifiini 

4 jt 

2/ » A Bin mf by the eecntrrenee nf tlie eipenential finiur • 
When t is snialU this e.xjHmentml faeior tliffers but Utile fritiii 
unity, and eonHt*(iuently there in but Htuiill eliiutgi^ in itn? iiiiijili* 

tude* Ak t inrr«ni.?4eM, Iiihv'- 
ever, the ehitng*^ in liip 
amplitude iner«awe,H rapntly. 
ddm geiieriil eliiinirler <4 
the motinii in »hinvii in 

Fig. mn. 

Fur the peril al nf tlie 
vibmiiiiin we have 



; w 


■t 'fi ns 

K J ml 


which is independent of tlie time and the jnujditnilo, I he .im «-4, 
therefore, decreases, since it takes (’({ttul iinii's t<> jisit*K over |m«i 
tions of the jmth which are eonsLnitly flecreasing ijt Icn^rlh. 

From this expression for P it is also evident that tl*.- g. i i...t f..i 
a damped vibration is greater than for one whit h it luel.tinj*. *i , 
namely, when 4 » 0. 
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<h( 
dt’ 




given 


p ss ! 


dt i' Y 


At Urn i'XtmmMUHi.ki’tJimmt 


nm .'t - «». «r 

•i »» 

- md V I 15# 

inn tftm ^ 4. 

“.T ™'r,;::,u':ur::rr “nt:;";:; 

..,.1 minim, i- .Iw.y. il... .ml 

Frum t".n .'I Im ™l.n.l.l."l ''y of Urn tnip. 

. ^ I ■. Th«» »« it»* 

nometri« fitrmuk «!» / - ^ 

, li mf — ^ 

nr will ««rm.|Mm.b lu lU. nmvUunh m^ « nf a 

wxonm. n, «r wim j ,,,, ,i.,„,.t„.l l.v wimn » 

mitipb himwink vibrnimn. ^ .... 

r..f«r« tn tlw’ ntlt uJtctirniim mmrn nlarlmg. i 

Siwlkrly. tiw «f tlw ii»*i ^xcwruktti, **,.c «•• 

wfeww ^ + I ^ **'***‘'*’ 
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Since the ratio 
metric series. 


is (constant, successive t*Xinirsi*itis f»»riii ii 

'rukinj' nalunil loj^arithniH, \v«' hu%'is 




loj,^ 


n ( I 


7 rk 


//4 


kP 

■} //l’ 


"riie lo<>^aritlims of sutua^ssivt' (‘xcursions thi»rc!ore iihviiys ililler hf 
a constant (juantity. This c.onsta!it (UflVreiua* is nilleii llie !§|l« 


rithmic decrement. 

By observing suctH^ssivi* aiu|)lit utlcs r?„ ami iuel llie jirri*»ti 
I\ the (lamping ra(*t()r k may lu' calculated from tld^i 
Or, if smaausive amplit udt's on tlu^ same sidt^ are iilisi»rvt^«h ttie 
logarithmic (UuuHummt will lu^ t wictnts great us here giviui; iiaiiiel)* 

This alTords a simple* means for culrulaling the damping r*’* 

2 m 

sistamu^ in any actual cast*. 


PHOHLEM 


332 . A IuhIv vvj’ighite^ tiite Um iiii a K|iriui| ii i,|;iiji|«rU 

vibration. U is tound by t'stpertiiiejjf tlmt the roai'Uaie**' uiieaiuli le *1;* 

11). for I in. (lt*tifn’t.iun, and that tin* dainpinn roMedain'i^ r* .»n |b. ni a ■'■^pr’r.d *4 
f) (!altudatc Uio logarithmic tlccrciiiimt, and ihdinnun*’ ttlc'lhr^i s.i 

ih(‘. motion in fMTiotiic. Almi dcUnfuimi wlmt the ttamping rc'ii’U^ic-'* uso-u hi^ 
in ordtu’ that Uitj motion Hhall conKiitum the limit lwdttr*m pini*«dii' 4iip|.n<:*0'' 
periodic*.. 

Solution. Here 


/= 

;I5 lb. .. 

Hilt k 

lit 

lb, iipc, 


*H' ft* 

•> fl ,/ m*c, 

fl. 


and 

m 

2IMKI 111, 

pHIII lb, 






PiJ tr. 



Conaacmmitly c ^ 


J- i5 v'u.OOtl lK 

m 

Pl.olM, ivliirli 


Ti.. 


motion is thwiiforti |w*rhwlic» Also logiirtthmic »|ppremciit 

\ I i’-.r f ' 

0.0(18711. In ordttr for the motion to be the limiting 

non-p©rlcMil% tha fhimplng finHor k rim«t ei|itiil ‘Jv’mg. Hence in iIp% p#r->r.ni 
case iti valuii wonld bn 

. . . i*'‘ 

■ k 'JsVmf ' 

111. Forced Vibrations. 'I' he tliiiory of forced ci *i| 

great importance in the ii%]iIiinatioit of iiinny iih\Hiea! 

B or example, if two tuning forks of fchn igiiiii* jiticli are |ihicr»l iirsn 
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iuitl oni‘ is st»t hi vita'iitiiHU tUv otliiT will vihraJt* itlsd. 
I'his plu*iH>nu‘iinii is i'alltsl rcsoiuiuctJ. I h** saiur plidiiunidaou 
dhsorvdtl in rirririf osi’ilhit ituis, ami is thd priut’ipld nii whiah 
\vin‘li‘ss tdli’i^raphy is hasisL rullini^ nf a shi|t is aiuitlua* 

iimtiUMs* uf funssl <isi’iUatiuii. It', whau iu ntill watar, a 

hIu|» sliouiti lHMlispIaiH‘t.1 friiiu its |niHitiuu tif ri|uiH!Hauiia it winihl, 
of ruursi*, t»srillutd with ii«’i»rUii!i ja'rital whii'h may bd t‘al!tHl itg 
natural jMU'ioil dl ostuUaliMiii, Whmt thi« sltiji is iiu liv wav^n, 

if tlii^ tiit|nilHi»H havd tim saiim jirriotl as tlid maural pnrind uf ttai 
nliip, its liSfilliitittiis may lan'tmm so grnat m lu hv daii|(drcnis. Ilia 
«iiiiH' is trud of Urn oH4‘i!lat ituis jirmluia^tl by a iMilurtiii nf Hdhlidi'g 
miiri’biu,i^ in sti*p lun-iiss a brutgiu In this t'ast% if ibd juniiid nf 
thiir hti*i4 bapiHUis tu la* l!in sain*%t»r nearly ibt^ siinm. as tln^ italu*. 
ral jinrioii of vibraii«ui of tnm of tbo briilifo inombors, ibis niiutilmr 
limy bi^ into surb V'lotoni vibraliouH m to b*'* wr*a.’ktai. 

Til iibliiiii II Hobitioii of I bo j*r*»blinn in quosfioii. itssumo that in 
iii.blilinii in ir rt^Histania* ami iltr tbunjuni.^ iJui 

bi'wly is lilsii iiidinl ii|»oii by a jii'iiodir foroo, say. 

/**sin II 

wliartt F tit^tinlPS lf$o iimilrsi valm* «if tins fomt mid r; 

Mi lls |sU'ioil of o^rilbiliMU l'"mlor ibrso i’oinliiioiw, llwi 
iliffnri^tiliiil nt|tiiitiiiii of itioinui lua-onios 

T fV t #%iit flit 

tbo lifft iiiiuiilior tiibiiK itltfiilirnt iviiti ibo ofjtmtioii of llm liwt 
iirlkltn llio goimral s*i|iilioti of an lajiiiition of iliin iy|^i in 

iililiiiii«l by limliiig ii jniiiittilmr s«4titittin iiml iitlitiii|.f lo iliii t!i« 
milntiiiti Ilf tin* alio %'0 mjiialiiiii wlinii 1 .I 10 rtglil inniiilior m mmu 
Tim liilior* litnia*%''tfr* is iilMiiitmi with ilm solution olii4iiiii-ni in llii 
ariirln for umMhtUmni iiiinintyi 

^ * f * * 

If » T /!»' 

Tttb^a 1 ptftlciiilitf wiliiliiiiit «»m’ of ilm form 

0 m IJ nil! i 
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where I) and ^ are (‘onstaats to be (hd.ermineel ttie i«»ii 

that this solution shall satisfy the given ditTeri^itliiil 
The first two derivativi\s of this exprtmsion are 

= Ih) sin ( -'-i 

at dr 

and inserting these values in tlu* giviut ditTereiiHa! eniiiilii»iit tlie 
condition that they shall satisfy it is ftmnd to hi* 

— m sin (vf +<P) +ff> sin (7}f +^) + k/hf (‘os ( i-/f + f nm f|l. 

Expanding the trigononudrie functions, tins becoines 
sin [— ta>s ^ -f” /’/> <'()s ^ ' h l>ii sin F ) 

”j“ (U)H ?yr[ — ni Dif sin ^ | yY^sin f k Ihi cits ^ | 


Since this ndation must Iu»ld for all vidues of f, it niust li«^ indi'* 
pendent of f; that is to say, each ijuaniity in briickctH mmi bo 
zero. From tlu* first, vvt^ hav(^ 

/^= . ; 

cos kf} sin ^ 


and from the second. 



If, then, these values of /> and ^ are inserted in ibt^ iwsiiitieil 
particular solution, namely, 

/^niu ^ 

tluH (Hluation will rejirtmiuit at lount a puHNihli' funn «»f ft.nr.i 
vibration, which will Ixi ita actual f»iriu if tho initial r.in«bii..ij > 
aro properly fulfilled. Tlio two «tthor ti'iiiiH I'tili'riii}' tb.’ 
general equation roprewsnt tins Kolutiou of tho piubboji wlit n 
Ji'aaOj that is, in the (’aso of thiMiatural, unfurmHi vibiationii mI 
the body. The particular solution just obtaiinul. who h itq.rr 
senta the effect of the cxtcrtial exciting force, i, tlonq..}.. t.f 
.sjKicial importance. 

1 he parti(‘.ular solntion given, above ^■^■[^r«*Meu^s a oii. 

damped oHcillatiim, whose period is indtqa'ntient <4 the inatu »»f 
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Uu) iMuly, its flastif ivsistuu.v, or its naHintl iM*ri.«l ..f vihraliun. 
Sima* sin t ,// + </>) 'lit!'' IS fnnu sin i,n-<-al.-si .Ariu siuii .itifs tuit 

occur at the same time ihat the evUim: fon'o assumes ils-reatest 
valueJiut lai,rsl.ehiml it. The t wo fuu.-l hms, siim;^ aiel sin ( ;;/ i </,), 
however, assume the .same H,rlri> of v.itues, ami like values always 

(litl'er hv the .same interval of time; namely, i ; i..\. there is 
a (iilTerenee in phase hetween /■’ami tlie folee.l oseiUatinii. Sini-ts 
taio/i tin* phase ditlereiiee is .small if t he tiamjiine: /.• 

is .small. If there is no •lamium,:. /' " ami eonsei|uen! !> </> a u. 

If the denominator imi^ / 'h that is, »/ \ 

uud «/» ■ lienee ill this ease the foreed oseiUation has the 

Kiune period as the natural undamped period .d‘ the hody. In 
tiiis ease tliere is said to he complete rcsoniiiue hetween the two. 
If we also have k 'h then tan*/ hut mnee ti.e dampiiir; is 

never entirely laekim.;. this imh l.-rnnuation m-ver a. lmdlv oe.-ms. 

The lase when >/ i* <• pi d to, or m ath .'>iual to. «> y.Vrl. lOl ( is 
«»f»[KH'ial imporlaiiee. l l.e eomUant /> lept.-senis th.« amplitude 
of the forced vthrati*»m ami .sinee 

/• 


// . 


mm. .1 ^ 4 * 


this ampliUnie is proportional to the eveilinrj huei- /*, If/ ho/-* 
iiiid /■ are hoth inlinilesnnal. the de«ninimat*ii he* ono’.s iinleteriui- 
tiale. *i*o evahiate this luihiteriinnaliou write 


eosi/ sin -* ^ ^ .s—sin 


Tliim 


P 




i hi 




llii$ riiMt «>f ^ *1 ^ iiipl X wff* ill lliii 
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If the (lamping k is smalh tins qnuntity is liirgt*. MIiih ih tin- 
explanation of the well-known phoinmnmtni that vt^ry grmit 
lations are produced whtmcnuu* the ptnaotl of the exeiliiig hu-i'i- I't 
etpial to, or rumriy ecpial to, the natural period of the lioity *»ii tthndi 
it acts, and the damping n^sistance acting on tlie Iiitter m HiiiitIL 
The complete solution of the original difTereiitiiil %vilii 

which we started is made up of the sum of the piirtieiiliir 

( f > ) 

and the complomenta.ry function 

i/2^ -d<* /it* 

The latter solution was discmsHcd in tie* pna^tuliiig article, wlirre 
in the present cast^. c is imaginary. 'I’o ejcpresH this Holutioii in 
the trigonometric, form, make of the relaiiimH 

c*-** =s coH r - 4 ^ i sin Ji\ t* m v,m jt — i win j\ 

where i dimuivH V-* L Then siime c' ^ ic (Art. l lil), ihia 
pression becomes 

f ^ . . 

= e [(^1 4. /f) f/t + ( A -- li) / sin cV |» 

>„ In 01 del for this expiession to he real, tin* arhitrary 
A and B must he complex (pmntititw. 'flieridore hq. 4 -f « || 
and (A ~ Then ^ 

■ # 

Hill a*i 4 ium cV), 
and the completa solution becomes 

t I 

lA^ sill e^t + mm c'f j 4 /^ nm i fy f # 1. 

Since the first term contains the expoiteniinl fuctor c ilir *il*. 
solute amount of this term decreases with tln^ ^ tip, 

last term doeti not change ho long jw tho .•x.-iit!,-.; 

to be exerted. The damping thereftm* chhhoh i!»,. id.,.* 
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tions of the hody lo liio ;i\vav imtil ttimlly it viliratcH in acci.rdiuu'ii 
with tlu' form ^dvcn hv llio partiriihir iut.x^ral y.j. 

Now consider the <-asi' in wldoh th«* hody wan ori'.(iimllv in 
eiiiuliliriiuii. (hat is. whmi f . 0, uiid is ^M-adtiidly hroio^hl inti, 
osedilation hy (ho aotioii of .mmo* i<xt*Tiiiil haniioiuc viliration. Jn 
this raso the constants .dj un*l /f, ninst he determined hy the 
initial conditions, nanicly, that wlien t - ((. -a 0, and also ihu 
iiij 

IK Tim firKt of ihtm* giving 


Almn Kiiitm 


tiff 

■ *■ ;ia t* 

lit 


t 

I m 


/f, * I* MU (1. 

Hiu f ^ /L 4 r li. i rV J ^ !L 
\1 m V \'l m * 


M 


.) 


tliii «:se4in<I iitmtlitiMh 


I /)?; f ] 


l^l k I /K/ rtr* i|} 0. 


Hiilvilig IhtfMO two in|Uiili«»iiH HuouluutmitHly fur 4| l/|, thu 

mutillii lira 


{* ' *{ nod f- ^ ^ , fiill 


IK 


V' 
»ili 


# i- ■ , mu V 

m mt' / 


At ifw of lli«^ iiioliini thi' iTiinjiiiig 1% huihII 

liiiil tiiiiy till iii*glw.?toiI. Vmhu^ tlm mmnnptuuu I? m il, 

tiitl iiimirliiig tlm viiliiifii Jtini foiinil for ,1^ mttl /l| iii iln.^ 
wlttlimi, it tmiiiiiiiiii 

f I - rii#i ^ iili ^ r*»H 4 - iiiii i f|.r -f - 1 j . 

IJfiiiiir tins iiiiiiiinlit.iii tliai kmn wn nlftfi liii-vr tiiii #|i I), nr 

■ ■ y 

mill ii m ^ ilio miiin* 


tiiiii •i»|ili&» iiilii 


F 


i I ^ iiii Ff 4 ^iii 1 1 

f* IF J 
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Riiuio e' = ( Art. 110), when ^==0, mi huv.* »■ 

^ rn 4 nr 

= CO (Art. 104), and conset|uently thn abnve may iiIhii Imi 



wrilti'ii 


y = 


F 

ni (co‘-^ — f)^ ) 


«in 7)t 


sin mt 


From the form of thin iaiuatii>n it Lh evident tluit the ifmltfiii etili- 
sists of two nimple harmonic oHcillaiitmH, ont^ having the Hitiiie 
period as the natural period of the body, and thii idlter tliiil tif 
the impressed oscillation, d'he resultunt motion in therefore the 
algebraic sum of the two, this phenomenon being known iis inttr- 
ference. (('‘ompare Art. lt)H. ) 

In the case of ivnoiumn^ co dillVrs but little from tp C*orme* 
quently the expri*ssion Indore tin* brace in the lust etjuiilnui in 
very large. (*xprt‘HNion within the braee, however, t*^ muv 

small at tin** In^ginning <d‘ the nn»t ion, hut inerf»aHeH with the liimc 
Hence as tinn*g<n*s on tln^ oH<*illations are sttcceHsively very siinil la ml 

i 

very large. I'hc eondition for a maximum or minimum in -mil, 

which gives in this case coHi|i^ s* Iftmei* sin rg ^ I hih mi. 

The positive sign hen^ gives the small amplittnles, amt the iii’ipi 
tive sign the large on<*H. In acoustics this sueeessive inereica^ ami 
decrease in the amplitude of vibration, or strength of tuni% at** 
called beats. 

If the daminng k m not small, or if tlie time is mi far inlviiiirrd 


that the factor is mUh^eahly different fniin iiitwl go 

*1 tn ■ 


! m 


back to the original equation, 'rin* heats are therefore niily 
noticeable at the beginning of the motion. Later on, tin* nafiii.il 
vibrations die away, and there remains iinly tlnme prudnrrd |,i 
the impressed force. 


mmttm 

333. la Prob, fia2 that the btKiy h aelwl «ii fii’rewle-iilh h% 

isxteraal impreinifcl fereti of I lb. at iatervals of *1 I loll 1,0*-.*! 

amplitude of thii fomtsl tmitUlathiiiH be after mi hutg a liittn fb-e i.-Ae.af *1 
vibrations of thii knly liave diotl itway? How ihei rioep.o.'. meb vl.« 
amplitude of its aatural ? ibwiioti V 
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112. Plane Pendulum. a siuK^lt^ matrrial imrtivh ^ 

suspended h\nn a lf‘ss tiher and allnweil to swiiu^ tlu* 

arnuig’iuut.mt is ealleil a simple plane pendulum. It is rvi- 
dcmtly imiH>ssiljli‘ ti» reali/t* suidi an ideal pieee td’ apparatus 
in prnetietu However, if a small heavy hody likt* a lead hidlet 
is hunir ut the end of a U»nu" threail, its motiuu fur 

small oseilhitions will he upproximately that td a Hiin}de pendu- 
iuiiu anil onltnary pendulums upproui-h the satiie niotioii more 
or less elosely iieeordin|X to their eonstruetion. I'he nmtiou of 
a simple pemitdnm is ehielly imefttl as a standard fur eomparison 
in llie iliHeUHsiim of elaslie vihriitions, and for that reason is liere 
eonsidereih 

It w'as shown in Art. ‘iH that the peritHl of a simple peudidum 
is given approximately iiy tlm fiirnmla 


P 



elisplaeenitml 

aeeeleratioli 


The exiiet value of the piu-i«»d will now he ohiained hy applying 
the priiieiple of woirk and mm-g) . 

Let d«*titdti the half angle of swing, I tire length of the pemhi- 
luiit^ and 0 the iiiigle helwe*aj thi^ pmidnluiit and the verliml at 
liny |*artieular instant, as sfiow' u in Fig. ‘Jttlk 
Then in su uigtng A to /I, the work 

done oil tlo’ wmght IF Il7i, w here h deiio|.es 
llie dilferenee in elevation «d the two points, 
if, then, denotes the speed at *4, hv eijllalillg 
the wairk done |o the eltergy iiegiiiriHh wo 
llitvw 

un . O I 

II fl, nr Vim % J »/«. 

Silteif I » I tais 0^1 cm «, llils iMteoiiies 

e m s/t ^If eos 0 ■ eos « ). 

Ifi tliiii, J.® iiici'tei Ifiti leiigtli «f piith d«^wn*ila*si in aii iiilerviil 
tif ll»i If© lisfii AK ^ wiL Alai from ih*^ i$gtii*% hUK 
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Hence vdt = Idd^ from which 


dt = 


ldd=z — — — 


tH)H a) 




ii 0 

// 'ViHKH 0 -■ 


Vim II 


To 'find the entire time of swinf^^ from Fto /i, tnlegriilt^ et* 
pression between the UmitH 0 and a, 'riie perirnh or time of iiiiik- 
ing a complete oscillation, will then be four timoH I lib iiiiioiiiitf 
whence 


P = 4 



ii 0 

V (‘OH 0 


COM a 


To transform this integral into a mort^ tHUivenient form, miike iwe 
of the trigonometric^ relation cohx-- I - The eicpreHninn 

for then b(‘eomeH 



Now introduce a new variable defined by the relation 


. 0 


dn ^ i 


mn 


sin 


Dififerentiating tins expreHsion, eon 


0 J. 

C*OH ' dl 

o ■„ o 




, ttdienei 


Hill 


(10 I 


2 sin ™ C08 2 sin ^ c'oh 


oos- 
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I'o (U'ti'nuiuf (ho limits <>f iiito-'rat hm fur (ho new variahlo wo 
liavo 0 - ti whoii t/> ami (> = 0 whoa if) — tl. Hoaoo 







ftis 


1 — ^ ^ t - .si a- sia'*^ 


finally, 


m 



Ilia viihia af thin iiitagriil aiinnat ha ahtaiaail liiraatly, Itut amy !m 
clatariiiintHl ft* nay tlanirint itai^ivti af uatnimry hy 4*\f»aialiai^ tha 
quiiistity lualar thainta|(ml Hii^a inta h sarifs natt iali'ifratiai** i\m 
HariaH iariii hy laria. l‘lu» iniai^ml wan aatltsl li\ Ia’i(aa*Ira iui 
cillijitia iiili'^Kml af tlia first kiiah iual will ha fainal fally innitisl ia 
nay rttiiialiirtl wark aa al!i|ttia faiirtiaaH* Kuiatainil vnlarn i»f i\w 
iatagriil will ulna Itv tuiual tahahiiail in Hiirli warks, fnaii wliirh 
tha ftillnwiiii^ hriaf Inhla is takan far asa in ii{ijilyii$i( fhi' fiirmulia 

*!• ** «>' !«■ 'Mr .III- 1.1 ’■ 7 ^■' II#" 

B . ' 

j m*. ^ i i 

I! V I 

111 illiisirilla lti«^ tliii! af ilia tiihli% sii|»|iaM«» ihiil n jiainliitiini in 
Id ill, IniiHi lllltl « m ii\ Tliini ** nrnt lira \nliia uf tha iiili*. 

■m 

gml li filllliil frtiill illii liltlln t«i },aTla, Haiira l|ii« jiariail k 

pm 4 1 ,117 1 B ) m 4 ( 1 , B7 IB I m 1 , « 1 1 I lift 

M 


mmmm» 

ii^. Fllttl lll*l r«|tilrai| laiigtli far » mrrmtk in^iiiltiiiiiii if lliw #r»' tif iwiiif 

kim 

iff, ftilt# Itit |irfilil»ii* tif tli^ rt|i|irM^aiiiii«f f«fiiiiilii I* 

fttiii «iit|m» ll» .fiiiilit 
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113. Approximate Pendulum Formula. From tlio roi4iiIt hI t!i<* 

preceding article, a simple approx iimite formula may hv olilaiiiril 
which is comparatively ac-curate for small angles of swing* . 
05 <30®, and which maybe, used wlieu the simple apiiroiiiiwloui 
deduced in Art. 28 does not suIVkh*. 

Since the sine of a small angle is also small, the two tieiiig «»f 

the same order of magnitude, the (.|uantity siu*^ ill llie 

expression for P is vt^ry small, and deermist^s rapidly when nitseil 
to higher powers. Led this small <piantity !)e denoted liy 1% 
Then the (quantity under the. integral sign in tlie tdlipiie integriil 

for P may be written ^ , or, i^xpandiiig !)y the him»iiiiiil 

theorem, ^ 


vl --k 


t k) ^ 




Neglecting powers of k higher than the first, we have iheiidbri^ 

■'' = c)''* 



The valuo of thn firat integral in thia ttxiireaHiim in Kitn])iy ’I’hii 

. , *** 

second integral, sin^^d^, is one cd‘ freijuent awmrmms %mim- 

cially in the theory of tdeeirieity* Its valuta may be ftuintl 
simply by considering the average value td the fiiiiefioii. 'riiii:'H 
as ^ passes from (fia mr\ tlie sine passes through all Inmi 

0 tO' 1. Likewise the eosine passes tfinuigh the sinite f^rrn^^ of 
values in the revei*s© order. Therefore sima^ 4* iilmiii ’t 

equals unity, the average value of each fuimtiott liiUwrrn « mPi 

~ is 1- Hence 

2 2 




1 r 


w 
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SulKHtitutini^^ this value* feu* tlu* intvijfral, tin* uxiirtvssiou fc»r the 
jHU*i(Ml now !hh*(Uih‘s 

/> f I ir 'FT • <A 

' J' 


If a is stuull, siu in thin t*\jU'uHHinu luay hi* ruplacuHl hv itn arc 
in wliifh vmv. it Ihhmuuuh 




It:?' 


Tliis furtiHila lUITern from tin* Kiiiijih* aiiprcixintiiie furmula 

«hu‘ivetl in Art. 2H, hv the tiu'iu ^ttx^ • 'fhiH 
'// " '//hi 

(|miiitity is thurufure thi^ eMirreutinti uiiwt hi* apjilird wlu*u 

liueurilivv i« tiuHireih 

33€. A|*|»ly ihi* !»♦ thi* in anti rom. 

|mrp with ila* rmalt ui Fi-mI*, aaa. 

114. Cycloidal Poadiilttm. ■ - Fur a Hiiu|4e j«uululuin it wiwahiiwn 
ill Art. ri*t lliiit thi* prriMii ilrpiuitla mi itu* luiijililutli* uf the 
ititiiimi. Only fur sitiiill iwilhitimis is the periml iifi|»ru3iiinate!y 
ilithuMiiitlwiti «if the lire tlirmi|th whirh it nwini^s. 

Ifi litiwever, ihe jatiiii iiitiv«*H in the iirr uf ii eyeluit! iiwtiniil <if 
II ttireiiliir iiri% the fiiiie uf awaiin is the siuinanu mattur ivliat the 
iiiiijililinle iiiiir l«^ Fur lliis r«*ii«itii the mutimi in thisriine is hiiiiI 
tci he is^hroati iiii*l llie lyvelnitt is riithsl the titatochrtiac. 

A rvrh'iiil in ftie eitrve 
Ifiieeil liy ii litril jitiilit 
till I tie tif 

ii rirele rulliiiyf iiliiii^ ii 
Ntriiiflit line, m stitnvii in 
Fin*. Its rliiinieter* 

istie iliffereiire friiiii tlie 
eirrie is I f ull ill the liilter 
the f‘e|ilrr »*f rtirvitilire 
k a llxtsfl faiiitt, wlii^reiiii in llie eyehii«I ii ehniines i uiiiiiiitniinty. 
Tlitti, Iti Fig* ilt| iitery fitiiiil nf ilie eireiilar iint Ait k i^ijitiiltM- 
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tant from the ceiit(‘r aind this point is I he i*i 

eurvature for the entire curve. lM>r UuM^ytdoitlal an* AlK iani ■ 
ever, tlu^ (HUiter of (curvature li(‘S ou 
the liiHJ OP throu< 4 ‘h tlu* instantaiunum 
ceuter 6^ ( Kig. 210 ), and ehan^t's am- 
tinuously. ^Flu' hxuis of theses instan- 
taneous eent(‘rs <\p tOtn 

211), eorr(‘spondin,i»' to tins points of 
the curves P^, este*., is esalhul thes 

evolute, from tins fact tluit if a patt(*rn, 
or tem{)lat(‘, is cut having tins form of 
the curve (//>, and a striiitic is then laid 
alon^^ the esdi^es of this patteum ami fastimcd at thti end P uheii 
the strint^ is nnrolhsd will de'serihe the cscloidal arc />*!. 

This nnsthod of ,i4’cnt‘rat ini^^ tins curve is of praeOical importance 
hesesauses it ^(ives a nu’ans of construct ini^ a cycloi*!ad pcnihdniii. 
Thus, if two^ipiidi's an^amst rinded havini^tln' formed' llieinolnif^ 
or eemtrode*, (/A and a Inaivy partiede, smdi as a small lt*inl hiilh a 
attaedmd to f/hy a, thin liheu* ed* hmgth (*P its motion will 

1)0 that of the i<li‘al cychiidal pemlulum ««xei»pt her a slight tlampiiig 
efTec.t duo to the nmistams! of the air ami the wedghi of the 
pemding lilier. 

Idle dineremtial eH(uation of tln^ e^yehud is easily dtslun-d iVtun 
the way in which the emrve is gem*rute*d; that is. In rolling a 

(dredi) along a sfraigfti line. Thirn 
iti Fig. 212, the instiiiilitiieoiis 
centiu* for any peiiiit i* of iJie 
curve is tin* point of eoiiliiel I'* 
of the! rolling cirele anti lln* fiieil 
straight line. Since tfn* angh^ 
zl/V/ is itiMeudlasl in a siuiiiiMirlr, 
it is a right angle, I letter’ /t/* 
pcrpcndienlar to i*i\ und 
queutly AP is tetigarti to tlm (*y<doid at /h If, itimi, 0 deiiol««.i 
the angle betwociri the tiiiigont j4//iuid the hori'/oiitiih flic filnpe *if 
the curve at the point P Is 

^ tan §, 

iij: 


a it 



FIIJ. HOi 
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P/f 

Now ( '// ' 

oi\ s'ni<‘t* Z/.l .-'-(2 r ■ ■ // y//, anti -- 2 r < i/, wlit^rt^ 

r dcaoieH thu nulitis <»t* tlu* rulliia^ rin'U\ this lua) \w. writtiai, 


tan 0 


\ i/i H r ii i 
2 r 1 / 


lloiu ‘0 tho ilirtVrotitial oqnation of tho oyohud in 

</.-r ^ 2 r — // 


Tti fiinl tho jiorioil nf iisoillation, tho |»rinc’i|do of work will ho 
HU in tho of tho siiiiplo pinulnluni c Art. Ikiy. Sup. 
|icmci that tln^ piulirh' starts from a point at tho hini^ht h alatvi! its 
ImvnHt jMiHilitm ( Fii(. Thtm its voloi'ity at any oitior Inhght 

tf will ho 

r S. ‘J *H h ?/ I, 


Siiioii ft 


tl« 


w’o Itiivin hy insort iiii^^ tins vahn* of 


%h \' dx'^ 4" d %p 
dt ^ 

** yt*i\h 1/1 


I idt/ 

V 2 iH "k ■ If I 


dii. 


dr 

ill tlmmim%%um llm %-’a!imof t’rom tho itifforoiiliiit 

dif 

it|iatt«ii of llm niirviq lliti for iho liiiio hoi^oiiiins 


di m \ 




*lf. 


liy siitonriilifin tli«* limti of from lln* tii||iiiwt tri 

tii# point i« 


■V 


<v 




Sr if ' ^ r 

J ■ von*”* r, w \ • 

Si htf - jT ^9 " •» 
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The period P = 4 t, which may bo written 

Since the expresHion for t in tlu^ exa(‘t vahu^ of tlio iihovii 
anti is independent of the heif>fht A, tlu^ period in the Hiiiiiii iiti mill * 
ter what the value of A. ddiat is to say, llu^ tinier of swiitK i?i 
pendent of the ptunt on the cycloid fnun which iht* huh falls, iiinl 
conHcqmoitly the motion is strictly isochromm. 

It is also noteworthy that the ftnunula for is the Haim* m tliiit 
obtained for a simple ptmdulum <d' huii^th / -s® I r* Idie rt*itMoii for 
this is that tlu‘. radius of tuirvalure (W of tin* cytdoitl at the ver- 
tex A is four timc‘s (lu^ ra<lius of th(» ^tmerut in^ir eirch\ or t VI I f. 
Ihuiee tlu^ circular arc. A/i and tlu‘ cytdoidul nr(^ /!/> osculate iil 
the point A. (hmsispumlly for stuall oscillations the hob of ii 
simple piuidulum mov(*s approximattdy in the same pat It as that 
of a cyehudal pemlulum, and th(*rcf<»re the motion thrtmith small 
ares is approximatt‘ly the same for hotln 

115. Brachistochrone. One of the nnmt famotts problem’! in 
tluHU’tdieal mc’chanies is to fiml the curve aloni^* whicli a j»article 
will (Umcend from om^ fixetl point to 
anotlun* in the least possihle time. 

This proldem wiudd arist\ for ex- 
ample, if it was dt^sinnl to find what 
form the return chuteH in a howling 
alley should have in orthn* to return 
tlia balls to the players most ((uiekly. 

Su|)poHe, then, that A and Ji (Fig. 

21H) are the points in (|tiestion, ami 
let it be required to determine the tmrvo of quickest ibcircni 
between thesci points. Let three eurves of the 

family through A and .//, ami assume tlnit the lime of tleseeiif 
along Cg is less tliiiii it is along C/j or f/.|. In other words, nMtitiiiie 
that Og riMpiirt'd mirve, <»r hraehistochrone, iim! lot ii. be 

r(‘*quired to find its equation. 

The velocity actjuireil by the partichi at iiny /* mi ilirt 

curve at a deptli g below the starting |aiirit in r 
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Sinci- (' " * 


,1! 


\ ih^ ¥ . 


\ 'liH! 

Thfirtorf thf liHW .if im 

h + 


/m 

Jy>z. 

V " 2 ‘/.V 


1 


V' f y 


wJ 

.V 


,lx. 


Nmv l,.t , 1 ... 1 .. .l..m.u..l l.y /. «...! 'I'" 

•'.* i,v j,'. n,. .. ii..' '■ 

fijr 




wliioh ■««)■ IH’ I.V »r,.lnK It ill Dili (iirlii 

I 

11, ,™i.iiii.tion III- -I't- I* 'I"!’''"”' 

to iTl. ih, .ia»i, 111 til- itiii-ittiii ' '• 

Sut" t‘-ii».i«.Tiii iw l•'■||"■•- '‘"'rr 

i'y Itoyliif. tli-iitmti lot '"•tl»''l«»| «' 

/(»+ V / + V)“ ^O'if’i + [v y •' V ' 

^ w w'-*’ »■ ‘ * v- " ’• 

If Hill noil i.|Oi.n. Un«l»t !• a«oi.f»l l-y «'■ ” J 

iM'flW., Jttiil hiMiww i\m ftlww «*prw«i«n n»«y »«' «»**»’'»• 

" m •¥ %. f' ^ ^ ■' 



§ 115 ] 


KlNhYVlCS OF PAETKn.FH 


27.1 

Now since SI is a small (luantity, aacli tiumi nt iliiH m 

smaller than the one preceding. ConscHpiently the chiingc in / 
will be positive or negative according its SI is ptmiiivc i*r licgalivt^ 
unless SI=i), in which case tlu^ cdiangt^ will alwiivs 
since a scpiared term, siu^h as SI\ is essentially ptwilive. Siiire 
the curve sought is sutdi that for this particular cnirve llic iiilc- 
gral / is Itjss than for any mughboring curvet itf thet Hiiititi fiiitiily, 
it is apparent that the condition which d(deu*mim*H this curve m 
S/=(), or from the delinition of SI, this hcceuncs 

8 / = Bi/ ^ 1(1/, y )-f 8 //' ‘t /(/A .//')»! <». 

'V/ <V/ 

Now tlm) total in t!u? intt'A^ral is oqual t<t tho sum of tho 

changers in its st‘Vt*ra) parts, or, e^xprt'ssesl otlnunvise*, the operatioiis 
<)1 variiition and inte‘gration are‘ commtUat i ve* that is, 


SI 


»jV' 


4 II 

If 




M 


If 


*■ In gtaiemil, if any intrr.ral / is a funrtli»n nf mt -vaiiatlr r 

«o.V(‘raI (h'pcmlrnt y, my / r, i/. 

y', rJ, thtMi hy t’haui4nK / Ui / f- a/., y tf» y | ay, .»■' {«i r* i ,1C, rCv, jiml 

e‘Xpamlin|<j lush KldcH hy 'rayt*FH thiuin.jjt, tht^ rmnlt i t 


/ \ a/ ■{ 1 a'^/ i ... - 

t »<fi f i SA/. 

and cenmHjimntly a/ 

r'«0< 


f *a’^0d^, 

* , 

Jht 


C'X->4.,U ; 



that is te my, -V' 





or, ©xprwmc'd In worils, tlm «»f viirlmitni lunl intiriimtieii are nifiiiijittiiUtf?. 

Farthi:intnm% tlm teyinhol a ImlimUm tlm ehium*’ in tli*’ fnnrthtn tt hni Hut 

fmt mriahlii ii etiannwl by » finbe uimnmt. TInw a Imllr-nirii ihr r|ity,i.,;r. 
duemd In wlmii i/ In ntmngml hy tlm iuimufit a^ , ihiit h r** my, 


a ^ ^ -M .. 

fii dt «ii 


di 




or, in words, tlm e|»i«railtitw iif vsrimtiun iunl tUlli’rifiabilhiti »iri« 



27^1 


TIlKOltV AXD Viixrrui^i OP MKC‘liAXfC\S Ini4i, y 


Thon*f<>n% ronnidrriii.ir th»’ funtiiou nndvr thi‘ intrifrul ,siir|| 
ratelVi wt* hnw 


a 


A f //“I V ^ « V V ’ ^ * v" 




I \ I * 


V 




liij4«‘rf iiii: tliiH v%prv^mm iiinii’r ilw iii!i-.f rat nv/ji in fltr **«|iia!iuii 

for /♦ thru i^inro f - ^ / aiol i'itirN*‘*jiiriith rA . ^ o/, w** havt^ 

\ 2 ;/ \;i.¥ 


' fi 

1 ••,<■'" i 


/ ^ I i ; . 

¥ ■ , “ , * f ' • ?/ 




\ !/« I » 


r 7 f. 


Hiliri» ilit^ i.sjirriilioii‘4 »A iin*l iliff«’r*’iifia!iMii art’ aKo riiin- 

llllllillivi* Wr fo/' "I aloi I mvoiiiI 

or oi ‘ 

itmn iii ilw iiili?griil jiihI, ubi.iinoA 1»*’ %vn!toii 

Jt/ 

J, 


■J - 


' 7 , 

T« niiiifilify lfiiii» «ij»j4y In iho I'uurtioti 


ir 


J ♦ : ; 


/ (/ » 

./r 


, % t!i« 


rul« fur tlw tli(Ti*r«*nlittti«iii nf » j<r««ltK i, f Kt’ii 



§115] 


KINPITICS OF PAIITK'LKS 


Transposing, and siibstit.uting tho last tonu <tf tliis i>xpri‘ssi..n f-.r 
tlu! second term uiulcr the integral, the lutttsr iH'euitieH 


Bt = 


1 







</ 

(/.r 


d.r 



■I 




I 


(Ij\ 


'The Bccond tt‘nn in thin (‘xpn^BHum niuy 1 h* iutcgmitnl nt nitrn hiiu’i* 
the iui(?|jfral and tho d(‘rivativ(* annul niio anntlun\ loaving Hiiiijil} 
tho ([uantity in hraokids. Ilonoo 

t 

iL 

I + 







V 


'( l8t uinl dd torniHl* 


Since tho oihIh at tho tuirvoH A aiul B aro h^cod, %/ viiniMtio?i at 
both liniitH. (’onmH|Uontly tho intoKralod torni diKa|»jioiun at itio 
tipper limit. At tho lower limit, however, tlm quaiiiiiy in tlie 
denominator in ako 5^,oro, and heuoo the fnndion taken tliii initeler* 

minato form Evaluating thin inileiermination in tlio imiiiil 

manner it in ftmnd to be xero,* and (Humiafuently tho iiitogriiti'd 

* By the orcllnary rtile ft»r evalutuiiig an lialeterndnian wr ti»itp In tliw 

case to Had tht mhiii tif 



For the numerator we liavii 


IM \iU L-4» tlf ' tl/ 
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term (U)mplt‘ti^ly tlisappfHrs, Furtli»Tniiin\ in t!u* tWii trnuH m- 
mainiui,^ untlt'r tlu' iiitrgrul Btf tuM-iir8 an a f;u*tnr. Siure this 

Is entirely arhitrary. if the inti-^n-al k is tr» he i4eiiti(’ally /.ern, tlui 
(‘(H^Oieicnit t»f B// nitisl l»e two. I'he emulitiun k tln^refin'e 
re«luia\s in 


• liif'x 


, ■ n if ■■: 

A' ' 


■I 


.1 

•it' . ,1,1 » * 


. 0 . 


wliieli is aeetirtlingly the 4il1ereiit ia! e«|nHln-»n uf the rtn|nii‘i«4 
i’Urve er hiiiehiHitiehreiie, 

Perfuriiiinit; tin' tIillereiitialiHn iinlieatetl in thi' Heeuinl tenn, tliis 


v'H;': 


,lu J ./'■*./ 

t! 

\y H ■ 1 

' i -it i 


•lu , ./v .P./1 

ttf.i i ^ 




‘j, I i- 


4,1/ 




Itiallteili^ iliin le^i'ireHttiuu Im !|h' s'MiutaMii 

4,1/ ^^4 


*» i 


i-' ' ' 


ef|iiiiliiig the nmultini* h* /*'r»n iiti 4 I'tniihiniiaf teriiei, 

file itiflereiiliiit e*|tliile*ii rtf the Iir 4 siiet!i»ehr*nie liieilly heeii|iie« 


1 , 4f >4 


- ^ ... 




iiiil ftif li# tlrtiwiiiintipr 

tlli alltlllf llir‘» 


t . ! ''5<V 

•I* \ y 


la*'*!' ' ^ i 

I d Jv 


aiitl tlili It «ifw •!«» I il« 
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To integrate this e(|uati(>u, multiply thrcmgli hy I lifu it 

becomes , / r v .» 7.. 


or, since 


this reduces to 


+1 

■' dx dj~ 


WKdx. 


"f \ 4 . ™ 0 

.dx) dx 


+ - 


dx dx^' 


d(f ,?//YA , dii 
dxVKdx) J dx 


Integrating with rcapeet to r, we have for the first integral 


Writing tins first intt^gral in the form 

'(■'-.i V 

dx If 

and roplaeing e — y hy a new variiihle, say «, the e<{UHtiiin takes 
the form , i 

” T V " • 

iix ^ r -- u 

This, however, is the ditTereutia! iujuation of a eyehnd, as ?ihowit 
in the preceding article. Therefore in addition to ilw proper! 
previously (leduciul, tlm cytdoid is also the tntrve of nuiekr'^l 
descent between any two _ _ .... 

given points. I T 

It is of course jamsible to // 

draw an infinite number i>f x 


given points. I 

It is of ctnirse jxmsihle to 
draw an infinite nninher of a jr 

cycloidH through any two 
given j)ointH. The partimilar | 

ono re(iuired by the solntion, 
however, is that in whicli the ' ' " 

constant of intogrntion is e«a’ir, wln*re r is the radius «tf th»’ 
generating circle. To eonstrnet this partienlar eyehnd, h't .1 and 
JB (Fig. 214) he the two given points. Then from the I’.joaimn 

= it irt evident that when // sa (), r ; Shat w in 

dr. ^ y • dx 

say, at the starting point A the tangent is vertical. Hen. f^ tin? 


I lilii IH III 
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lu^rizomtal thn»u,ifh A is liiiv mu \vhi*‘}i iUv rircln 

rullH, Ninv It't flu» iloiivil nirw iu Fii^, 21 I auv ryflcnil 

thruu^h *4 rtuiHlinuitsl uu this huri/MUtal liiir as uu<t h»t /f 

tluiu^tu its puint of iiitorsortioii with tUv tiui* AH, Hu/ii siiu-r th|.^ 
rtn|uinHl «*urvo unist liv siiuihir llus» it «mu hi^ ulitaiiusl hy 
nu*r«‘ly inrrrasiui: tlu* huiifth *4’ isirh i-horit A ii\ llirtuiifh 
ot‘Uirr lif siiiuiHrit}' *1 iit tlu^ AH : AH\ Huil i,>i lu saw all 

rvt’IiUiis sliuliiig friiiii ihu {Hunt A aud whu^*^ iroiiora! iiit^ |•irl4t»H 
rnl! tui tlio liMri/siiiiiit tlinuu^fh A riinstitu!«» a huiiily of siiuilar aiul 
simihirly Hi{4iitl*sl rurvos, aiul fhti lu'iifhisturhroui* in tliat |ianiruliir 
riirvo uf tlit^ fiiiiiily uhioh jtiissus tltroi^rfi tli*# puiui //, 

mmuMUH 

337. *r««» IH«‘4 i /» a ihlb^s in **l»n iifiiMi mI h f*-ia . f finv 

will il tala’ 4 Im in*Hr pMin t i* irs-" !»: 

no?*, 'i'll*’ I'i gum Pv t|p’ iijU’gral 

I ^ ' ' I ' 

I f* \ . 

' ■ \ •- . J \ V 

Froiii ill*’ fS|ii4lioii ill III*’ 1*1 

V ■■ . 

iillliilllwiltig llin t'alti*’ Hi tli*^ iIj,'. f,ius.n 



ilfpairi’ fiy miUp* ll'w« 

. 1? # ^ ^ % 
f V %#*r» ^ ^ , , % 4 *'5 ^ ■ 

r 

SIlPi? r * *J r* ilm ^ * ■* 

^ :i r 

SMs if III*" I 4154 il Hi lllf»|*ffw4‘ 

l»| ptif|i|**ll4 I# I *1*1 ft »fl4 llirif *Ultm t^urr: iit s4*U4iii'*4» u 1 .1 II.. Iir*4 lli^'^ 

iltllfte*il tllllP of lr«itil -4 h* :«o4 rfiiMpiirr. Ilii% lli*i lasii« 

Wy to ii|i|« ilfiwii ilt*« .^tiroiglii iitfol Fooliig 

Pftli. ««* l*l»||*|f i|i*| ill*-' |if -,i 4**4 II. 4-2 r, t|44ii4*T4 lf$ lli*’ 

Tllett Iii 0 of lliiii ilp* litf *|» 

tlitt. to to *ftii«miii «ir4iiijii#« n k ^ r - 1-'.^: ‘ill; , ft -so r wisy 

filn^iliwi Tlir ij#lwr «|ii*iiiilti*’# nrnmmt'f lor iti4os.? f 43--»' immn lo tio’ l♦|p||<r'!fl 



CHAPTER VI 


KINETICS OF RIGID BODIES 

116. Moment of Inertia. — -In tho pmHuUiif' chnptiu’, nil tlm 
problems considered could 1»(> sohuul under tlui uHsuuipliou tluit 
the mass of tlus body was coneenl rated at. a single point . In niosl 
cases, however, esjuunally those, involving rotation, the aeittal shajie 
of tlu* body has an important idTeet upon its motion. 'I'hns in ih<' 
fundametdal fornuda for rotation T ■ iu (see Chapter 11, Art, 
f)!)), there appears the (piantity I which dispiuids upon the shape 
of the body, and was detined as 

/ ^ 

This shape factor is culhsl t he moment of inertia, and as showti by 
its definition, is fouml by midtiplying the mass of each particle by 
the s(piare of its distance from the axis, or center of r<ttalion, and 
taking their sum. 

By considering asoliil body a.s made up of an infinite number 
of material {jartiebis, the abovtf finite siimmatitm becomes, in ibis 
case, an infinite summation or integration. 'I'he moment tif inertia 
of a rigid laxly with respect to a point, line, or phme is therefiirii 
deluuid as or Him|»ly 



where r detmtos the distunee of any paiii<d4t from the point, line, or 
plane in question, and Uus integration is to be extende«l thnnigbont 
the body. 

To illustrate tins method for finding /, let it be reipiired t.* (ij,d 
the moment of inertia of a slender uniform nxl about an iist** p> i 
pendieular to the rod and i)assing through its *’enier t big. '.fl.. » 
For the (dement of mass in this (tase, take a section ,.f ihr t,.d of 

S71» 
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. 1 ^ 




f.c: 


■,0 

4 


Flii. 


min AiK wt^ lutvf r 

I . f 

J I 


(Is* if tln^ HTt'li of U t’roSH SiH’tion (if tlui 

rtul, the volunu* of this t*lt‘iaout in Aiir. C *(fiiHt*c|ia‘iit!y if S donotoH 

thi* doiisity (if tho iiiuttoinl, or 

W(‘ight {HOMiiiitof V(ilmnt\ llu^ 

tiitul W(ni:hi of I hi' tdrimnR 

t'onHidorrd uih|. Rg 

rnmn h . , 

. *UhIt 

t(m .'.:3 

// 

It* llii’ll, s tIolioloH tiifi t|ig« 
tntwv ii{ ltu.H oloiiioiit fro«i the 

j\ lUtd th«^ Vidllo i»f / in 
t ! 

.r%*hlr ,, hAB ^ 

tj di/ ^ Fj,/ 

i i 

. h \l , 

Siitei! tlio itiiiHf^ M of the \vto4o roil in At " , ihiM o%jiroHHion for 
the it'ioiooal iiioiiiii «»f fho roil with ro^jun’i ft* the A If itoiv 

iiIhii lio writl'Oii 

^ FJ ' 

A« iiiicillior itliiiif riitiofu lot it ho roijuiriol l«i fitnl the mfOiieiit of 
iiiprliti<»f II eyliiitlriml dink «»f tiiuforiti 
tliictkiioiii iititiiii nil min llinoinh 
ciaiilor iiiiil jiorjM^iitliriiliir to iho plutw 
of ii« fiiro (Fsn. *ilh F Hioro iho lignro 
In ny 1111111*1 riml iilioiit itio min^ it will 
III* 141111 jilor ill llii^ riiw III mijitifno f«*r 
tlio rlniioiif Ilf mmmmlimh or iiilonrn* 
liwiFft wiiiill ring Ilf ritiliiig # ntnl ii-itltli 
4 jt* l#»i I iloiiolo lint lliiokttifa^ rif iho 
tiiik* TIioii llio rkriioiil of i** *i wsMr, iiiitl llii 

elmnil 

mm m ■ * 

If 



Thtrefoni ti»« uf invftia «f llu* «U»k jtlMnit lliw nktu AB i« 

j*>= w/iS/e 

U it I * - if 


'‘i 
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2Hl 


Since the mass ilf'of the entire dink ih 31 thin 

// 

sion for itn moment of inertia about AB may be written 

J * 

Ah a third illuatration, let it be rcajuinal to find the iiioitieiii 
of inertia of a solid hemisphere about a dianutirul axis jierjietulieti- 
lar to its plane face (Fig. 217). 

The simplest method in this 
case is to take for the element 
of integration a thin slice pt‘r- 
pendicular to the axis of rota- 
tion, of radius r and thi(‘knesH 
dx. From the n‘sults just ob- 
tained for a thin disk, the mo- 
ment of inertia of such a slice 

about the axis AB through its center is Jn this expres- 

sion r is a variables which varies as the ordinate to a Hemii’iride of 
radius R* Tims from Fig. 217, /f^ -- and Hubstituting 

this value of r in tln^ expreHsion for /, the moment of inertiii id 
the entire hemisphere about .<^1/7 becomes 




2 /rv* , 

+ ’ I ■ - * 

II 


K 

Since the iuuhh M of the tsntiro hemiHjihere in M tm ^triP , it» 
moment of inertia about AJi may Iwt written 


I MI^. 


PROBLSMS 

339. Find the monwnt of inurtia <»f a iriautftUar Itonina of hifO' f>, Hllitudix 

A, and thlokn«i t abciafc Ite baiit,% 

340. Find the moment of inertia of the iiame triiingiilfir lioiiifiii nlwitii a 
gravity axis parallel its Imm*. 

341. Find this moment of Inertia of a rectangular kitiiiiii n 

h and thicknew t ahmit tli« gide k 
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342. Fiiul t!i»* tif iin'riuM*! th«' rfn'htiii^'uhu' Luuiiisi in tli«‘ pri’riHFuig 

prnhhnii alnml a K^'auty avi-4 parallel th*- hi.!.- h, 

343. fh«' niMun-nf UitTiianf a .‘»«‘fiurir«*}ihir laiuiiyt t»l* r.nliiiM A* and 

i ahniif ilH dnyin'tral ring'd. 

344. Find fli«’ iji«nin*ut mC in**rtia mI tin’ Htniurirnuiar lainiiia in tlm pr»‘ianl- 
pj-ublnm adHHi! thn diam«*l*'r |«'r|»*nidinular tti ita rhurd. 

345. Find tli** nii»iiiniit id iiinl-iii *»! a v^ilU ri‘H|iiTf t»» a tliaimdral 

pliinn. 

34 $. Find fin’ ini»tnr‘iit id t*f a **p|i**i'*’ alHUit a diiunntnr. 

347. Find tin’ niiniiniil rd” Hnad-ia *4“ a ?*|dn-r*’ mitli hi 11.% wnirr. 

340. Find !si»»iii«*nt i»f iinniia «d a tldn tmiiina in tin* Firm «»f ii «|tnid. 
rant «»!’ n aliHut urH** »*ditn »d th*'* ipmdi'ant-. 

349. Find llir liminriil id iiimlia *4 a lliin lamma in tin’ Fn'ifi mI a 
nf ii riivln aliMnl. it** rlimd. 

117. Spedal Methmln hr Finding /. -In fimliiHf ifm mimwiitn 
of iiiiniiii of Hfdiih* it *dt»’n ninvi'iiinnt !«» Un* 4 iti I»y liinltiig 
I fur ii {'tliUiu ?4nrtiini of tho mdid, St. rnily HFtnikiii|,(» ttin / fur 
Ii jiliinu iirmi not n lainnunl nf iurriut^ miiro oiity linvn 

inorfui. ilinvovnr, lli*’ d*diiiiinin uf / fur a jdiiiio liijiirn in iif jini* 
rwrif till* fiiiiiio furiii an far a ^ndnk aini for tlii^ roit.Htin itiu ^uniiis 

intniu i.f4 roiiiinufity ii|)|tlnHl 
to Indio* 

To illliHl nil«^ llli+4 llirfliiilk 

ltd it liu r«n|iiirrit in flntl 
llif^ inoiinnil of iiiniim of n 
.^oli*I rii niLir r % lil|i!t*r IliiiHli 
Stt4 grollirllir ii%m (Fig* 

21 H|, Lri ii t'lnl|t.i|u lllil 
riiiliiw Ilf llto ry liitiiur tiiitl 
I tin Udigtli. tiy till* 

iiig II jiliiii** mn'tiiifi tif tint 

a|liiiilifr fMirindpliriilitr Ifi ila itiiil liiiiliiig I fi-»r llii? rirrlit of 
ritiiiM II » rilitiiiin.nl| Witli rpujund to iIm mniltnn Hii'it itiity lie 
Idltiiii liiti lliii |iriifitidii of till? ririoilnr ili.^k in tin* 
irtitltii fir m f«iiw%v4 1 

• *l1ir I t^*r i plwp ftfru In liiw ** tif §liim 

ii I* m iti tliiipi ilm ul a 
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2s:i 


Take polar coordinates, r and 0. since the element ot 

mass ihn is here replaced by an element of area d/l, and simn' in 
polar cocirdinates (?/l = rdnW^ the expression for / btu’otues 


r dr (Iff • 


7rH\ 

%) 


If ^ denotcH the area of the cinde, A ^ and InnttHi 


Am 

o 


Now returning to the nolid cylinder, the moment of inertia for 
a thin dink of thiekm^ss <{.r will he, from tlu^ rt^suli jimt ohtaineil, 

^ ^ and heru^e for tlui (ndirt^ cvlimler 
1/ 

B ^ TT /i dS 
// 

TT/rn 

"'t 

dz/ri 


li 

or, since the masH d/Of tlu^ <-yHmhn* is 


this lannuneH 



JIT 

I I 
1 I 
. J j 


Ah another illunt ration, hd it he retjuired to find t he mmntmi td 
inertia of a nolid nn^tangular prism of dinumHionH a, A, c uhuuf an 
aKiB A/i through its turn- 
ter and parallel to one 
edge (Fig. 21 h). 

Begin l)y taking a plane 
section pcn^amdiculur to 
the axis, and tlnding / 
for the rcadangle ho cd.>- 
tained about itsaamter. By drawing a 
of rectangular axes througli the center of 
the rectangle, thii ehmierd of area in thin 
ease may be taken m c/xi/y, luul its dintama* 
from the center h r 4* Siiici^ 

there are two vivrmblcH, ami //, involvctl, it is itwvHnar} in 
double integration. "riiUH by (me inlegralioit, miy wilh re,Hpia,it u* 
X, the J is obtained for mi elcnuiutary atrip of width i/y, and by 


h 1 
fit, ;‘i*» 
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the .sccdiul intt‘i,^riitittu with rcspcft ti) .y, this strip is cxtoiuhsl to 
cover till' entire ti>,nire. Henee 




12 ^ 1:1 


If ^4 iltniuft'H thi' iirra t»f tin* .4 ■ ■’ itutl cuiwtH|tii»nily 

/ ..,^5 4 - /»“). 

I ^ 

to tla^ Hnlitl Innly, tin* moitii*nt of iuortia in iIh^ Hiuni^ 
for inirli piano Horli*iii or thin launiiia. Honi’i% iakini^ a Hlioti of 
lliioknoHH i/a wo luivo 




^ ^ 12 12/ 


^/' J2 12/' 


Siiioo t!io iniiMH ,1/ of tho out iiv priHiu in M ith** ■. wo liavo finally 
for tlH inoinoni of ininiia with ro?4j»oot It* ilio ii^in J/l, 

/ (.I-* i //■»). 


An II lliirtl oiiiriijilo, fiinl tho momonl of iniwlia of ii oirmiliir 

oiiiio lihotif. itn i^ooiiiolrio aniM {Fig. 
22*1). liogiiu m liofori% l*y taking ii 
|4*iti«' portion t»f tlio jtin’|toiiilioiiliir 
lo iho iixiH AH* Siiioo ii IiiiM iilroiitlj 
tm«ni ftniiitl ilmi iho / fur a rirolo iif 

nittinn r iilniiil iln ooiilor in / , wii 

hiivo liy titkiiig m tliiii liiiitiini «*f thiek- 
110^ t/f* iiiitl nniiitiiiiig ii|i for ilw oiitlrti 







irjT' 




h. 


Tint militw X «»f llio filitiio aorliitii ii 
Iwm tlirooliy |»ro|itirti*iiiiil In lliii din- 
ttiiet of tiiii •tclltiti frnin tli# tif lli^ etiin^ titfiirt* if tlit 
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vertex is taken as origin, ^ = 'J, and consoqueut ly 

~ J() I\ h} ij '' ~ 10 AV ■„ "■ ‘ 10 // ■ 

Since tlu‘. imiHs M of the tH)ne is M =5^ * ^ , this Inuunucs 

10 

In general, for bodies having circular synuneiry about a center 
or axis, the sini[>lest method for liuding / is to ust! jadar ciHirdi ’ 
nates, whereas if th(% body is symmtnric^al with ri\spe(d to rtuiangu- 
lar axes, rectangular co<)rdina(t‘s shoul<l be ust*d. 

FROBtKMS 

350. Fiiel th«^ inemout of inertia of an ellijme of st^ttdaxe.H n ninl h hImsuI 
each axis. 

331. Find the moment of inertia of an eili|moi*l of i4*muii\ei o. /«, c at»*»nt 
the major axis a. 

332. Find tin' inonumt of inertia <d a riH’tangtdar pyramid a!«ont it » 
metric axis through the vmlex and jH‘r[»endhndar to f lie hane, 

353. Find thi! moment of inertia of a hollow eiividar cylinder of mtetnal 
radius It and internal ratliuH r about its geometric axis. 

354. Find the tnoment of ini»rtia i*f the ledlow evHmhn* in the preceding 
problem ahoui its e«|natorial axis, i>, about a gravity axis pin’ptmdmnliir |.t# 
gtmmetrie axis. 

355. Find the irniment td inertia of a right triangular prism iiboni a griiadty 
axis pi*rp(mdieu!ar to its parallel bases. 

118 . Radius of Oyratiom-'-As exjdninetl in Art. 1 Itl, the 
of inertia of a solid body with reHjHsct to a judnU Hue, i»r jiluiie m 
obtained by multiplying tlie mass of tmch iidiiiitt'Hiitial eltuiieiii nf 
the body by the stjuare of its distaneu fnuu tlie given 
or plan©, as the case may Im, ami Humming thi.mt! prutlmiM; limi 
is, the moment of inertia / is tlefimul as 
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Now suppose* that: tho nilire* inass of tho Inuly is oonoiuit rattsl ia a 
Kin| 4 *lo umtorial partirlo. I'hoii a tUstanfi* k may la* found sucdi 
that if this partirh* is plaord at tho distam-o k from tin* ^i^ivan axis 
(or peaiit ) it will liavo tlio sumo momont id* iuortiu with rospoct to 
this awis as tho hody it roprosoiits. For this to ho tho oaso, it ia 
only iiot'os.sarv t liat 


or 


k 




11io limit! ii k so dofmoil is oullod tho radius of gyniliuu. and is of 
fro*|iiont iippHoation to priudioo. 

l*ho rmliiH of iiyriition tii uiiy purtionhir mso may ht^ foumi iifc 
ciiioo whoii flio iiioimoit of inotiiu is known, ‘rints in Art. IIII 
iht^ Miomrut of iiiortiu of u nniforin r«Ht of hmifth / uhoiit an a.^jg 


ilirnnKh its oontor was fouml to / 

P 


l*J ' 


I loliro 


wfiiUiw Ipm ^ ^ and k 


MP 

12* 


}lk\ 


i 

^ ^ anil /r ■■ 

2\;1 

Siiiiiliirly for a mrotdar liisk idiout an ntin Ihronith its rtmlimi 


i m iintl iitmro k 
*1 


\ *: 


For II liiniib|itii.nm iihoiii a *ti4m«‘for porpondionlar to its huHti 
i »i I inn! I* i« r \ |, 


Fur ii iwliinUm iitanil ilS|frnmririr a\is / and 


» td.«. 


\ 2 


Fora filiiim li,^iiri% tho rlniioiit of umm in iho o.%j»ri-ssitiit fur / 
m rr|i!iii’‘nt{ liy iiti tdoinoiil of urra, i.o. 

/ I rA4-|. 

Hsnefi In liinling lh« ratlitw »if (•’ynitmn k t,{ a fijfnri*. th« 
MuimatH «f inurtiii iniwl Ij»< i«i AH whrj.' .1 tlu* 

enlirn »r«. Fur tlw / iMr a nr* h? w«w fir.itiiil m An. Ill 

J J 

to Ut* / ■■ y , run! n«|i»tiiiug thtu tt» AH, «•' hav.’ <• ’’ 

Biunliiriy for a mianglw ii/* aiaiui it* t it oa* llmt 

/• f »«*l k m 
Is 
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PROBLEMS 

356. Find the. ra<Uua of gyration of a rectangle* alnnit a gravity axii>i piuiillrl 
to one edge. 

357. Find the radius of gyration of a sphen* about a diaiueira! plane. 

358. Find th(‘ rjidius of gyration of an ellipsoid about its major 

359. Find the radius of gyratitm of a hcdltjvv etreular evHtuhn* iibnut ll« 
etpiatorial axis, he. a gravity axis perpendicular to its getmndric axis. 

360. Fiiid the ratlins of gyration of a rectangular rtnl of lengtii / amt sidt^n 
a and b about its (M|uatorial axis. 


119. Theorems concerning Moments of Inertia. I. Tm* Mum o/ 


two reatmu/ulitr inooinitH of Inertia 
eorrenpondint/ polar nionient af 
inertia. 

Proof: (hniHidc*!- iho inoiuontH 
of inertia of a |datR^ annt about 
any two rectangular Htich an 
OX, O F (Pig. L>21). Then 

Tlio moment of inertiit of the fjgnre 
about any point (called a p<>le) 
such as 0, Fig, 2:ilt^ is known as 
and is defined as 



Fm. 221 

the polar moment of inertm^ 



Fici. 2*^ 


/^, S3 I 

Therefore simu! b- r^, wo hm^fi 
4 + ^ IT 

whicli proves the ihecirinn. 

To niuiitrate the iheorciiu Ict^ it Im 
reepured to find the pillar itioitteiii of 
inertia of a circle by milciiliittiig il^ 
moment tif iiiurtia with respert tit n 
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(Uuiiu'tcr. In (hisi'usr ( I'i.y;- ---t 

1 t ( '.I’hi- '/- I j ^ /i’"’ ;r >N !1 

i ^ 1 ,, i * 

I ■ li^ I V IP fp f- Hill * . 


SiiliT ii t'in'Ii* in riral 

,:3 1^, mill 

/, /. f 


wiili rr^jiini- It* in"rry 





wliirli uitli tin* ulitainml lu Art. IIT. 

11 , T/i»’ iVirrfii# 1 * 1 *# ig 

r#|iff#/ f*» f/it- Miiiii iV# irif/i rs'npr^i t'>i fif*. piimfg 

|#»/||V/| *#«*//»'« l« f/lr’ /llir*. 

Hh’ |»r*»i»f i»f thiH i!iri»ri'iii in an »»Ihj*»un nf t||«t 

KiVrtl for 1 » iUnt in Ihrri’forf' IImI rrjuMlriL 

III. Tfi^' »n»mriii luftfia a ii if/i rrupt'^'f 

ttl'in i« tN|iidl :f<i ifjf -.o' fiifrfi*i irif/i rrMpr^'f f * a paraiifi itri$ 

iiifmnjh ifi tviiff'f flir m*### f^N- 

l/li* $iilMf0 »f iht ifii.fsIiitN* fN-'N a.U'M : A*r 

/ 4 I- .1/A^ 


wlirro / - liloill8*'lil **f llii^liiil r*-Nj*»n-f til sifiy- hjII^ ,|||^ 

|#%.f O*!.! 

# «,|4 > 

Illiiflir’Ill *»f llirrtoi With r«^N|,Tr| 1*1 a |»riilili 4 \In i/#|^ 

fill rill Irt l« # 411 * 

li iirlwrrii llio a%rH AH *iii4 



tmi Ja tb. 

IImIii ilfiy Ifll'l'll 4 %IN illpl till II 

jPilNill#'! imiN l}iro||.t4i I Ip” nf 

of llip lw«ly. 41 p'-ii iI r|, r| 
flrli**lf’ lliP iliNt-iitiP'PN *4 iilil" ji-tiilll 
/* *4 tip* Iwttty iwpiixp^t 

t’V:#j«^rll% rly, si# llir*iti»'^||i« Ilf IllPrlStl 

willt rp#j«4.-i I** Aii Jliwt i%n*t 
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by definition, 



Now by trigonometry, — 2r.jAeo8 or, if r dt*- 

notes the |)roje(‘.tion of on the perpendieailar OX U> tin' given 
axis, cos POX = x, and hence 

= r/ + /fl — 2 hj\ 


Multiplying this eqtiation through by the element of mans dm and 
integrating, we have 


In this 



= j r,/(hn 4 - j dm - 2 h j xdm. 

expression jdm^My thes t(nal muss of the laaly, and 
when^ j\^ denoUm tlu^ x (asinllnate of thti (’enter of 


gravity of tiui body nd\u*re.d to the axis <}(}, l'hi*refori% since 
G^O- ’m a gravity axis, =a 0, and tin' above relation iHuroines 


/ S3 4. 


Since is a positive <piantity, / is greattu* than 4 . 
setpiently of all moments of inertia alamt parallel axes, that about 
the axis through the (umttu* of gravity is the h»ast. 

To illustrate the iheeuxun, h4 it he recpuriul to find the moment 
of inertia of a thin uniform nal or wire, about an axis tlirmigli 
one end and perpendietilar to it. From Art. lid the moment of 
inertia of (he nsl with respeet to a parallel axis through its eetiler 


is J,= 


Mr\ 
12 ’ 


also h in iln^ present taist? is 



Ilentu? 

»<> 


IV. The mjmre of the ntilim of ifi/nition with rrepeft to ttn;f 
aocfiM %B etpiul to the etpittre of the TUtllue of tfifeotiou lelth eeepeet 
to a parallel graoUt/ axie plu» the mputre of the tliHtttnee h, tween 
the axes. 

PitooK: Lot ^ dtituito tho radiuH of jfyrHtion <if u Knlid htidy or 
piano aroa with rtwjxiot to any givon axia, and tho radiiN of 
gyrati(tn of th« Humo IwKly or ar«a with rtsgpitot to n gnivjly axw 
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parallel U> ihv axis, anti h^t h ilemite tlie tUstaiiee between 

these axt‘s, Frien llifta-tan III we huvt* 

I- MfiK t»r MkJ- I: }Ih\ 

Hinus* '1 

wliieh prt»vt*s the tln'ttreiii. 

\b If k\, th*' nulii *f /i with 

ti* it t/ierii tine er the rtifiin» tif'/z/znifei/i k if the rnim 

Mi/stem leiV/i rr»peei ^tii^ Une t*r ptitne in iiieen % (he retdlum 

ijfij I m,^ -i •- f 

lias ihetireiti in useful in tiialiiitt the siiHinent <»( inertia tif a 
rtaii|it»site !»iiily whirli eaii he run veiiienlly Heparalnl intu |.tartH, 
The jirauf is t*hviuus fnun the de|iniU«»iiH uf rnuineiil uf inertia 
mill riitlins i»f iiyraium. 

VI* fliivri the iiUiinenfn tf inerfi*!, /, , ef a plane firm 

tpiih r^wpret in iim iV'ef.i«j/fi/ar *i.rrif HX ainl , -Hiif *a ithieh, nap 
ilX\ ttin *f/ii rf niimmefrp, the mnmeni *f iuettia /, irif/i fenpret in 
ttfl fii’iii ill- the name plane, ihr^ai*jh (heir tnlef»eef.i>ai H, amt 

^ ^ iuehneii at an aie/Ze ii f/i-e ii/iir 

Hf* npmmeirp ttX^ i» */ier*ii /♦!/ (hr 

/. relatival 

/ ' ■ ■ 

y # ' ^ ,14 / l.vnn^a I’ 

/ riiuiir: le't i(i\ *i*ihi{r- 

y •- ' *1 iiui«i anv hip*' liii'uii||li itie ifilef- 

^ nrrliuii fl *»f the reeliiinp,iliir mm 

p. ^'fT, ainl iiii'Iiiieil III nil miglti 

/ ' ** a^w «»f syiiiiiietry (IM* 

/ Then the iiieineiii **f’ tii*al44i *1 tlie 

*' ^ jlillie mnm lllltl resjw^ii. In Hi* m 


f..., .1 I c V *’*»« « + JF »iu « e«/.i 

«*•*>'* ^ »iii «»•«<!* ««<i, I f I r*' n’/ 4 . 


But dincB ox IK «iiiiMn»«l fcw wn ««»»• «•( oymmwlrv, |«iiiliv** 
imulutii toriii ( + ,y)/»/.l will Iwvn » liku imm ( - .« tt<lA 
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to cancel it. Hence the second integral vanishes idtniiicallj, mul 
the relation becomes 

I = (‘os^ aj i/\lA + a j or J = cos^ a + mi^ 
which proves the theorem. 

PROBLEMS 

361. Calculato the nunueiit of iiu'rtia of a reetangalar rod ahotit an ii*b 
through its center and jHn-juuuHeuIar to ilit^ rod. 

362. Calculate tlu‘ luoiueut of inertia of a 
rod, elliptical in cross seetioiu about an axis 
|KU*pandicuIar to tln^ rod and parallel to the 
short axis of the elHpst^ at a distane<* e from tin* 
cent(‘r of the. rod (Fig. 22o). 

363. A solid <lisk tlywheel of east iron is 
12 in. in diarntder and 2J in. thick. Find its 
moment of im*rtia ahout its axis. 

364. The pendulum of a el<M‘k consists of a 
straight rod H ft, long ami weighing 1| Ih, and 
a lead disk (1 hn in tliameter and weighing 5 Ih., 
the center of the tUsk being at the end of the rml. Find the nuuoent of iueilia 
of th(^ {Hunlulum about an axis through the up|s*r mal of the ro»l, perpmdii’uhn 
to it and to the plane of the disk. 

365. A cast-iron flywheel Hm is tl in. broad, U in. thick, anti h ft. in external 
diamett^r. Find its nanmnd of inertia and ratlins td gyration abtmt its 

366. A cast-iron flywheid Ih ft. in ext4U*nal tUiunfd.er has a rtrn lf> In. whte 
and 5 in, thick ; lutb in in, external tliameter, H) iti. with% and I in. lit ire ; iinil 
six elliptical H|H»kes .1 in. 4 in. in section, (‘alculate the inoinenfc «»f iiiertiii 
of the flywheel abtmt its axis. 

367. Find ilia moment of inertia of a truncated cone about its geotiteiric ax he 

368. Fiml the moment of Inertia of a truncated pyramid iibmd. tt-i gm. 
metric axis. 

120. Inertia Ellipse. ■ — CouBidtsr tins muiutnit tif innrt in of ii 
area with reBiH»ut to any Urns Ali in its pluno ( la-t 
0 be any point in tiiw line, and OX, 0 V any pair of nniHUfinliU- 
ax«H through 0. Then if P denotiw any pi>int in fho plaitf uifa 
nnder conmderation, and « the angle hot ween AH and OX, wr 
liavo by geometry, 






Km. '^Si 
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Y // lit* lint I* thf* rtiririli- 

I / iiiiivH <tf /* aiitl h iiH j»t*r|»t*n« 

^■*’'*^* / tliftilur from AH 

( , **'*■•' 

y.,L^ I ^ 

t, '• .rciiHu } // «iit II, 

/ .< .1 

/ 

. 4 Hiui r.UiHftjUi'lltl), tin- uUctvt) 

\ Fim. rt*laUtiu 

4, A. 

I I .r vtiH tt I If niti it i-^ 

.r’^l t II ) I i/H I ■' it } ' *J Hill i« rn*, 

llv nf I lit* ri’hilinll i« f- it ' !» lliiH rmhirrH In 

iA ^ ii i f/** fc ■--.™ ‘J .ri/ Hiti fi ruH i«, 

MttllijtlyiiiK hy */»i anti intfi^riif iiiif, 

f/A/ /I ■«» ntii^ rt I J ! 11 I ^ mn n m** n | 

Ill |}$b i'ic|irt*fi’i%itili lirnt inn i»ii tli*^ riijlil an* tlir 

tiiiiltintiiii «f |4ann ur*M niih r«‘t4|*frr tn ili*« }" iiiitl *\* 

iiiifl l}w Imi iii|.rgral iH railnit a pmluct nf itiurtit, ^av 

\¥lii»rn P y ili^lliiril ji»f ^ 

■ I i.v /4. 

*f ■ 

IiiKi’rliiilf tlif*' iiiniiim! nf inr«rti4 nf ili*<s jilain^ 

lir«*il Willi rtmpm’i Is* l!is» fl^l# AH 

/ m iHi'tA It -'f- m%A *1 « I* -nil m «'nH n. 

Mow talp ii f.w4lil ^ nil liti*^ AH al an iirlnlrary k 

from 0. 'ritt?ii iIp^ mmmlurnlr^ r j/ *if y will 

i* rn^ It, f/'* ^ k niu *«, 

f^iiii^Ftjimiilly if llir iifMivi* l^■^|,l|■r#«ln|| {ur / 1 » tiinli4j4ir*l ilirntigfi- 
mil liy llinl llirn sit Itn-Hi** *4 il 

1"^/ i«rf fi 4'’ miii^ *•« •-■ m %iii »■# ii 
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Since the distance k (or point Q) is arbitrary, lei it be Ht> cIiohoii 
that IcU = 1, Then this relation becornt^s 

/V/ = 1, 

which rcj)resents an (dlipse, since the coenicients and 4 ^B'c bttlli 
essentially positive. This is calhul the inertia ellipse. 

Now it is shown in analytic j^eometry (hat for im ellipse there 
is always (»ne pair of rc<‘.tangular axes, nanudy, the axes syin- 
inetry of the ligure, such that the equation of tla* curve wtiini 
referred to these axes c.ontains no prodiuit tenns. Tliis pair tif 
axes are calhal tlu^ principal axes, or major and mitmr axes. In 
the present ease tluu’o is only oiu^ pnalnet term in the equHtitm, 
and eonsefpiently only on<^, axis nt*ed he an axis of symmetry so 
far as th(‘. elimination of this (man is <’one.ernt‘d. 

Rtihu'rin^ tlu‘ imulia tdlipst^ to its principal axi^s, tlnuadori*, the 
product term <Usappears, and tln^ tsjuation of the tdlipst' heeomcH 

- U 

where and denoti* tim monumts of inertia of the given ligure 
with respect to the tiew axes. The point Q, dtdimnl as above, lies 

on this ellipse. Mcn’eovtn*, since 1, we havii / whiidi 

tneans that if any radius vee(c»r OQ is drawn to the inertia ellipsi% 
the moment of inertia of the figure with n^speet to this line m an 
axis is inversely pro]»ortional 
to th(i! square of its hmgth. 

Hence tlie moment of inertia 
of the tigure is least with 
respect to tlie majiu* axis OA 
of ilu^ imulia ttllipse, and 
gr(‘att^st with respect to its 
minor axis OB (Fig. 227). 

These rciults are f‘xpri*Hsc?d 
by the following tlieoretn : 

For emr^ plmie amt there ean hr fmtthJ one, anti unip om\ pair 
of reetanqular artm, euUrd prinrlpal (Ura, nnrh ihttt/or thrMr mm f/ir 
produet (f inertia mnmheM and the moment of Inertta of ihf fojurr 
a maximum with reBpeet to one axi$ and a minimum with iu 

the other. 
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m. Gyradon Ellipse. In ’rh.M.rfin VI, Art. 1 19, it wuh .shown 
that the ninuu'utuf inertia uf a plane area with re.spm-t to any 
axis of inelinati.m « is .'xpivs.HtsI by tin- ivlatiun 

! . /j,foH^i« f /^ Nin’^u, 

whfi-e /, an<l 4 .l.Miute tlie moments of inertia with respect to a 
pair of Veetainrtilar axes of symmetry. It is e\ i.lent from the 
prece.limt article, liowever, that an axis of symmetry must he a 
principai'axis. sinc<! the product of iiterlia vanidies for such an 

1.1 X in. 

Now (liviih- throu^'h the above exitression by the area 4. ami 
make ti.se of the relation 'riieii it becomes 

k'* A','* cos’'* a i /i,'"* sil4 a. 


or, tUvhling ihroiprh b> P. 

I* ’i 4" ' ** 

Now lei wm4i term be jonltiplieil and divided by the same iptati- 
tity. MttHudy. for the Urst term and bo- the second term, 

wliirli mmmf %vitl niiirr friuiiint 

ttHtiiik L 

, 

k./ 


Oft 


, If the eomimm tniiliipHer of each term is denoteil by P, i.c. if 

1 1 I* ( I mti m 


P m It simidithm into 

ir 


I 






If, thwi, » iwllil (f. ,V t i** ehiemit on the «tven axis at a dtslaiice I 
fr»m th« ttrigiii, wo have 

f :■-) t mm li, jif «• I sill a. 
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and tlie above equation hecoineH 


4. r ^ 1 

which is the e(|uati()n of an (^IU]>se with Hcmi-axcm and 1*^. This 
ellipse, described on the principal radii of gyration as Menii-iixes, is 
therefore called tlu^ gyration ellipse. 

The gyration ellipse has a certain gtjoinetric^al proptsrty witielt 
makes it especially useful in practical caUndationH. llnis hu|*- 
pose that the gyration ellipses has actually been constnudtsl to Hcaile 
on the principal radii of 
gyration as semi-axt\s, and 
it is nupiired to hud th<^ 
radius qf gyration with n’t- 
spe('.t to sonu^ other axis AH 
through the (u‘nt(U’ 0 ( Fig. 

228). To find this new 
radius of gyration it is only 
necessary to draw a tang(*nt 
to the ellipse paralhd to AH, 
and the distance of this tan- 



u’e< 


, as alcove, and let u demdo the iiudination of AH 
riui tHpmtion of a tangimt to this elli|»f 4 tt iii 


gent from the c.enUu\ measured to muih^, will tlum hi^ tht^ rcqtii 
radius of gyratiem witli respect to AH, 

To prove this theorem, let the iujuatiou <d the gyration tdlipse 

to ox (Fig. '2-2H) 
any x', y' is 

"/a I 

To oxproHH tho oqtmtiou of thin straiji'lit Hn» in tin- normal 
that is to say, in ttn-nis of tho aiif^lo jfcf whioli tho nunnul in tho 
tangent makes with OA”, and tho longih tif tho porponilictUiir o, 
from the origin, it is only iieoeHsarv to <Uvido through 1>\' tin* Mtiin 
of the squares of tho oaonicients of x and ij, Whon so I'xprosHoil, 
tho (Hiuation becomes 






4.. 

•s/x2'^k^ + 
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Fia* siuiplii’ify Ivi tin* ratli<‘al in tin* (l<^numiuuturs In* 
It, i,t\ lt‘t It ■ \ ! //"lyK "riitnu as .hIiijwii 


g;(*c}nH*t r\\ 

I'i 



.siu 




dtaitiltHl hy 
in analytii* 


( 'nustH|Ut‘nt ly , siiii’i’ IHl' n, \\v 

/p “ IP iP 

Siriri* j-a/’ lifs lai thv i 4 U}*hi% its «’«H»r*Unati’^ iihmi Nati.Hfv iliif 
rt|uatn»ii nf ihr i’!!i|»^i% i,r\ I C *i*n.Hri|nfiitlv 

tlm fur Ittn'Hinrs 

IP 

iiiiil l»y riiiti}*iirin|^ thin uith th*’ fur *' iiltHVt% it in 

rviiifiil tliiit , 


t!in jinrjwiiflirnlar ilrniuiru frum tln^ i*ri|^iii i*f lit*’ taiiipiif 

|iii.riitli4 li* iiiiy iitn* AH ih *njinU lu thi^ rinliiH iif iiyraliMii i-urr*^- 

»|aiiiiliiig l« liiis liinn 

liy |i!iiltiii|( lilt’ gyriiliun rllipau *,n :Ht;iiiflarit in 

tnniiliuili Itms it wniitil \iv *u4nij.»!*'' inatt*’r lu ilf^ti'riiiiiir tlii' 

rinliiis t»f |iyriiii**ii witli iu an\ in*'Hij«’4 axi^. 


122. Infrtk IllipioW. ■llw ru 

litfnir^il MU III apply l*i wiliil tnnli 



muIim uf Art. I«*i itnii Iw’ t*%- 

r.M, ii.M : 

t'utiMpIrr l!ip itiiiiiinii ill 

iin-rtni nf ii m4.i 4 l*u4r iiitli 

rr^jirir-l In mu rpii'ii .itH 

Ail yt ij r^4» 'ilutf^ 4 M-t 
i4 rn^tirtiiitnlar #1%**^* llnunf^li 
liny jiniiii li iff ah* Ain4 Irt 
/• m% piniil uf I Ft’ finiiy 
ttii!i rsi4ir4iii4tr«» ,1, y, / i l-ijr. 

arnj* « 3i* rjn‘u»li< (liar 
/* iiM Ait. ! hui if 
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I, 771 , 71 denote the direction (*.osines of AB, we have 

0(7= lx 4“ 7717/ 4- 71Z, 

Also if the length of the perpendicular ,P0 in deiuited hy /n tlicn 
=: (x^ 4- 4* z^) — {lx 4- 7771/ + 77Z 

= — P) 4 lP(l ~ 777^) 4 ^‘^(1 - 77‘^)— 2{77177 7/Z 4 IfiZX 4 ImX//). 

Since the direction cosiiu^s of a line Hatinfy the relation P 4“ 77p 4 77^ 
= 1, we have 1 — P = 4 )7\ etc., and therefore t In^ alnna* cxpre«- 

Hion may be writtcni 

IP = j\77p 4 77"^) 4 jriP 4" ) 4™ P( 7*^ 4- 777*^ ) — 2 ( 77771 7/Z 4 l77ZX 4 (777X7/ ) 

= 77*^( X^ 4 7/^ ) 4 777'^{ X^ 4 P ) 4 Pi //" 4- P ) — 2 ( 771 77 7/X 4 / 77ZX f / 777X7/ ) , 

Multiplying thin (^?cpn\sHion by the u mss d 7/1 of tlu^ particU* anil 
integrating, tlu^ result is 

j lPd777 = 77- j ( ,7'^ 4 lf^ )il777 4“ 777- ^ ( X^ 4 )d777 4 P j t Jp 4 )tl77i 

— 2 77777 I J/Ztl77l — 2 /// j Zxd77l — 2 1777 j X7/d777. 

The first three terms on tin? right am the monnuits of inertia of the 
body with respcid. tc^ tlu^ three e.oordinate axes, anti will be thumtetl 
by B, (7. Tlie last thrt*e ttuaim art^ (aUUal products of inertia 
and will bt* denoted by /), //, TIhj thdinllituis td* moments 
and products td inertia an^ then as follows : 



A KS j ( X 2''* ) </«l, 


D -3 | 

Moments 


Prodiuds 

i* 

of inertia"’ 

B 1 +Z^)d777, 

of imudia 

E .m 1 zxdlih 


il a i { 4^ 4 i/^) dm* 

*7 


* 7 * 


Using this notatiiui, ilje expressiem for the moment of ini'iiiu / of 
the body with rcispcKit to the axis AB heeomes 

I as AP 4 B 77 P 4 ( ^7p — 2 17777 1 7 — 2 1 77 E 2 ! fH E, 

Now take a point Q, with ctHJrdinates x*7/*z\ <»tt the line /!/! nt iiii 
arbitrary distamaf k from tlie origin, 'Fheu 

/ kl, krn^ z* » kii. 
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Tlu'rt'fiirc multiiilyiiit' th.> .•xprfssiun for / l.y uiu! 
the ir.eiH in terms of .r it hwomes 

/.-V . .I.;’- i Hii- f'-r"' - 

Siiu't* till* tlistsim-i' k is iirhitrarv. it may in* so eliosen that /,•’■'/=! 1, 
in whicli ease tliis relation Ueeomes 

.hr'- i lf>r^ h t'/-'* - 2 AV'.-' 2 F/>,’ h 

Siiiee this is an eijuation of the seecnnl tley;re<', it feiiresents some 
quaiirie snrfaee, ami sinee .1. /#, <’ are essentially {(ositivi-, tliis 
snrfaee ninst he an elli}>Huiit. 'riiis elUjisoitl is known us Poinsot’s 
Central Ellipsoid. 

It is a [iroperly of an ellijisoid that theis' is aUvavs one, nml 
tinly one, set of reetaiiKtilar axes, ealleil inineiital axes, for whii li 
the proilnet terms vanish. When n-ferreii to its j.rineijial axes, 
therefore, the eo. tlieients l> a F F > mnl tin- eijnation of tin* 
uUipsoi.l reiluees to ^ ^ 1. 


Moreover, sim e Q lies on the ellijwoiil, anil k is the leni'th of the 
rinlius veetor (his'- »i follows from the relation / -i ^ 

that the momeitl of inertia ahoiil any axis OiJ is inversely l»roLior- 
tiniutl to the sijitare of llie railius veetor to the ellijisoiii, ineaHttred 

aloinf this axis. 



rw stt 


As will lie shown in Art. 
17 I, the jiiineijial axes of a 
hoily have the projierfy that 
if the eellter of }|(fivily of 
the holly lies on one Ilf them, 
anil the holly is set in rota- 
tion alatut this axis, it will 
eolitillHe to I’olnte ahoitl it 
tiiilesa ftfteil iijioti hy an ex- 
terna! inoHienl. As will aje 


ji«r later, this jiioja’rty i« of Bjsieial iiiiisirtiiiiee in eoiisiiieriiiit 
th® kinetic rwmtions of rotatinit laalies. 


m. OjrwittoB EllipioM. In Ait. 121 llie nyralion elli|«e 
w«a iletliiei! as an itlU|w« uowalrueteil on the two |iriiieiji»il r«4ii «f 
gyralliiti of *M| pliine area «m Kxleniling this itfea to 
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solid bodies, we obtain a gyration ellipsoid, delined as an ellipHoid 
constructed on tlie three principal radii of gyration id any Holid 
body as seini-axes. 

By the same process employed in Art. 121, the equation of the 
gyration ellipsoid is found to be 

where denotcis the radius of gyration of the laaly with respciet 
to the line of intersection of tlie X and V coordinate planes, id<*. 

By reasoning analogous to that giv(ui in Art. 121, it may be 
shown that the giu)m(itri(*al pn^perty of tlu^ gyration (dlipsii tlmre 
deduced also holds for tlu^ gyration ellipsoid ; nanudy, that 

The raditis of gyration, /r, with rt^spcH'.t to any line Ali thnjugli 
the center () is i‘(jual to tlui pcu'ptnuUcuilar distamu!* of tlu^ parullid 
tangent plants from 0 ( Big. 2JM ), 



124. Reciprocal Ellipsoids. ™ An imptudant reflation e^xislH be- 
tween PoinsoCs central ellipsoid and the gyration t‘lli|)Hot<h whirli 
will now be deduced. 

Let the smaller ellipsoid in Fig, 2.12 rt'j)resent PoiiiHcjCs cciitriil 
ellipsoid, the equation of whicli is 

‘Aj^+ I, 

and let P be any point on the surface with cot»rdiniitt«H llio 

eciuation of a tangent plane to this ellipsoid at the point I\ in 
terms of the perpendicular jp on this tangent plane mid the dtrcc- 



300 


THKOKY and 1‘HAtTU'K OF MKCHAXU'S vi 


tioii cosiiu'S III till' tKirni.tU 

p ,r fiis i( ( V I'lis J » t’tis y. 

h 

li 


.viu.iv /.• -= % .ivM /^-r I = 


cos (i 


/{,/ 


cos 7 i> 


\ 

j:' 


UI„1 coiiscijnctitly cos« .l-r/., rtisfi. H;ii\ cos 7 a ('if,. 

Now oi» the jicrpcmlicitlur /» to the tiunrent jthutc at /* tuktni 
{..lint /" sue!, thut the .Ustance O/" is ijiven i.y the relation 

al" * . 

P \ m 


where m ileiiotes the mass of tin* lioily. Theii if ,/ > V' tienotn the 


I’oor.iinates of wi- ha\e 

.1’ * O/* \ «i 

j/* M/*' i-mh f! 

/ j fl/*’ 

Friiiii ihrm^ 
liiivr 

r \ m 


\ 

Arp 

Ar 

l> \ m 


\ m 

1 

lii/p 

liif 

» 

ji \ in 


\ III 

1 

r,p .. 

r V 

V in 


\ III 


ih*^ riH»r4iii4lrH .4 i* iiini i*\ wii 

v’ % i#i ^ \ i« 

' ‘ /I ‘ ^ I * ‘ 


!fi Iliril, %itlllw ttf #1 ^ lit'*-’ .^ulml-lllltinl III lli«' rnimitum id 

FiiiliiliFi itfiti»*4v» 

/ij^ -4- ..4. f */J F 


il tli?rtiltli*i 


s * * 


^ I* 


L 


Tlita is the i*|>iiiiioH »»f ittmlher i’lli|»soi<l. havini' axes inversely 
{♦Kij»ril*»Hal ti* t!i« »!“*s Ilf t’liiinmf's I'lUj's.inh I'nr this r«»«m it 
tM Mlletl the Keciprocft! £lU|^i4« 
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Since yl = /^ == m/cig, 0=^ mk'iy, where k^g denetcM the nuliuH 
of gyration witli rcvspect to the line of intcn*8eetion of this // hihI j 
coordinates planes, etc.., we have 

d^kiy 


and substituting these values in the (‘([uatiou of the rtHUpriHiiil 
ellipsoid, it becomes 


4- = 1, 

L'2 ^ h'i ™ p ’ 

^yM ^xs ^xy 


which reprowsents the ellipsoid of gyration, as dellneil in Art. I:i3. 

It is obvious that the eonverse of the relation hiU*e established 
is also true, namtdy, that INiinsoCs iumtral ellipsoid is risdprtHail 
to the ellipsoid of gyration, and Unit U\ any point on thc^ latter 
there corresponds a point P on Ihnnsot's ellipsoid smdi that (^P 
is invers(dy proportional t(» OP^. Tln^ relation lun’t! (‘stablislnnl 
may be brietly (‘KpH^sstsl by saying that Poitmofit rUipHohl and thr 
gt/ration dlipHoul an* mutaallg rnupmml. 

125. Physical Pendulum. * By a physical peuduhun is nunint a 
solid body of any shapes or si'/,e which is suspended fnnn a InuT/on- 
tal axis, not passing through its center of gravity, and allowed tt> 
swing \uuler the action of gravity. The motion in this I’am* is 
similar to that of the simple pendulum considcu’ed in Art. 1 12, the 
latter being in fact an ideal case of the motion under disemsHion, 

Let O’ denote tlie (umter of gravity of the 
body, 0 a point on the axis of suspension, and 
^ the angular displacement of 00 from the 
vertical (Fig. 23M). The equation of motiim 
iH th«n Hin.j.ly 

where JdeJiotes tlw iimmtmt of iuortia of th<« 
body with reBjMsot to tho jjiven uxw throujfh (>, 
tt is its angular aoetdoration about thi« iixih, 
and T'm the external ajtjdied moment. Siiiee i^ei. 
tluH moment or tort[Uo is <lutt in tlu) present ease simply t«> the 
weight of the body, it is etpial to 

Whmx4,. 




TIIBC.KV AN» I'llAOTU'K W MWIIANU-.S 1,„„. v, 

,.r "" * - 


« 


Wli win 4*. 
f 


■ or mni>\v. jhmhUiUmu. %vh.-r« ih.' *’ntir.< i»hhh of tht^ 

... .. «.«>■■ -I.; 

/ fru.u tl..* t5»' 

,.tonua i« r- Wl Hin o-ituttiou of 

„,„tion f.*r lU« *’* " ./ 

I# HI It 4 

»g " 


K<l«Rt»ng Ihi’-M* two pxj.rwwi*'»w f.«r «. wo Imv 


«/"»«'#« H'Amn# 
‘ " I 


wiieHM 




.1/ 

ir/i 


' . ,.. .. 1. U.»«,,fc o ««l •I”’ ■‘■* 

•nwil Irew llwOTW III, Art. HO. ^ * j' * ’ 

tiuM «»f wtrtiMi* 

irUiiii*- 

‘m U.I.I..1. »i «i« -i»i«.i»‘ •‘“P'' 1”’“'“''" "•■ ' * '"■ *' 
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and tlio oxpreaaion for the period becomes 

^ //A 

It is an important projxn'ty of a physical pandnluin that for 
every center of suspension 0 there is always a corresponding point 
called the center of oscillation, siudi that 
if the pendulum is Buspeuded from this latter 
I)oint it will oscillate with the same period 
as though suspeuded from 0 ( Fig. 2B4). To 
prove this, consider a point 0' on the lino 
0(3^, and distant I from 0, where I has tluj 
same value as al)ovti ; that is, 

()(}' =1= h+^‘% 
h 

Theti since 00 == /e, we have 

OUf = h' = 00’ -0(1 s 

* h 

and consequently 00 x 

Hence if 0' is nnulo the (umtor of suspensiem, hecomt^s thtu^ciiter 
of oscillation. That is to say, the eeniers of suspouHiim luul onciila- 
tion may be inter(;hangtKl witimut aITtxding tln^ period. 

PROBLEMS 

369. Show that for a physical ptaululura iht^ tinio of in ii miiih 

mmn wlani h L 

370. A unihdrrn rod S ft. lon^ in 8UH|Mimlod fnaa a point H in, from tmo wnd, 
Find tin^ timo of a small owdllation. 

371. A sphorii 10 in, in diarm^tt^r maken" -'^mall oMoillationH aliont a hurt/ini* 
tal tangent. Find tht^ distance of thn mmti-^r of oHoillation hidow th»' n^in, 

372. A olreuliir diw! 20 in. in ♦lianmU^r makoM «mall omdllidionn alniitl ti 
horlEontel ^ngeiit. Find thn hmgth of the tnpdvalont ulmpli* pmidnlnm, 

126 . Experimental Methods for Finding/. — The pritperticH uf 
the physical pendulum diHluctsd in the last article offer a eoto 
venient moans for ffnding / by oxperimtint. Kupp(».Me, fm- e<t- 
ample, that it is desired to find the moment of inertia of a u !»■»*! 
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wluc'ii is uf sih'li ;i sh;i|»i' tluit / fujuiut \h* rt*;uHly t'aft'iilatrO. 
fuul I in this casr sus|m‘1u 1 fht^ \sIhh4 Ohuu ;ui) rnuviniit*iit [Hnut, 

h.iv a jMiiiit tiiulrr tin* riiu, un Hlitnvu iu 
^ Fii^. un4 hUhw it tt» Huiatr. 'I'ln* 

tiaa* ttf t»r iirriinl, /\ is tluai 

liy takiai,^ thi^ iitt*iia fyj. 
t any r«inviau*ait auiiitii'r of ruiiijilftn 
oHrilliil iunH» I'ha woiiilit of IIh^ \vlii*t4 
is also l*y \\ oa aii 

ortliaary statlos, lual tin* ilishuim h 
from !}i«" jtoiat of snsjianHion Im tlni 
rratrr ttf ao'auly is iaoasiin*it. Iltra 
iliron iiaaistiriMl i|uaaiilit^s la tho formula 
/ 



iiV HllUst itiitiiU:^ flu- 


for tlir* |si’rioih laiiuoly 

fiiuiitl to !i«^ 

/ 


Wh 


» ill*' UiMitioal t»f mortal / i> 


IS 


I 


Tlia immmiil of iurtiia ^ *4 iho \Oiio4 uilh rosjwn*i tu ii?4 r^riivily 

iitin imiy foiiiai lir»iu I ho rolatiiui 

4 


/ 


) 


If II liiitly m of sifr-li that if r.maMf }.io rasih- i*iiH|wuiilish 

itv« Il|illlli*llt of |||«*?|l| 4 | Ii|j|% lt»“* fouml o i |*r UUiout^illy to lli*-ii||tt iif II 

|iti»atMif iijijilirsiltls l'♦lli«sl alt *»srulaliiuf 
1 tils roiisistn iti ii lioi uil ai 
jihllloitll st||tjrof|r4 oft 4 litflnail a%is 

to iiliirii altarlirtl a *ij*iriil as 

ilmwii ill Fi|f* Wln*ii , lal»l I a 

ill fUilmr tltnu^lioii ,*4iil 
rrIriWwL ill** %%it} rini^i ii to ' 

liiirim.ii*! iifi4 al*otii k ' 

It4 %‘rfiirilt lltis- 

M«»w Iri llir |p»f$*i 4 I* r*f tlm ^ 

mini wlimi iiiilitrt«ir4 !»#** *iri#ritiiii«^4 l»y 

tili^ffiiliiiit iimi limn jilatmt m Iw^ly *»f ku^mu wm||1il IF oil lln’ 
tillilil nt II ri»f 14111 4i»l4iiiot* «| frwiii lli» m%m» aii4 oltuttf %'if tin* j€Ui«i4 
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of the whole apparatus when so loade<L Tlieii siuee the 
ill each ease is jiroportioual to the stpiare root of tlie iiumHUit ot 
inertia, we have 




/ 



// 


whence 


* />^2 r 7 > 2 ' 


from which I may he (uihuilaUHl. 

llaviufj^ found / for tlu^ uuloadi‘d table in this way, tlm proi*eHH 
may he reverstul and the momtmt of imu’tia of a body of unknown 
W(ught or irregular shapes found, 'rims supposi* / has Ihhui deter- 
mined as ahov(‘ for tln^ given apparatus and it is dt'sired to fmtl 
the moimmt of iiu*rtia /^^ of soim* irn'gular solid with nnspeet in a 
given axis. Placi* this body on tlu^ table* so that thi^ given axis 
shall coinchh^ with tlu^ vertical axis around whitdi the table oscil- 
lates, and observe tht‘ period /^j of tlie table when tluis loatliHb 
We have then the relation 


P 

j\ 


v/ 


I + /«’ 


whence 


/ - - 


InHtea<l of supporting the tabh» 
on a vertic'.al axis, it may he huh- 
pendiul fnmi its eeiiter of gravity 
by a wirm Hneh an arrangement 
is called a torsion pctndulum. Evi- 
dently any lateral twist or aiigidar 
displacement will produee a tor- 
sional strain in the wire and hence 
set np an oscillation as Indore. 
Ltd / denote the moment <d inertia 
of the apparatus with resptad t<i 
the axis of suspensioti» and supinmi^ 



rio. 
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that aiiv .ttivfii twistiiiir uinim-iit T pmilm-fs an aiij^ular (Hsjtluw- 
nicnt 4> ( hitf- -■*" *• 1 hfii it is slmwii in thr tln-nry uf turaion* 

that 


</> 


77 
<} I' 


wlici-c / Iftijttli i>f stisjifiKUntj: win-, 

ti iiiiiiiiiliis of (•histii'ity «»f slu'ar, 

[lular moijti'iit of iiuTtiii of a itohs .stu'tiou of tin* win*. 

Siui'f ll»f oijUiitiott of iijotioti is T lit, «i' havo tliiTofor*' 

T 

iC ■; rm 

/ // 

Now ih’ijolf till- coitstiiiit jinrt of this i>s{>rfssiou l>y </ ; that is. h«t 
^ *^*^*‘'*‘ '* ■*' 

t } l„ri^ 

It ra * nr. 

Ill olliDf wiinls, ttio iliftrri’nii.ii fi|)iatioii of motion is Hinijily 

if"* I 

, . 'F' 

ill-' 


Will ihureforo, w in Art. I'tf, ili-- . v j-i«'>.sioii f..r tho period is 




' 7 



If, thoii, it is rrijiiiml to llml th«’ iiiom.-nt of umrliaof a torsion 
junninhim whon its labto U mil«wUn|, jiho o two ^•.Jt|^ll ami known 
weights iron till! tnh!»< ul «n|M«I •list.inros d from tlio ,»\is so that 
titiiy wiU h«* ill sltilio Inilaimo alsoit llm jsiini of siisj«)twion. 
Thru lln* sHin of Itii'ir twoiinnits of inortin with ro«|»s t to tht! 

axis is ^ ,,„1 yj,„ liiji-iimi of osriUation of th»’ <H)ji*ir<iliw whoit 

// 


sn Imniinl will ho 


/♦, ;ifT, 


7f / ♦ 

\ 


Wifi 

7 




\ 

# 


im*! |« lilt,. 
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Consoqueiitly, by diviKion, 


P 

1\ 



2 WiP 

ir' 


whence 


2 wp 

// ’ P'^' 


Having once fonnd I, the procesH may l)e rtwerned for finding tlici 
moment of inertia of any irregular solid, as previously explained 
for the oscillating table. 

PROBLEMS 

373. The {H*.rio(l of vihrat-iou of aa oseilhit tahh* wluoi leiloatletl w 12 «»e. 

By I'Wo weights of 1 lb. ejudi at (liHiaaeeH (»f 2 ft. fnan tla' ascin, the 

period Ls inen'astul to 12 nee. Find the monumt of inertia (d the luiloiided 
table*). 

374. A flyvvh(»(d in balaue<»d uiM)n a knife edj^e inside the ritn anti paralhd 
to the axis of tin* whecd, at a distance of 2 ft, frotn the axis. If iht^ perital tif 
vibration in obmn'vetl to bt^ 2.72 ntn’., find the rathuH of gyration of tht^ wltiHd. 

375. A metal disk is 12 in. in tliainebT and weighs H lb. It is Hus|«*mhHl 
from its canter by a vertical win^ so that its plane is htjriztnd ah ami it is ftnual 
that a twisting moment of I ft.-lh. will caumt the wire U> twist thnmgh 10 *. 
When twisUsland theni niletised, how many oscdlationH will it make iwn* minute? 

376. A body is suspmdfsl by a vertical wire passing through its cintier of 
gravity, and it is ftnmd tluvt I ft.-lb. of twisting moment pHsluces a twist of 
8**. When releiwed it is observixl to make IK) complet*^ oHcillations |w^r mmmiL 
Find its nuunent of inertia. 

377. A flywheel weighing 4 T. Is attached to a shaft, one imd of wlileli li 
fixed. The torsional rigidity of the shaft is such that it twists 0,5” for eiicli 
foot4on of torque applietl to the flywhwl. Whim twisted slightly and itnm 
released, the number of birsional vibrations is 125 per mimib*. Fiml the total 
moment of inertia of flywheel and shaft. 


127. Impulsive Forces. —Suppono that a particle at vmt, in iicd.cd 
upon by an irnpukivc forcai; that is, a fonui Hinhlcnly applied, m 
in the case of a blow. Then the impulHc given to t.lic pnritchi In 
measured by the inornentum it aetjuirtm. For a system of piirit== 
cles constituting a solid body, the internal reaiddoiiH af{nili!*riiti% 
and the external impuls# oommmiicated is therefore mt^nsttred by 
the momentum aei|uireil by the entire system or boily. 
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I'hi* c*fTt*c’t of ail imiailsi\r furoi* uofino t>u a hody is, in oniinral 
in protluia^ rutatioa alnnit ;m iustantaniMins ftnittn’ at axis. l4*f 

(K Kio. ilriujto this O tin* 

rontnr of ifruvity of tliv InhIvs am! r tj^, 
iliHlaiu'o hntwnon tlinn. 'Ilitai if F dn- 
thn inrvv avtluix on any partitdn nf 
tho liudy «*! muHH /«. i* ih«^ udooitv im- 
j»urtt.nl to this j*artiidi\ .1/ thr mass of tin. 
laitiro hody, and m its iitiottlar vnloritv, 
\%'v ha\o^frtim tht^ |irintdj»lr* of iiujiulH^i 
mill inoiiioiit uiu 

X' #» X' X' 

Mor«mvt'»r, hy takinif inoiiiont-H ahoiti O, havo as a sin’ond 
iaiiiiltlioii of isjnililirinin 



Fim 


wllFfi'^ /llrrmfiM* ihr llioiiiriii of 

is iiiiiivotiii^lii to iinniiori/r thn-^ 
ftirfii 

iillgiihir v«do»' 4 l) m 


liif’liia of llio luaiv ahoul 

i-onditton of oijiidiliriiiiii 

inMiiiont of iiii|iHl* 4 s^ 
inmnont of am'U.i 


(I It 

Hi tho 


Th illlislriilr llio ii|Hi|iriiliofi of thrHo foriMtilas, 
iil|i|iftSF llnil 41 itiiifoiriii rod r«'rrut'?4 an iinjoil'^r 
jii^'rjw^iiitsriiiiir to it at m*mv jioini i', and hA 
driiotr till" lli*itillll4n*"oiis rf’»sii*n' al»»ai! ^hirh if. 
starts lo rmoUo ‘idlkh lliiHi if If'" dniohm 

lIlP lisdgfil of llio rod itiitl i» llw %*4m'ily of tin 

iiiftitttr ut gniidly Cl, %¥« kina.^ 

#f ^ * 

a 

tiiti iti«i III /i*! 

1 / 


‘l 

^ :: 

.-I f 


rs«i 


wtiliw i flitiiiittw till’ rilftiiw of ^yriiliofi of tip* rod. ali^iiii ri. 
tilt ttlmdlf iif ifty jiniiil of llip r*«l v | it« %'-oh«-iU alionl fl. 
.flliftlftirt •tot# till* I'ldiifdiy tif llin rf’iilr*! IJ 1 % /rl'tl, 
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we ha ve 
wheiuio 


() = v~co- oa. 


Since by division of the two conditionH of tHiuilibrimn above we 
luive v}i = this equation may be \vritt(‘n 

P 

'll (Hr 
and cotisequenily (70 x 0(7 = P* 


00 


Idle point O is called th(‘ centiT of pi^ri'iimioii^ and the correspond- 
ing instantaneous axis through O the axin of HponUmmnm rotiition. 

If I denotes tht‘ hmgth of the ro<l, tlu»n ^ and the <listan(‘i^ 
betwecm these two e.ent.m's and 0 is j| L 

The cenUn* of p(‘.n*ussion of a body is tluuHqon^ that junni at 
whi(di it may be given an inqmlsivt* blow in a dinudion wdiieh 
is at right angh^s both to tln^ axis of Hnspcmsion and to the pm*- 
pendicular let fall from tlie givim point to the axis without exert- 
ing any impulsivii action upon this axis. 


FHOBLEMS 

378. A rod of It^iiKdh / and free ic» rotaO^ about a fix<*d lodn O rooeivon an 

impulm^ |H*.r|Kuidirular to iht* rtid at a |Kdut (' <liHtant d from (* (Ki^- 
Find th<^ on the axiH and from this deduce the pr»»cedirat roHult?* !»y 

iiHHuming that is the axis of H|Kmtaue(»uH rotation* ami therefon^ that liu' 
impulm* on it in zero 

379. At what point must a rod 5$ ft. long l>o struck ho that tme eiid shall be 
initially at rest? 

380. An armor jdate suH|Kmdetl vertically is struek by a stud iit a isiliii 
vertically bcm»atli its <!entor of gravity and 1 the width of the |date from the 
bottom. About what axis d(«‘H the platti revolvt*? 

381. When* shaulti the stop be» placed belundadoor7 ft. high and *J ft, H in, 
wide HO that there shall br^ no twist? 

382. Why Is the lighbT end a base ball bat ludd in the luuul, ami how 
would you diiterinlnci at wbat (wrint a ball shiiuhi l»* strmtk with it no that Ihf' 
reaction on the Imnd shall Is* zero? 

128 . Lagrange’s Equations. —There an^ certain getnera! principles 
or theorems in mechanics, such as laigrangcdn mpiat ions, I land It on Vi 
principle, the princii>lii of least work, and (hiUHM' prim^tplc of Inwi 
constraint, winch afford general H<tlutioits of t'crtniii tyi*c»'i of 
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prohk'Uis. Stifh ip'ncnil i»rinc*i|>k‘H tluTrftin^ flit* 

over unlinurv nietiexi.s iii that tmee havinif fuuial th«‘ i(eitoral sulu- 
tion, auv parfieiilar may he sidvetl hy merely ruutiue 

pnaa‘sses. In this ami tlu^ tulluwiie^ urtieles, eertaiii uf tlu*He 
ipmeral priiieiplea iiretlmavinh ami ilhiatrutetl hy praetiral applieu- 
t inns. 

(‘niisiiler a HynUmt of ri^^iO Iniilies si» phneil that ealy i*iaiaiii 
niMVemeiilH an^ poHsihle. An e\atuple uf nileh u HS^^tvin is a kilie- 
matie ehain liki* the linkaip’H nhuwn in Kivfs. DhJ, lt;:|, mul lup 
llie puHitinn of all tin' minnhers of nneh a Hystinn ean l»e ?hi.er- 
iiiitnnl iij4 soon as the ptmifioit of one of them in kmiun. Anv 
i|niUilitv uliieti Oeteriitiiii’H the poHiliou of lliis on*' in lliert'fore 
t'aHinl a geiieriiliied coordinate. 

tn ip’iterali a ,syslfmi of hoiUirs f»»r etJimple* a knteniatie 

rliiiiin Inw imn'e than oni' ile|.^t‘ee of freislonn iunl Inmee rt**|ihreH 
itinre iliiin em«' generali/eil eoortliiiafe in i.lettn'iiiine its position, 
11niH hi II tit mote the iiuinher of denreeH 4if freeiloin portHessint 
tiy the fiyttlimn nm! »/|» ••• y*,* tlie eiirrespuinlinij set of ^irein 

entli/eti etiorttiiiiiles, I'lie nature of iheMo rii*friliiiales ilrjiitiiil,# 
nil tlin |iiirlieiihir prohhmi nmier eonsniernlioii. lo,»r 
if II Imity m laiiiMl rained to niui«^ m a jilamn its |,pmeriiU/ril 
licmialllllltnil Sllliy illken as the radius VinAor ami the a/lliilllti; 
if ntiiiilfuiinal In lift tin the surfaeo of a sphere of tpiim ratlitw* 
lint gifiintiili'mit ei.itiriUiiaies niai 1**^ !4k»m as the loii|.plu4«’ and 
niiliililii«ie» itltn 

The reelitliUnliir eoordiiiiiies of anv ipien jiomi of ihe 

m'-nUnn are unme didiiiite fitnrliun?i»4 the « paraiiirieiri or ifimimih 
t»tt riiiirditiiile# f||» y.j, **ay 


• % h 


PiffifimliAlitlg eatdi «ff tliemt e^pres.sioiis willi lo the Iniie 

t, Wi' lm%m » % » ‘ i 

til, *ii%, fl^ll *1^1 **4-^ 

ill tnji iii ,i( * ^ *lf 

flft If lilt ftflifslltild %4dnidltw rl. .. .»).< ileitiileil tiy #||k e|t%, 

tit 
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;ui 


these first derivatives become 


dXr <^J-r , , <y'r , , . ,, I 


'^'/r 'I'/r . , , 'Vr „ , 


‘■’l/r.. / 


'/l + ‘ </2 + "■ + ,-3' 


dz^ dZr . ^Zr , , , „ t 

.u = n.. '/i'+,-,,. '/■/+ 


dt Oq^ dq.^ 


The kinetic euor|ify fJ of the system, however, is p^ivea by tlie 
'V rr'^Y,^'*Ybr-''.Yl 


where (huiotoH tlu^ mass of tlit* rth parthilo and the Hiunniation 
IB extendiid thronghont thes entire given ayntem. To exprenn M 
in terms of tluj geiuu’aliziid (^o<»rdinateH, substitute the expreHsiems 

for just oljtaineil, Tluni 

dt dt dt 

I r/i 4- ,1/a + - + .'h 


ni'/r / , ‘Vi ! 


d tfr t 

f ... -f 

•>'in 


U'/i ^'/a 


Now suppose that in any possible movmuent of the systenu one 
of the generalized coordinates is changed by an lunmint. 
Then the external forces acting on the sysitun will, in getnn*a!. do 
work. Let tins element of work be demoted l)y 




where J| may be ealhid the generalized Luh^c ccn*ri*Hpc>nding to the 
coordinate that is to say, if repr<-wentH a dtHiancis then F* is 
an ordinary force, whereas if is an inigle, f*\ repreHciits the 
static moment of the external forces with respetU. tlie axis of 
rotation. 
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A (.hauin- th-- pumm.-t.-rs ./.• h.nv.-vr, i.r..aur..s u 

.■(.nvspuuaiuir .•hauirr in n')> nTlan-ulur ooonhuat.' r„ //„ z, 

(if aiii'iuiit <V/r’ 

f'' 

.• - ,■{'/ r/.,) AU>\ int\\ >>UUv \>nrAUU'U'iv III, '{.y- !(„ 

TZ^wui-il' Ui'niuU-ViV^ .•hauip-.’ H.-.i.c .-.p.alu.K th.< rsptvssa.a 
f,u' (Ik- nf iit (p-itfrali/i'a (•.mraiuati'H to itn value in 

reetuiiipaar < "oraiuate-'', "e have 

Kh. 1 ' ■'(, 

obtitilH'd, 




./f ■'»/, '/f i/f ety^ I 


I 'If -/ 

juiil etUHwUiHH Iheeomm.u. fa. t.u i f, 

.. Va« 


1 1 ,' lU. ^ j ■ 

at i><f, at ./f j 


N„w}.v the ..ra»»i»r>- rule f..r Uu- atne„ ul,al...n ui a pr..auet, 

W’r iiiiv*’ tli*" 

a / , .ar."' „ ar.' -'r. . . a >'(,Y 

ari'^' ar •«•/. ' V'lJ 

H,«! umotl UlU) Hleutiiy ». i5.e ei,ue(.«,..„ for y, imi Mhtan,e.t. 

it 

,/ / .a /.M-. a ' •'‘‘m.;' 


! a .■ir;\ , . a /.m-. a 

^* ** *««'**'’ 1 ,/f ’*'* «'<>/,) * at •••f, a? . 

*^^i'**^*i '’’'''ii- 
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From the expression for the energy .E, obtaiued ai. the ontset. we 
have by differentiating partially with resiasct to (/j, 

^ _ 1 V .m J’- r ( + /"'^’'^''Y + ( 

) \<it j \dt J _ 

rdx-r (i fd^’X^'^ff'' . ^ fdifXydZr p fd~r\ ^ 

— dt 0(jli\<lt) dt <>(jli\dt j , 

^ ^ r. , s rdj-r\ fdA^,' JLf’P'-\\ 


V m Tr 'i v’ ^ 

' ,jt T QqAdt (i<li\dt 


or, since 


(•) fdrX d i'(\> 


Ot/iKdtJ dt\B<ii 


1 t*iC5*g[. 


this expri^HHiou fnuilly bciconu^H 




Furthermore, difTerentiating the wecond exprtiBsiun for E partially 
with respect to the generalized velocity y/, we. have 

iE Vp«, (ff'yi' + wT-f 

dq^ 2 "^ %i ^L%i. %i J 

" hi '>'in J I 




v' r '-^r 1_ ^ J_ 

' Z.pfWr *'"rr ' ''ll n 




CSoimequeJitly 


d f§J^\ 

dt\J)qiJ 


-III il 4 «. 4 « 

\lildt flf/i r* c% i/f 

^ di. hi hi hii 
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fnuu this relation the t‘Kpr<*Hsh»n tihtaiinal ahtna^ lor 
llu* result is the ri»^^ht iiunuher of the et|uutiim jireviounlv 

\ ’ 

ohtuiued for /». I heretore 

^ dtSjiq^ J 

lliis is Iaii*Taiii^e‘H equatitui for the i'Mor4iiiati* Forminir ^ 

similar et|Uiitioii for isieh eoortiiiuUe, e»r 4i\i(ree ot freedoiit, an 
many e«|Uatiims are ohiaimst as unkuinvuH* iimt itohr simuIlaiieoUM 
soliitiou lhereftU‘e sitUen thi^ jirohlein. 

It may la* iiijIihI that Laittanite'H iiielhtal fakes no iieeount of 
iiiienial work «iui^ to itelormalioin frietioiu eD*. 

129, Applkations cif Liigraitge’H MethtkI. T«» ilhistrate i!te UHii 
of Laitraiir^eN e*|naiions* the\ will hrst he aj*|4ie4 lo' a 
|iii»ee of iiphiiraliiH \^liie!i is HotueUmeH tisinl to illustrate the iaiu. 
«er%uitifUi Ilf luetetular miuneiiium, l*hi.H eoirsists* as .^hown m Fi|.r, 
*i"itk **f sjumile earrytiH-t a erosa arm on whieh two ia|Uiil 

weiiflifs in or out. 

When l!ie arm riH'oUi*s, ilni 

Weuthts of ri»i,ir*4e ?4uHV || 
^ feJolelii'V lo f!l oltl, iiml if 
alloi%r4 lo *|o f 4 o, till" 

\elMeim o| the fij.»l||iile tfi^a 
ei*-ase‘4, llo^ aiiLOilar reiartlii*. 
lion hmiiff of siieh aiiioiiiil, 
that the aiiiniiar iiioinriiitiiii 
Cor liiMinriil of ni«»iiifUiliitii, 

as il in fiiiiiiri itne*4 

remain^ rofi.^iaiil. till ilii 
filllit llilitl* if tfii» are luttlerl in iowiir«l lli*-- eiuii»*f ll•}h}li 

lilt i|l|^,»ttw kill lliwlioll* it» ftll^tlhir i-etoeily follliit lo iiir|r 40 \ 
tilt iiitttittJll ilie fiiinuiitr nt-wleriiiion flej,«m*liii||' on lnoi fai aii 4 
llllW fiHlltily llie iilHirttiinii liii^ eeiiler* lire liiiat lelorily 

lit liny 011*1 t#niig m l«i H'li-o the Bain*^ eoirniiiiil %'aiiie to lliti 
tfifilliir itiiiitiifliliiiin 

ll llik |iiifrr iif itio ^eiier4ihv»r4 rf»iir4iiiitli*?i «»f lint 

ittw iiif wtiinliln llmir r fremi lim mm *4 I'pviiiiilinii 
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and their angular displacement about this axis, 1,11. 

<h = ^ % = 4 >- 

Moreover, the angular velocity is = and the vtdotdty with 

« • til y t 

which tliey approat'.h, or recede from, the e, enter is 53 r . 
Hence the total kinetic energy of eithm* wenght is 

To apply Lagrange's method, first form the equation for tin* 
coordinate r. In the present c,ast^ 


dt\0r' 


If r' is constant, ^ f) and Lagrange’s (uination for r is 

drBK\ ilK 


dtXdr 


as — mr 4 }^\ 

wliich is tlie ordinary expression for the centrifugal force, since ^ 
denotes the angular velocity m. 

To form the CMiuatiun for tlie other courdinaiti vve have 




ifnK\ 3#' a .. r 

dt ^ 


la + 2 
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3 Ui 

IIoiuu' Laijran.i^r's fijuafiiin fm- </> !■< 

y </ i>h’\ -■>/■; 

lif 

/u ( 'J inr^\'r. 

If r is fi.ustiiiit, till' si'i'iimi tiTiu mi tin- iliHUjijii'uiN, itud w,. 

liavi’ Ihi' mtiiiiarv «'i{Uiitimi fm- lutiilimi; immi'lv, T /«. Nutc* 
tliut t 111' •fi'tii rali/.i'd fitrt'i' I'ur an iiii5'iilar l■I>ii^diIlatl' is a furijUf. 
If /• is nut rmi, slant, thi'U tlu' h'lni ‘Imitf*'/ will nut lUsaiijiciu’. and 
hi'iiri' in mdrr tu ki-uji ih., anijni.u' vcluniy funsfant it will I,,* 
ni'ri'SHury (u a|>|il> a Imijui' uf tins animint. If tin- vvi'i'yht.s slidn 
mit, is jiusitivi', and this turnni' nmsi art in tin' >tuni.' snihi' an 
/«: if thry slidr in. r is nriiativi' and tiif tmijis.' ants in tiui 
ii|i|iusili' si'iisi' tu Jtt, 

A Ktill sint|ih'i illii'itnitiun uf i,!iifran!!:i'’s nirtliud is atlurdi'd hy 
till' mntiun uf a |<ltv .ira! |«i'ndnhiin (si'i" Art. I-.'i). In this cusn 

thn liitdy li.is mdv un.- d.-'fn f fri-rdunt. and In ni i' ih.-ri' is htit 

mil- ),j:i-)im'aU/i-d i-umdinat.' ; nann-ly, tin- ansjular diNjilai'i-inmit 4, 
frmn tin- vmtU’al. In tin t . a .i' F *, />FA and l■mls^-t^tn'ntlv 

'’/■ W, \ /'/</■' 

' ,/f l/f 

liwirp .rnuiif i«iit f*»r fli*- mhIv t|i tn 

^ I- . , . - , 

/-W.' 

./f ' 

wldidib iiHij.ty lltn fnn*laMn-ni»i! .■ijiniiiun /«. 

Am a w)ini’Hh.il mmi- rmii| 4 t( tili<d tUnsiiatiun, > un<tid»-r ihn 
Hiiitimi i*{ a ladl and its i'I.i|ij»m . i’lns jjruld-in has a r.-rtain 
liintm ii-al inii*r*st h» ri-aMmi »»f r%|»-rini«-)ii<t j«'ii'urnii-d with tin- 
c'n!«>gn»' KwiK-ri'luf ki • ri-lalivi- tu thi- .-as.- m wln. h a fndl 
tvmild lint ritijf uwun.; in tin* failMn- uf ih„ i hij.ji.-t lu stnki- ihn 
Milt** Ilf tin* Im'II, 


* |»f« ’P.m rs ie.j 
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ok* <ii 


Let 0 denote the point of suH})euBion of tlu^ hell, (y tlu‘ point 
of suspension of the edapper, the wiught of the Indl, tht^ 
weight of the clapper, and the angular displacunneniH of Indl 
and clapper from the 

vertical, and and ^ ^ 

their correspond- 

ing angular velocities fdi^h^ 

(Fig. 241). Si.uu, the ( P 

bell has l)ut one degree \ / i / 

of freedom, its kinetic \. I 

energy is simply \ \ | 

iou.241 

The (dapp(U’, how(sver, has two (h5gr<^<\s of fr(H;<lom since it Hwings 
about tlu^ point (7 whicli is itself in motion. Tluj kinetic tunu*gy 
of the clapper is tluuvfore 


where v denotes tlu^ vidocity of O'. 

To find an expression for a, let I denote the distance (Hy 
the distance from O to tlu^ center of gravity Oj of tlu^ btdl, 
and (L^ tlu^ diHiaiute from (/ to the center <d gravity of the 
clapper (Kig. 211). Then the linear vidocuty of f/ rclativt' to 
0 is and the linear veloeity of O.j relativt* tt» 0' is 

Ilcmje the linear v(do(dty i; of 0*^ relative to thc^ fix«id piuiit O 
is given by tlie etpiation 

# a ^ + 2 cos ( ^ 


Inserting this value of in the expression bu* and adding 
the total energy of bell and clapper in terms of llu^ cooi*'^ 
dinates bttemmes 

i? = I + |. + 2 <a)H ( ) I • 

Now obtain first the Lagrangian e(|uation for The derivii« 
tives in this case are 
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(i</> 'J 


OK 

<•(</.' 

li4>' 

!/ 



(/ f t'l 

Ix^ 



■ #) 



*/ 




t 4>n4>' 
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jUhI lU'tli't''*' 
dt 


df' 
dt ' 


Tho ♦Hjuttlimi f'«r i!tri'i fur<< 
d .*/•; 

dt <’>i> " 4 > 

\ !/ 


Siiniliirly. f«<r th.' f .••ju.iU.m. w U.»v.i 

4 ’ ^ , u»| >I<J. 

Hf* * •/ 

** / '4 *** *■"“' 'f" * 

+ wntf 4>H t^' t' K 
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ait) 


and consequently 

dt\d''lr') d‘^ 

= d.^+ <l>" Id^ (-.OH Cf - <}>) 

Sivice the goiic^ralized ccx’h'diuait^s <p and ^jr ara anglen, I\ and 
are toixiues. 

Now ilieae valuovS of F,f, and F^^ ohtairual from tlio kinetia 
energy, muHt lui (*<[uai(xl to the e.orn^sponding momeulH of the (‘X- 
ternal applltHl foreign. TIh^ expn'HHioiiH for th(‘Hc^ external applied 
moments ar(i found from the e.oiiditions of tlu^ prohhnn. Thus if 
<p increases by a small amount whiU» yjt remains eonstatit, we have 

F^f, sin ^ 4- WJ. sin 

whereas if ^ iiun’eastw hy a small amount wlule 4 > remains con- 
stant, we have 

F^ Es W,^(h^ sin 

Equating thestj valmm of F 4 , and F^ to thost^ obtained frenn tlie 
kinetic energy, wo have finally 

sin (p( Widi + W.JI ) » 4- hlj^ cos 

w 

Hill 

iin ^ d" roH - tj } ) 

IV 

4 (’^‘ ' ^ b 

Although these equations are so complicated as to lie ditlietili lo 
integrate, interesting conelusionH may nevertheless be tlrawn front 
them without integration. Thus let it be requirisl to iletermiiiit 
the relation which must exist in order that the Itell shall not ring. 



TIIKOKV AN1> V>iM-nVK ul- M LK 'll AM.'S 

, . that lh<* »"> 

(V a..". ’■ 

riimiiit;.''.-. '"I'l "'."Ml..- .-.,........'.1 '...a 

■f- -r +■' 


Iir . J 

h,.u.-.. tlu- n-.lur.. t.. 


■ f , tv i . n h ' 7 I 

mi # i*u"h ^ ^ */ ! 

ir ^ 

2 iJ i 

: 

miii t y ;/ 1 

K ,i,.„ .1..' 

»n- ;■ •'■a;;- ..'M 

, 'n,. la ■l,»ll 

u«’ i»» t!»*’ ' ' 

iu.iw rntll»>*r >ni.. 

....jiiiiV'. ■ ” ‘ ./"■ ■ 1 


n\ 




11 




I .'...a..-.. - 

Ihiit ll.' r. l..U..u •« ; ....hm’H. 

I,, /, . ‘ 


H', /, t WV» 




„l»rrvr.l tlmt tw wnn'la «t *'■ *•’ * 



§ 130] 


KINETICS OF RIGID RODIKS 


321 


with that of the, bell. Under the aasiunption, then, that L 0 
and W 2 negligible in eoinparison with TUp the condition iH'fome.s 

r, ^,>, + 1 

// 

Sul)stitutin{^ for its value in ttuuus of its radius of gyration k, 
with respect to an axis through the point of suspension 0^ namely 
W 

L = ' 1 P, this condition becomes 
// 


Or, if kg denotes the radius of gyration of the bell with r(‘S]HHtt to 
an axis through its ctmler of gravity we have ss 
and substituting this value, tiui above c.onditiou boconum 

Y -l- - <i., + L 

The left member of this iujuality, however, is tlu^ distamte fnnn the 
point of BUBpensitm of tlie bell to its center of oscillation (stH^ 
Art. 125), while the right member is the distamu) from tln^ point 
of suspension of tiu'. btdl to the center of gravity of the (dapper. 
Therefore, if the <dapp<u' lit's at the center of oscillaticm of the 
bell, the previous (U)uditions will be fulfilled, and the Indl will 
not ring. 


130. Principle of the Conservation of Energy. — In Art, Itll, 
Newton’s laws of motion for a single particle of ummm wen’estaied 
in the form of (rAIembert’s principle, as expressed by the e«|Uii- 
tions 


m 


m 




X, 


r, 


(pz 7 
dfl ^ ^ 


From thw .simple statement of the laws of motion there may hi^ de - 
rived the important result known as the Principle of the Conserva- 
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the iiitegraud bt^comes simply the kinetic energy, | ^ 

noting the value of the kinetut energy at the limits t and by .E 
and E^J respectively, the above relation b(H‘.omes 



or, dividing ont the differential dt^ 


E- E,= Y^ihu+Erdz^. 


Since the inti'.gral in the right member r(*, presents the work done 
in the given interval of time, this relation may be stated in words 
as follows : 


The eh(tH(je in klnetle ener<jji of a hody in ani/ (/inen intenmt of 
time is etiutd to the work done on the bodi/ durinf/ this intervaL 

Any central liidd of forc.e, sut*h as that due to harmonit^ <»r 
Newtonian attra<?tiou, has tlu^ property that the rectangular cuun» 
ponents of the force of tin* field are the negative partial derivatives 
of a certain fuiudiou of tlu^ co(irdinates called the potential tiu* 
field. That is, if A"", }\ ^denote the rectangular compommtH of 
tlio force at any point of the field ami F denotes the pottmiial of 
the field at this point, then 


X 


tlF 

cV/ 





<1 r 


Since the (‘.xpression for the total derivative of any funedion F' in 
terms of its partial dtirivatives is 


d F 


dj- ^ Oz 


the potential is given by the integral 

Kso — j Xr dXf + F, dtfr + dz^ 


Any field of force possessing a potential fuindion is <^alled con- 
servative. In a consijrvative field, tlierefort!, the work done by 
the forc(! of the field on a particle in tnoving from one ftoint 
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A\l> PUAri'it'K f)K MKCiiAN!t*S lvn.\i\ vi 


with (*or»r»Iinat «*N jHuut i* uith i*uur«li- 

lUitvH j\ //. >: is 

ir AV/j\. I r,*///, f 

I , ar, f ^ *///». f „ ii 'f ■ - il ■ I „ K 

iKi\. * «’#^V 

wliiTf* I” Hiitl I y flit* nf iht*' ial fmuiioii at 

l!ii' |HiiiilH P and vr!) . 44^^ iMHvmrr, in 

iiiiii^lN’iiilfnit of tlif^ path i»»lli*\vrii in jMiH.Hing frum I* t«* run. 

wH|iii»iitIy thi’ wnrk m pat^Hiin^ fruni um* pmnl itf ihi^ 

|y iinolhnr i'H ihi^ Haiin’ f*»r all pathH hrtwia,ni tlnw jHiintH, lunt 
i*t|iial Ih tfitnr nrgativi'* 4itlVr»nirM in |i*it»nilial. 

Ki|Uatiii|f tluH «*\ fi»r itn* wurk !*» itnit j*rin inuMly «il»* 
liiiiiinl fur tliu kiiii'lu- tnii^rgy, tlni n*Hul! in 

K K, - ■■ ( - i;n 


Hiiirt^ tlit^< r«4ii.liun iniisi. ht*inu|.p*ii«n»nH in ihr uniSn iiivulvrtk 
llin imi’-ii ha\u thn ilitnt’ln^nniH nf rinniyv. lln^ 

ijiliiliiily r ftnunp* in Uit< vahn* «»f lln^ jiMiritiial nf 

ilin lit’lil linni^iiiaal fioin an ailnirary j»uini uf rrlumirn in 
niiliiiil tliii pli&ttftt thu vaUiu *4 tln^ pMiniaiiil 

isiiiirgy by ^bal m, putuint /‘V i!it! 

ifiii‘’rrfy K by K$* ibun ih n iain-Hiiini, lit*'’ alit*vn r«u 

Ifllii'ilt lii^willir-^ 


f 


muHtmt, 


ii4'ii*4i t-« t!i«’ f**|iiai'iMii f*ir it ill i ^ iir|»|, *ir lti« 

itltfi4'triiir HimUnnPUl «if lfi«^ pfimiplt nf Ihi? tmtmtWAtim of «?iirrgf.. 

"rti illii^tralu lli«^ fulfiltriii lif a pulr-ntial i'liini p»ii i«i a isi||iti.n-iai» 
lif« iiifbii rii|i#i»b^r iirni tJit^ r'iii>n nf a rsnn^laiil li«4«l. rin^li 

x^A. 


wliiPfi II, i'* $m4 

r f Il4y ■♦■ i^h ^ - - I As i % ♦ P^-h 
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For a liannonic field (seti Art. 104 ) 

X = -“ m<»%, y = ^ =r — 

CoiiHiHivie.Titly the poteiitial of a harmonic field in 

1^= may^J (^xdx 4- ‘//dj/ 4" ^dz) = ( /^ 4' // + ^^)<* 

() y 

and converBcly X = — - - = — ■ nmh', cde,. 

dx 

For a Newtonian fudd, or that due to the attraction of gravita- 
tion, the forces of attraction or repuLsion ludAvccui any two particlcH 
in proportional to thi^ prodmd of th(^ mass(‘H of the partich^H, and 
inversely proportional to tlu^ sipian^ of the distance betwemi them ; 
that is, the fortu? F is given hy 


where r demotes their distan(‘.e apart and k is a factor of propor- 
tionality. The Niiwtonian potential is, therefore, 

I’- = - 


To obtain from tlu‘ potential by dilTerentiation the (‘,omp<mentH of 
the for(*.e, the potmitial must first bt^ exprimscul in tiumm of tht^ 
I'cctangular c.odrdinates of the particles t'.ouHidered. llius if one 
particle is of unit mass, and the other of mass /n and chmsity % 
we have 




=//'.r 


_ k^dxdifdz 

f + ( V/ - if f + (,2 • 


• Z’ 


where r, «/, z (huiete the co(ir(linateH <tf oim [larth'h!, x\ !i\z' these 
of the other, and r = 'f (jr — x ' (2 — z')'"* is t le-ir dis- 
tance apart. From tluH expreHsion 


X 



83 



/■/'/ 




_ k^{ X y ) dxdiidz 
)dxd i^dz 




AND PUA<Tl<'K MKCHAXICS 


Vf 


;i 2 () 

with similar t’Xpi’fSNinii.s t.»r }" uml 'Fu vrrifv this i*x.|jrirsHi«iit 
ftn' X^ that 

f r .r 

J jr 

ami miiiMfqurHt 1} thr' iiit«*||ra! sinijtly 

X ■ FvtiHti. 

'r!ii» wurk thiiir in rarryin»f a partirh’ mJ* iiui.hh m ahaiif auv j»atli 
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^ ^ 'i 
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[-,» ,r, f:,t. 
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lltk ifl ilbit Wjllill in Ihr r'hallLtr Hi kiUr-lir rtirl . Wi irk 

in iraima Itum i-mr fiirin i».» umiifirr, m 

tmj4iiiiii*«i III An, 1*1, 
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givi*ti iii#toiil ih^minb tilily «ii tlm %'rrlir*il failrn,, 
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study of the figure of the earth atul deter uiinations of its density, its mass has 
been found to be w = ().14 x 10*-^^ grams, and its nnuiii radius r - b,:i7 x 10*^ <‘m. 
lleiua^ if a mass of ?n' grams is aettnl on by the earth, wt^ havt^ by tauuparing 

the expressions F = m'a with F == , 


whence 


9 B 1 r.. h 


0.14 X m' 
{0.37 X 1()«)^ ’ 


r.r>43 X 107* 


Suppose, however, that it is r(‘(piir(ul h) determine what mass must !>e cam* 
denmul into a partich^ in onhu' that its attraction on an etpial mass distant I em. 
may be one dym^. In this casc^ if m denotes tla^ rtMpunal mass in grams, we 
have 

' l.olO X 107’ 


whenc('. 7/i:-39‘JH. This isealhsl tlu'. msOvamnnVu/ \init of mass, l>ecaus<» if masses 
are expressed in this unit, the. (spiation of attraction bt‘coim*H 

/«///' 

f’i 

In the prescmt ease, the mass of t.he earth expresmsl in astronomical units is 

O.U X 10'-i7 

m - ■ 


Ilimci^. the potential at tht‘ <‘arth’s siirfa(M^ is 

y w O.M X lO’-^^ 
r 302H X 0.37 X I O’* 


ii. lb l X 10*® ergs. 


This repmsfmts tlu^ w<uk that must l>e applhsl to each uuit of mass U> carry it 
from the eartlfs surface U> an infinite distance against tlu^ attrac4/mn of gravi' 
tation. 

384 . A bullet weighing I 055 . and moving at 100(^ fi./set!. is fired Into a block 
of wood weighing 5 lb., which Is free to move. How much energy is lost In thii 
impact? 

(Note that momentum Is conmwvative, but mecdianical mn»rgy is md.) 

385 . A shell weighing 10 lb. bursts into two picuM's W’eighing 4 ami 0 lb., 
which move on with vrdotnties of 12(M» ft./ws!. and H(M) ft,/stn*. r<‘.M|M‘etivt4y. 
Find th® velocity of the shell before bursting and the energy gaimsl from the 
explosion. 

131 . Principle of Least Work. — In (Chapter 1 1 1 it wm nliown thiit 
moHt problems involving tim compomtion ami nmcdnlion of form»M 
could ba solved by applying the ordinary conditions of ctjuilibriiim, 
namely 2 forces « 0 and 2 moments = 0. Tln^re are cmrtiiin prob* 
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In the case of elastics solids, the effect of the extcnaial hu'ccs 
is to produce defonnation. In producing such <leforinat ion, the 
external forces do work iii)on the body, called work of ded’or* 
niation. If the elastic limit of the material is not passed, this 
work of deformation is stored up as potential energy, which is 
given out again when the external fonuis an^ nuuoved. In this 
case the above condition takes tlui form that/cr staiife eqmlilmtmi 
the work of deformation u a minimum. This condition is known 
as the Principle of Least Work. 

Before applying the princ.iple it will be lUHHWsary to show lu>w 
to find the work of ded'ormation, or potmitial encu*gy, f(U‘ (dastic. 
solids subjected to direct stress and to bending stress. 

I. Direct Stress. Consider a straight bar of length I and e.ross 
H(udion A. It is found by (‘xpm'innmt that in (dastic solids we 
have tlie relation 


tinit str(*sH 
unit deformation 


constant, 


provided the, stress does not pass tlu^ elastics limit of thc^ maitudal. 
This is called Ho(d<tdH law. If p denotes tlui unit stre*sH and P 

p 

the total load on the bar, then p — 7* Also, if h demob's the unit 

A 

deformation and A/ tlu^ total deformation, or (diange in length of 


the bar, then Denoting the (constant ratio abovi* by 

called Young's inoduluH, Hooke's law l)e(».omeH 


P 

H 


a; 


or, replacing!# and t by tbeir values as just givtm, 


PI 

AlA 


A, whemuj A/ ^ 


/V 
A K 


Therefore, since when ilie load is applied it graduadly increiises 
from zero up to its full amount l\ the average forct^ acting cm the 
bar during the defonnation is | and <umsec|nent ly tln^ work c»f 
deformation is 


F« 

^ %Ie 



TllKOHV 


TllKOHV AK1> PUACTiCK OP MKCHANK'S [...u-.v, 

11 Bending Stress. To Ihui the work ..f .h-lWnuU ...u f,.r a 

. , iihiri-liMl Iti a lii-inUii'.i: luttiiu-ut /, i iin.siiliT two 

{irismulie heaiii .snbjMl.a u> - ^ __ 
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!\ 

Lr\ 


ir.M 


. 1.1 


adjaei'iit fi'Mss .sections o! the beam at a 
ai.stanee ./.r apart ( Ki'P ■-.'(■Jk l,el ,//i 
.h-iiote the angular ehauge iH-lweeu the 
planes of the cross seeliolis. pr...lneea hy 
the h-niltnt'. ‘rhen neglei-ttui,' inlinitesi- 
nial.H winch h-r ontiuary cnrvatnre are ..f 
,.r.lcr heghcr thait the lirst, the change 
m letegth of a liis-r at a .liHlaiice // from 
the neutral a\is is amt hence hy 

f / J,i I* 

Jl’ h* 
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Htm-e the eUernal moment r e. wle-n appl.e.l a,^ 

giwtuallv increases up t- u** t“il it . as-i la .e . 

n.erefore the U'uk of .leformatiou tor th. cn- n . e-menl of 

length tl* is <J»5 1 

.fr i 


untl, i!«fi««*|uentt.v, for the entire t.eam 

V 


j-t rdx 

J tm 


Tl»« i.rimiipk of Imisl work ivtll mm »«' api.lo-.l I-. 

(if stwph* pwihtaMis. whieh Stw otl.eru.se shilMiaiy »n‘l*hi' 
iiiiiittti}. 
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PROBLEMS 


386. Two short posts of tho saino length /, hut 
of cross-s(‘ciiou ureas /Ij and and of maitudal 
having moduli Ah and Ah respcudively, carry a 
load P jointly (Fig, L^ld). How luucli of the 
load is carried by t^ach V 


SomiTioN. Let 11 d(*not(‘ tht^ load carriiul by 
No. L ddnui thch load (?arri(‘d by No. 2 is P — JL 
IIen(;e, applying th(^ expression for the work due 
to a direct atresa, the total work of deformation 
for both posts is 


V 






modiduH Ahi show that the load U carried 


TIh^ condition for a minimum 


glVt'S 



Rl ^_(P R)i 

ilH 

A {Pi 2 dsiA*i 

whtmce, 


H : » 

/*. 

.1 

lAh 1’ .ly/'h 


387. A post supporting a load 
P is bnuied at ih(» bot tom by two 
Imuu's tm('h of l<*ngtb / ami iu» 
(dint'd at tint saint' angle u to the 
horboutal (Fig. 2d I). If the up^ 
right is of cross si'Ction .1 1 iind 
has a modulus Ah, and the bratn'S 
an^ tuudi of cross st'ctlou da ami 
the upright IU> is giviin by 


’ R 


d t Ap ^ 

siu® «d*iAa diAh 




388. A platform 12 ft. x IH ft. in siztt and 
weighing I ton is supportetl at the (tornt'rs 
by four woodtin legs, eatdi H in. mpiare. A 
load of 5 tons Is pliuHid on this |datform 
4 ft. from ©aoh of two adjoining edges (Fig. 
245), How iimoh of the load is (tarrital by 
each leg? 

389. A uniformly loaded bimm of length 
2 / is supi’iorted at ite contiir and ends. Find 
tho nsactions of tho supports. 
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} ' ' j i-XmiI m!m' tiiikis. h, >,iv /A !h |.,» 
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Th(‘n‘f()re in the pn^sent case the work of deformation for the hcauin Ul'> aiui 


K F is 




\mFf 


where h denotes the lengths of t}u‘S(i beams. Similarly for // H we have 

CJOOO -- 

. FV 
im kT 


and for .1 C 




Therefore the total work of (h‘ formation for t.lu^ (mtire construction is 

F= r-ibOO^^ 

i{)i> mici 


Applying the condition for a minimum, w<^ haves 
■ 0 

liF tHfEV 48/*;/ 48/';/' 

Here F an<l / <lrop out, ami inm^rting the given nunu^rieal va/ties, namely, 
=sr 240 in., /a 72 in,, we hml F r- 1800.8 lb. 


391. A b(mm 20 ft. long iHsupporb^l at each end and at a point distant 5 ft. 
from the left end. It (uirries a loa<l of ISO lb. at the left (unl, and 125 lb. at a 
point distant 0 ft, from th<^ right end. Find the reactions of the sup|H)rte 
(Fig. 248). 




392. IVo beams are sup|K>rted as shown in Fig. 240, the lower beam nest- 
ing on fixed eaul supports, and the up|H^r Isuim resting on thrtsi supptuis, at iin 
center and ends. lOw up|M^r beam carries a tiuiform load. Find the center 
load transmitted to the lowi'sr htmm. 

393. A flitehed (or composite) biuim 
consists of a ll-ln. steel 1 beam and a 
4 In. X 6 in. timber, and is hung from a 
crane hook by a strap around the center 
(Fig. 250), A cable is loojsui over th«i 
emls of the beam 2| ft. distant front the cent4*r on emdi side, ami a load of 
1000 lb. «up|)orted by it. Find the tcdal load carried by each 

(Note. — /= 25 in.^ for the steel I lH?am.) 
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395. A wood(^n Ix^am Ti in. 10 in. wide, and 20 ft. knig bftwtMni hu|>” 
ports is reenforced by a steel rod 2 in. in diaine.tt^r and a cast-iron strut il in. 
scpiare and 2 ft. high, the whole forming a king |)04st truss. Find tlu^ stress in 
each member diut to a uniform load of 1200 lb./£t. over the entire beam. 


396. The lattices truss, , ^ 

sliowu in Fig. 252, carrit^s a 
load I* at the middles panel i 
j>oint. l)eiermin(‘. the stit^sB 

in th{5 various intunbers. JiiLdL , -, . -^3 

SoiuTTioN. Since there are \i i* 

thrcH’) nuunbers having v<‘rti- ^ yt 

cal compommts which nu‘(‘t at | \ ‘ ^ 

the l>oint whevn*. the load is f 

applit‘d, th(‘ statical conditions L — 4 — id « — — 

of eciuilibrium will not sulUce 

to d(‘tt‘rmine. tlui Htr(‘HseH in 

tliese nnunbers. Wlum any I 

member of a truss (^an be | N. 

removed withoid, a, (feeling the. lx ^ Ix j. ^ X 

Btahility of the st ruetnre, such ♦/•)/» 

a mmnhar is call(*d re<luu- ^ 

dant. The truss hert* shown 

can t‘vidently he sepurnted into two parts, either of which forms a taunplett* 
truss. The rtHhuulaut memht'rs in this cawi an^ thoH<^ which app«'ar in one 
partial truss, hut not in the other. Thus either the mejubers numbered 0, 10, 
ami 1 1 are redumlant, or else the members 2 ami 7. 

'To detormine the distribution of stress in tln^ various nunulHU’s by the 
priiiciple of least work, consiclcr the m^parat4^ trimsi^H nuinhere<l I ami 11 ami 
let ^denote the fraction of the load P carried by No. I. 'Fheu (I P in 
the amount of the load carried by No.* 11. Since uedther of these partial 
trusses contains any r<alumlanfc membiTS, the streHses in the various members 
can be found from the (ordinary conditions of eKpulihrium, The results of this 
aualvsis for eacli truss is tabulated below. 
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TiiHtead of actually carrying out thw procesH, it may bo abbreviated into a 
nimplo criterion for ntability. For this purpose ltd h deuoU^ the thick nt'ss t>f 

tlu^ arch ring, and consider a st^ctiou of unit width. Th(‘U /I h and I 
Substituting tiu'se values in the above OKpression for F, it htHunues 


V 


1 

2 K \ h 




Pj 

> 


(ix. 


Now as th(‘. load on tlu^ artdi changt's, the ])resHure lino alters its position, 
a,nd conse(pu*ntly tint value of this intt^gral changt^s. d'he first term, howt‘V(tr, 
changt‘S but lltth^ in comparison with tht^ second, sintu^ 7' - Rr and tht^ dis* 
tance r is th(^ <piantity whudi chitdly varies with tlu^ shifting of tht^ pr(‘SHure 
limu Ibmtu*. tlu‘ problem of making F a ihinimum rediuu‘s approximaitdy to 


that of making | </x as small as possible. 


/vW 

To edect a still further n'dmdion, l<*t R, lu* r<‘solv(‘d into v<*rtical and 
horizontal (‘omponents, Ab* and Abf> so that the V(U'tieal tunnponent Ab- shall 
pass through the emibu' of gravity of tin* st‘c(i<m 


(Fig. 203). 'I'lum 7' Ab^r, ami the int(‘gral ( 

C R 

dx becom(*s i d.r; or, siuci^ Ab/ is constant 

throughout tln‘ ar<‘li, this may be writ ten Ab/'^ i " ^ 

J IfH 

Now ordimirily the thickness of an aieli ring varies, 
b(*ing l(*ust at tln^ crown and greatest at tlu' abut- 
immts. I'huH if h dtumtes the thickness at tln^ 
c.rown, th(^ thickness h at utiy other |M»int may \ns 
assuiiKui to be givam approximabdy by the eKpr(‘S- 
siou 



/^8 d / 


dx 

dh' 


wh(we dh is the liorizontal pnijectiou of the (denumt of the camter line dx» 
Under this assumption, tlie expression Rn^i Inn'ornes ( iWo Ilimee 
tln^ piajblem of making F a minimum is mnv redneial to that of makhjg 
J .r'-VM as small as possible. This latter <*xpr<*ssion, hovvev(*r, (‘(msists of only 

positive terms, and rednees Pi zero for the (amter lint* of tht^ arc^ln From this 
it follows that if an etpdlibrium iwdygon is drawn for any given system of 
loads and the ctmter line of the arch is then so chosen as Ui coiticide with this 
equilibrium |»olyg<»n, the actual pressure due (>r linear areli taiu ditfi*r but lit- 
th‘ from tlds center litie. It can be shown, however* that bir an arc*h to be 
stabl(‘ tlie linear arch must fall within the mhldle third of the arch ring.* 
Ibuua* if for aiiy given arch it is jH>asihle to draw ati equilibrium ptdygon 


* Hlocuin and Ilaneoak, Sitmigth of Eevised Kditiotg p, 
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changes continuously, the transformation will also be continuous; 
that is to say, the curve will move continuously from its original 
position into the new. Let Sa Bi/, S 2 , 8 ^, 8 / denote* 

changes, or variations, produced in the variables occurring in tlie 
ecpiation of the carve by a given change in t. Then ex{)anding 
the fuiudion by Taylor's theorem for several variables, we have 


y (/C + S.r, // 4 “ ^//t 4 * -j- Bj'\ j/ 4 “ '*0 ?/ ■» **’ ) 


= ^8./’ 4 - 8// . • 4- ” 4” + * • A/ 

\ dx Ou Oz dr Oir J 


1 


r) 


+ , * ( " + % ; + + h.r' , + ^1,' , + 

ilv ()// c)z dr Oy 




/+ .... 


Sin(*e tlie first Unau on th(^ right contains only the first power of 
the 8'h, while tht* stu'ond contains their s<iuares and products, the 
change in tlui function, wh(4ilua’ positive or negative, will (h^amd 
on the sign of the hrst parenthesis. This term is (allied tlie first 
variation of tin* function and is denoted by Bf; that is, 




^ 8 .r 4* ^ By 4* _ 8a: 4* ' , 0 / 4“ ' , By' + 

Ox Oy Oz ax By 


This may be rmnetnbered by noting that it is idmUical in form 
with the ordinary calculus expression for a perfect difTenmtiaL 
Ref(Tring now to laigrange’s cupiations in Art. 128, we liavtJ 

B<ii' 

wliorc Fi denotttH this goiieralizod foreo, A’ is Ui« kinotic, energy of 
the system, and y/ are generalized etiiJrdinate.s. 'I'he only ease 
here eonsidered is that for conservative systems, nanndy, thoso in 
which the force can be derived from a jiotential function I', or 




or 

dy/ 


Making this substitution for F{ in Lagrange’s e(juation8, they take 
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Now, aince 




dE . \ d ^ BE d . 

Bqy dt\dql) dt 


and sinc(^ the nperalioiiH of variation and differentiation are (*oni- 


inutativt^,* that is. 








lienee substittitinp^ this ecpiality in the last exi)reHBic)n for 
■ F), it l)econu‘s 

^ n dVBE . BE. 

hh-\ + 


Now inief^rating this exprt‘.ssion with resjHU‘.t to the independent 
variabh^ t l)c‘tw(H*,n any two fixed points, say those which corre- 
spond to the times and fp we have 



r )dt^ 


LV 


h 

1 

t. 


or, since the total (‘hange in the integral is equal to thi^ snm of 
the changes in its elenumtH,f this may be writUm 





. ^BE . ^ 

1 . , df/j 4" , bq,^ d“ 




The only restriction that has been imposial on tlm displatunl 
motion so far is that thcj difference betwtHm it and tlie aetuiil 
motion siiall be small. Now introdiujo the restriedion that at 
(jcrtain times and tp the configuration in the displaced motion, 
shall be identical with that in the actual motion. Then at tlm 
times and eaidi 0, and hence 

bC'Xk- V),u^(\ 


or interchanging the operations of variation and integration, 

jr'’8(iE-r)d^=0. 


* Bt»a fcHitncitt, p. aset 


t Hrc I*. 



THKOiCV A\I> I’KAt *'iM< i'*. nK MKCHWirs |ritu\vi 


Tliis .•.luatiua is i!..- sMuln.li.- ..l n.uuiltuu’s j.nu.-ii.h-, 

>'1111.1! i"iis . 4 ' luntiiiU liava thil-. his-li t lalc^tiiMu.-il iutu 
a .si'nirl'-'i-i.u.lilii'it uni'lMavr mtiv tlif Kiii.-iK' auil (...t.-nt i.il 
..f (h)' s\ -a.'iii, .uni intl«'i»-itiii'iil "! ii . mri'li.uiisiu, l>'nnit 
llils n'l.iiii'ii. ilii'ii-fi'i'i'. liin iii'ittini >4 all ji.irl-. > 4 " tin- call 

1 „. .ici. rituiirii as s.M.ii as ils luiK-lii- .uni j»il.'U!ial arc 

lviiii«ii, •'! i!»’ mc'-ii.inssut ils vaii.-U'. [.arts. 

i'hi- >iii.uiti!> A' I’ls i-.iU'-il lli<’ L.u'rad'U'Ui hiiK-laut and is 
Usually lieu. .Ini In I,. Wiiiuut H-utiiitiui’s {.iui. ij.!.’ ui the Inriu 

it is i'\ uicu! that it I'viircsscs iIm' c itiililimt t!i>U t!t>’ uttc'^rtl nf 
flic IcuMMiuttaii luui tixu siiaU he a tu.iMmuui >>) iiiiiiuauui h-r the 
jmth a.-iuaiii, Irascis.-.l, This iul.'i)ii. laU..u ..1 ! i suui!..ii's j.itu 
cijdi'. huwever, lia.'t )»*• >' >j»-cMi ic-.u uu-j xti its .ij>|>ii> at ixu. 

133 . AppHeaiittH Hnmtiton's l*rinilpl« to the Transvcruc Vibra- 
tions of iieams and Kml.H 1 • uhistiali- fi«' JU .>■ ti. ai ajij.Inatl.i)) 
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where IJ = Young’s modulus of elasticity for the material, 

/ = the static moment of inertia of a cross section, 

fP// 

B = external bending moment = MI 

Substituting this value of the external moment B in the exprt^s- 
sion for and using the partial derivative, since 1/ is a function <jf 
more than one variable^ we have 


2^0 \5.H/ 


Inserting these values of the kinetic and potential emu*gy JJand 
1*^111 Hamilton’s priji(*.iplti, namely, 


s v)dt = (\ 


tho HiHuliiiiff coiKliliou Ls 

rr 




Am. 




dj- = 0. 


Now tho lir.st stop is t(t pco'form tho oporiition of variation, in- 
(lioatod by tlus 8, on t.lio, ([uuntity iui(l((r tho integral sign. Siiioe 
p and A aro oonstants, (ho first torni gives 

\ot.} “ ot ot 

To simplify this optiration on tho second term, put z=b 'rhen 
// 

— and oonso(iu(mtly 

WV ” VW ‘^Bx Bx' 

Substituting those values in tho above condition, it beeonn^s 

Now integrating tho first term of this expression partially with 
ritspect to it, we have 

J 'pA 'Jl =. pA^^^ 8// f' ~ I ''pA “~ji ^,/df,. 

dt Oti i/« t)(” 
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This is the required differential equation of motion. The prth)- 
lem is thereby solved so far as the application of Hamiltoifs prin- 
ciple is eoneerned. 

The simplest method of solving this differential equation is 
find a particular solution of as simple a form as possihh^. This 
solution will then rej)reseut a possible form of vibration, and by a 
combination of suc‘.h solutions the gcmeral solution representing a 
complex vibratioji may be obtained. In the |)resent ease tlu^ sim- 
plest solution of the above eapiation is of the general form 

y = /Csin (tx cos 


where iT is an arbitrary constant repri^senting the maximum am- 
plitude, and a ami are to Ixi (lt*,UM’mine.<l from tlui eonditiems 
of the problem. Substituting this solution in the above (liffer- 
ential e<[uation and (^aruudling common factors, we find as the 
necessary rtdatiou betwetm « and /i. 


Since y as 0 at both ends of the beam, for :r = 0 and .rswZ, 
and the vibration is independent of the time, i.c. cos/i/ /H), we 
also have the conditions that sin « • 0 sa 0 and sin al - 0, d'lu} first 
of these conditions is merely an identity, but tlu^ scHUjud giv('H 
wheu’t^ n is an arbitrary integer. If iilw. b(*am is 

said to have its fundamental vibration, ami if it is of sueli dinnm- 
sions as to give out a musical note, this is said to be its funda- 
mental tone. In this case 
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TT 
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-rr^jEf 
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and coiiHcciuimtly tlu5 Holutum buc.oincH 
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/Tmn 


'jrx . 


During a complete ownllation the anght incKiiiHciH by 2 tt. 
Hence tlio period of the OHcillation is 
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399. A cantil(‘V{*r Ix^ain projects from a wall, and a weight IF falls on it. 
The beam breaks at a point on the oi)posit(^ shh^ of the weiglit from tlie wall. 
Show how to de.t(‘rmint‘. wiiere the break will oceiir. 

The solution of this problem is obtained from the ditfereutial ecjnation of 

the precetling article, namely, by int(‘grating it st^parattdy bn* 

d/- p.l d-C 

tlu^ portions of tlui beam on opposite sides of the point when^ the weight strikes 
it, and (hstormining tlu^ constants of integration by tlui terminal conditions. 
This prol)Unn is fully treated by St. V'enant in tin; French translation of 
Olebach on tin*. Theory of Elasticity. 

A similar probhnu is iuvt)lved in tlu^ (vxpjwinnmt of shooting a bullet through 
a pane of glass without bre^aking the glass <^x<u*])t for tlu^ boh', in whicdi tlu^ 
bullet pi(*r(;ed it. This plKuiounmon is du('. k) tin* fact tliat in the neighborhood 
of the hol(% very grc'at inertia f(U*ct*s are cnuittul, whic.h at first cuiuilibrate the 
pressun* betwtxm Indhdi and glaH.s. Tht‘se, howevcu*, (‘xtimd ovcu' a very iimite<I 
region, and beyond this are not sudieiently great to nipiurc* the glass. 


134. Theory of Models. KxiHU'iiuoniul work in eugiiuHndng in 
frcHjucnily carried out on a siuall nuxhd of the uuudiiuo or ntnudun^ 
to be teHied. 'Flu^ obj(H‘,t in using a model is to avoid the exiunusi? 
of a full-Hized (ionst rue.tion, or in certain canes to redncHs the size 
BO that testa can he made in an ordinary testing nuudnne witliout 
special apparatus. 

The model for siujh sinall scale testing is first constnud.ml gtM)- 
metrically similar in all its parts to the given construed ion. 
Thus suppose that two machines are constnudod from tlu» same 
working drawings, the given dimensions in one (‘ase being read in 
feet and in the other casi^ in inches. The two constructions will 
then be geometrically similar, any two corresponding dimensions 
being in tlie constant ratio of 1 : 12* From the fact that the two 
macluncH are geometrically similar, howi^vcr, it does md follow 
that iliey will be dynamically similar, for cxpm*ien(*e has shown 
that one machine may run with entire satisfaidaon, wliile the cdher 
may be equally unsatisfactory. 'Tests (utrritul out on a nuxleh 
or miniatiire, are therefore^ unreliable unless care is taken ti> scHuire 
dynamical as wall as geometrical similarity. 

As a simple illustration, suppose that a model of a steam engine 
is constructed, geometricmlly similar to tlie original. Let A. 
denote the ratio in which the scale is rtuluced, so that any given 
dimension of the original is X tinu^s the corresponding dimmision 
in the model. The area of the piston is then rediuuHl in flu* rat in 
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and the full-sized beam will be in the ratio of 1 : Ileiuas tlie 

full-sized beam is more severely strained by its own weight than 
the model. To make them dynamically similar in this resjHHJt, it 
is therefore muxissary to distribxite over the mod(d an additional 
load e(iual to (X — 1) times its .own \veight. The ratio of the 
uniform loads will then be X : X‘^ or 1 : X‘^ as above. 

For (5xampl(‘: suppose it is desired to determine the deflection 
and other proj)erties of a rectangular steel beam 20 ft. long and 
8 in. s(piare, by means of a <iuarter-sized model. Here X = *h and 
hence the dimensions of the model are 5 ft. long by 2 in. scpiart^. 
The weights of the two Ix^ams are then in the ratio of 1 : X‘^ or 
1 : 04. Thus, assuming that steel weighs 400 lb./ft.‘\ the wtught 
of the full-sizi‘d bt^am is 43r>r>| Ib, and that of tlu‘* moclel is lb. 
It is tluu’(‘fort5 muHissaiT to incr(^as(‘. tla^ uniform load earritsl l)y 
the model to 272| lb., by adding a distril)uUHl load o! amount 


equal to 272 |-"bS^*g, or 


2041 lb. 


When this load is addtxl, the 


two beams will bc^ dynamically similar, siiujc the ratio of tlu', loads, 
ine, lading their own wtaghts, is now 272| : 43501 =5 1 : 1(J = 1 : X’*^. 

For columns, the samc^ ndation hohis; namely, that for dynami- 
cal similarity tlu^ load on the fulI-Hized column must Ix^ X‘^ times 
tliat on the modtd- Idas is evident from FuleFs c.olumn formula 

' P ■ 




IliU’C 


and 


K are constants. Tlu^ monuuit td’ in- 


ertia /, howevtu*, is inert'antul in the full-siztxl column in the ratio 
of 1 : X‘h and 'P in t!u! ratio of 1 : X*^. (lonH(X|uently, P must alsi^ 
be increased in the ratio of 1 : X^ if the formula is to be homt»gix 
neous in its dinumsions. 

The ideas illustraUxl by the preceding (examples will now be 
amplified into a gemu’al theory of nnxUds, In nuHtlnuutm four 
fundamental (piantities are involved: hmgth, tiiiu*, mass, ami 
foree. These fcmr (|uauUtieH, however, are not all incU'ptunlcut, 
since Newtmds law (d' motion as exprcmsed by tlm huauula - //ni 
establishes a relation ludween them, lad, the ratios of iliest! fcmr 
quantities in the mcxUd and original be dtmoted as bdlows : 

X =s ratio of eorresponding liimar climensionH, 
fM = ratio (d* eorrespornling masses, 
ratio of corresponding titnes, 

TT = ratio of corresponding hnxms. 
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and the full-sized beani will ho iu the ratio of 1 : Ilentas tlu*, 

full-sized beam is more severely vstrained by its own weight tliau 
the model. To make them dynamically similar in this respect, it 
is therefore ne(*.essary to distribute over the model an additional 
load ecpial to (X — 1) times its. own weight. The ratio of tlie 
uniform loads will then bo X : X‘^ or 1 : X*-^ as above. 

For exampU^: suppose it is desired to determine the defection 
and other j)roj)erties of a rectangular steel beam 20 ft. long and 
8 in. s(|uare, by means of a quarter-sized model. Here X = 4, and 
hence the dinumsions of the model are 5 ft. long by 2 in. stpmre. 
The weights of the two la^ams are then in the ratio of 1 : X*^ or 
1 : 04. Thus, assuming that steel weighs 400 Ib./ft.^ the wtught 
of the full-sizt‘d ht^am is 4dr>r>| lb. and that of the modcd is lb. 
It is thmadon*. n(‘(‘,essarv to incn^ast*. tlu‘. uniform load carried by 
the model to 272‘^^ lb., by adding a distributed load of amount 
e(pial to 272'^) — 0)S j‘g, or 204| lb. Whtm this load is addial, the 
two beams will lu^ dynamically similar, simui tlui ratio of tiu^ loads, 
including tlunr own wiughts, is now 272| : 487)0^ « 1 : 10 » 1 : X^. 

For columns, tlu^ same rtdation holds; namel}', that for dynami- 
cal similarity thc^ load on tlui full-sized column must hi*. X'^ tiimns 
that on the model. This is evident from Fubu-'s column formula 

P = Here and ^7 are constants. Tins monumt of iu- 

P 


(U’tia /, howciver, is incrcMistul in the full-siziul e.olunui in tlu^ ratio 
of 1 : X^ and P in tlu^ ratio of I : X^. ( 'onstapumtly, P must also 

l)e increased in the ratio td 1 : X*-* if the formula is to In^ homoge- 
neous in its dinumsions. 

The idcniH illustrated by the prectaling examph^s will ncnv be 
amplilied into a gcmeral theory of nuuhds. In nuudianit^s four 
fundamental cjuantities are involved: hmgth, time, mass, and 
force. These four (|uautitieH, however, anj not all imh*pendtmt, 
since Newton’s law of motion as expressed by tlu^ hnnnula ma 
establiihei a relation between them. Let the ratios of tlu^si^ four 
quantities in the incHled and original be dtmoted as follows ; 

X=s ratio of corresponding lincitr dimensionH, 

/i = ratio of corresponding masses, 

Tss ratio of commponding tiimm, 

TT = ratio of corresponding forces. 
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oy X = Tr 2 whicli T= 5. Hence, for dynamical .simi- 

larity tlic time occupied l)y the model in passing over a giviui 
distance must bo 5 times that taken by the ship to pass ove.r tlui 
corresponding distance, or, in otlier words, the speed of the model 
should be ^(3()) = () knots. To determiuo their relative resist- 
aiu'.e to motion, let Jt denote the resistance of tlie model as deter» 
mined by experiment. Then the resistance of the ship will be 
or since 7r = X^= 25^, the resistance of the ship will be ir>,(i2/> /i. 

As another example of the application of these conditions, sup- 
pose it is desired to determine tlie (hdlection of a bridge undcu* 
moving loads by experiments on a small model. To make the 
problem definite, suppose that the bridge weighs 2()() T. and is 
50 ft. long, and that the moving load is due to a locomotive 
weighing 00 T., with a s{)C(m 1 of HO ft./scun Assume the model 
of the bridgt^ to Ix^ const ruc.ted to tlu^ scale, so that X=sl0. 
The relatives wt^ight of tlu^ nnxUd and the full-sized bridge will 
then be as 1:10^; that is, if the two are geometric.ally similar 
throughout, the wcught of tlu^ mt)del will be | « 400 Ib., 

and it will be 5 ft. long. If, however, the material in (iach case 
is to be eciually strained, condition (HI) must be applied, i.e, the 
forces must be proixu'tional to the cross section, whic.h makers 
7r=:X^. To be e(|ually strained by its own weight, thes model 

20t) 

should therefore weigh T, Since its actual weight is 

only 400 lb., the difT(U‘cm<!e of 8600 lb. may be made up by hang- 
ing this amount at the various joints of the truss, in which case 
the two constructions will be dynamically similar. 

If, however, it is certain that the material of the bridge is not 
strained Ixjyond the elastic limit, the differenc.ti in dead load due 
to its gn^ater proportional weight may ho m^glectcxl, and tlu^ 
moving load on the model and its speed he so d(^termiru*d that 
mechanical similarity will still exist. Thus ft)r the ratio (d tlm 
weights (or masses) we have in the present ease 

« i « 1000 « « TT « A 

and TssVXss VlOaa 8.16. The speed of the moving load on tlm 

80 

model must tlierefora be ft./sec., ami its weight must 
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i is similarly analogous to the linear velocity t;, or angular vt^lociiy 
CO, and the expression for electrodynamic energy corri‘sponds 
precisely to the ordinary relations, 

I mi^, or I Ico^, 

One of the fundamental })rinciples of induction is that the 
effect of an electromotive force e is to cause a cluingc in the 
current in accordance with the relation 



This relation is analogous to the ordinary mechanical equations^ 

/T d v m / d <o 

m , , or / , , 
dt" dt 

and (U)ns(upu‘ntly ehH*,tromotivt‘. forc(^ corresponds to nuushanical 
fonui or tor<iiu‘. 

The phenoimuiou of rt‘sistance may he com|)are(l to that of 
molecular friistion. Thus if It denotes the resisiamu^ of a cinmit, 
the relation hetw(u‘u ilu^ electromotive force and the current in 
tlio circuit is givtui hy Ohm's law 

e » Hi, 

"riie electromotive for(‘e is here analogous to the luuid or preHsuro 
in the case of water llowing through a pi[KS in wliicdi case the 
greater the frictional resistance, the less will tlie cummt. 

Many other mcHjhanic,al analogies may he dedutHuh I'lms the 
prodiuvt of force and velocity is mechanical powtjr; for example, 
the product (d the difference in tension in a Ixdt in pounds hy 
its sp(Hxl in ft./»^iju divided hy tlu‘. constant 33,000 gives the 
hors(‘power it is transmitting. Himilarly the product of t*h‘ctro» 
motive force in volts and current in amp(U’c*H giv(!ss tlu» tdtadrie* 
power in watts being generated. 

As a further example, the action of a condenstu* in storing 
electric energy is similar to the ordinary phenentumon of <daHtieity, 
The electrostatic capacity of a condenser is thus anulogtms to the 
work of deformation of an elastic solid up to the eluslic litnit. 
This similarity is further apparent in the analogy hetwenm the 
l)henomena of mechanical and electrical res(mamu^ Eltnirical 
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and the correspoiuliiig force i.s (Compare tlio ordinary 

relations E = I momentum = ~ = mt;, and force = 

dv at 

= ma.) This force, however, consists of the imi)re8sed electro- 
motive force due to thermal, chemical, or other action, and the 
dissipative term — where denotes the resistance of tlm 
circuit. Hence , 

which may bo written , _ dp^ 


Hence the c.urrent in any circuit may he (Calculated by Ohm’s law 

by inedudin^ the eUictromotive force of induction — If tlui 

dt 

current does not vary with the time and tliere is no motion of 
any circuit, then livery p^ is constant and the above redutam to 


whitdi is the usual form of Ohm’s law. The above is then tlu^ 
general ecpuition for an electric current, imduding the sttnuly 
state as a particular (aise as just shown, and the method by which 
it is obtained is priansely analogous to that by which Lagrangtds 
generalized e(|uationH of motion were deduced. 
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''Die (lifferenco betweou tlicBe two is tlie excess energy put in by 
the steam, say IJ. That is, 

Exc'css energy = 7? = 

Since roj + rA^ = 2 ct), and co^ — == <w/‘, this may be written 


Now let 


0 , and co^ — = <w/‘, this may be written 

/mjt: 

W== wi^iglit of lly wheel in pounds, 

/r = its radius of gyration in fcuit, 

N=: number of revolutions per minute. 


rp. . TFP . 2 7riY 

llien /s= ■ and re=:- *, cons(‘(iueutlv 

a (iO * 


W/r ‘IttWY k^N-nV 


Now if i. h. ]>. <l(‘not(‘s tlu', numlxu’ of indicated horsepower of the 
engine, tlie work done by the engine is 33,()0() i. h. p. ft.-lb./min. 

Consecpiently tlu^ work done per revolution is — 

,, ,1 < 1 • '5‘>00{) i. li. 1) „„ ^ 

the work done per stroke is — Die t‘,x(H\ss muurv 

2 N 

stonnl in the {lywhtud per stroke is some fracdion of this amount, 

».y». Tl.«,. 330.10 i.),.,,. 

3JV • 

Equating this vahu! of fJ to that obtainud abov(!, wo havo 


kWifW^ m n;]Ooo i. h. p. 
"2[ta7 ': 1 m 


whcnco 


2!»J|7 w/. anOOO i. lu p. /lOOV AW.d m\ . , 
‘i/fiNY \ ivA/P / 


which gives tlie required weight of llywluud for an cuigine of given 
i. h. p. 

Since 1 h. p. « 0.746 kw., this iHH'.omes in terms of kilowatts 
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I>iamf.'i;ku of 

WUKKl. IN 

Max. li. l\ M. 
Ft>u Rim 
B riuKO OF 

Max. R. P M. 
Foit Rim 
Hi*kki> of 

VAUiKrt OF Knoink CUknhtant 

IN FoHMin.A ) ' 


4H00 FT. / min. 

f)t0() FT. /min. 

Sln«:lo 

C^yllndcsr 

TtiiuUnn 

(Uirupouud 

(’fOHrt 

CloiHiHiund 

10 

152 

181 

270 

200 

135 

11 

139 

1(55 

225 

170 

110 

12 

127 1 

151 

185 

140 

90 

13 

117 i 

140 

1(50 

120 

80 

14 

109 

130 

135 

100 

70 

15 

101 

121 


90 

(50 

1(5 

95 

113 

105 

80 

i 50 

18 

<85 

101 

Hf) 

(55 

1 40 

20 

7(5 

91 

(),") 

50 

; 30 


For A.C. in panillol oporatiion, uiulliply tho givcu tabular value 
of the on^iiKj (‘ouHtaut by 2, 

lu Hluuirinti^ and piuudiiiag luachinoH it in cuntomary to (b^sigu 
the flywheel ho that it will Htora enerjjfy equal iu aiuouut to the 
work done in two workiu|)f ntrokes of the nhear or punch, ainouut- 
ing to 17 to 20 inch tona per mjuare iuch of metal Hlunired or 
puncliod. 

PROBLEMS 


400. (Jalr.ulatr! tl»^ radiim of 
gyration of tho Hywhof*! nhowri ia 
Fig. ‘iof), thoro hoing nix ntraight 
apokt'H, elliptical ia (uamn mjctioa, 
BJ ia. X e in. 

401. The flywheel iihowa ia 
Fig. 2.15 in on a 15 in. x IH itu 
Hiagl{‘ cyliiuicr engitic running 
at 225 r. p. in. and <ipcrating a 
175 kw. 3 phaw.1 D.C. generator. 
Compare the aetnid wt*ight of the 
flywheel with that 0alc!nlat«‘d from 
the formula given in Art. LKl. 


W ■■■ 



402. A crosa eom|Kjnnd engine 
in direct connected to a 500 kw. 

(50 cycle A. C. generator, operat- 
ing in parallel, atul running at 

90 r. p. m. Bind the required weight and diameter of hahun^e whetd. 
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Hoop stiH^ss in rini = jr> = ■ 


and hen(*,c the hoop stress jt) is, in the present ease, 

TFrV ^ 
gh gh 

where v denotes tlie rim speed in 

To ol)tain the numerieal value of the rim stress it is convenient to 
consider a section of the rim one scpiare in(‘.h in area and one foot 
long, the former unit being chosen because the unit stress is (ex- 
pressed in lb. /in A and the latter beciausc the rim speed v is expressed 
in ft. /sec. For cjast iron the weight of such an element is 3.1 lb. 
Hence 3.1 


Rim stress in lb./in.‘^: 


' 10 ‘H’proxunatiily. 


For a rim speed of .9700 ft./min. this givt\s a rim stress of 900 
Ib./in.^, whi(‘.h (‘.orre^sponds to a factor of safed.y of about 21, 

Sin(‘.e gtH)d practice nupiirc'S a factor of safety of 20 for caist 
iron, it is (nddtmt that tlnu’c is a rational basis for the old prao 
tical rult‘ that tln^ rim spiu^d simuld not exceed a rnih^ a minute.. 

139, Tension in Spokes. — -Simu^ the si)okeH of a llywluujl trans- 
mit the energy of rotuthm from the hub to the rim, tluiy ac.t likc^ 
cantilever Imams, fixed at the hub end and loadcal at tlu^ outer 
end. In addition to tht^ flexural stress to whicdi tlu'v an^ thus 
subjected, it is also usual to design them to resist tlu‘. ttmsiou 
whiclii (mcdi spoke would have to carry if tlui rim was (‘.racked so 
that all tlu^ centrifugal forego developed would come on the spoktis. 

To lind the anumnt of this tension, let 
W =i weight of the rim in pounds, 
rim spised in ft. /sec,., 
r = radius of whetd in feet, 

A = eroHH-scHdiou arcia of om^ scpiani inches, 

n = number of spokes. 

Then the centrifugal force (7 arising from the rim alom^ is 

and tlie amount carried by each spoke is *• (hmstapiently, 
the unit tensile stress p in the spokcis is 

Wt^ 
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It is well known, however, that the deflection of a cautilevtu* of 
length I bearing a single concentrated load P at the end is 

where J?o = Young’s modulus of elasticity in lln/in.^, and substi- 
tuting the value of P in this expression, we have 


Substituting these values in the expression for the work as given 
above, it beeouu's 

nWf pi, ^ MP 

iui 2 /e ^ 8 EX 


) T 

or, sinci^ /lir=: I* this may be written 


(fh z le e 


whence, solving for we have finally 




which is the reiiuircHl expression for tlie bending stress in the 
spokes in terms of the rim speed t;, and its fluctuation/. 

If tliere is a sudden stoppage of the engine, the energy destroy tfd 

is 5* lm\ or, for the rim alone, ^ (kinsecpiently the energy 

al)sorbe,d by eaeli spoke is ^ , which is 2 f tinum as gri*at. as 

2 gn 

that given above for ordinary fluctuations in B|)ee(L Ihmce the 
stress in this case is times as great as under ordinary wt>rk- 


ing conditions. S 


itions. Since 


varies from 


/*• to , Hire: 


duo to a sudden stop is from 3 to 14 times as great as tlie ordinary 
working stress. 
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spokes is to consider eacli as a cantilever beam and determiru* its 
size so that it will have the same factor of safety against btmding 
stress as the shaft has for torsional stress. That is to say, design 
the spokes so that they will be as strong considered as a (uuitilever 
l)cam as the shaft is to resist torque. 

Having complcited the design of the various parts, the actual 
total weight should be chocked tip with the recpured weight as 
first computed. 

142, Governors. — As explained in the preceding arti(‘,l(m, the 
purpose of a flywheel is to providt^ for (‘hanges in spinal by 
storing kinetic energy ; that is to say, its object is to decrease 
the efTect of ilutdaiations in speed on the smooth running of an 
engine by i‘.alling into play inertia forces, c.hiihly through the mass 
of its rim. The objiuit of a goviu'uor, on the otluu' hand, is to 
eliminate changes in speed so far as [)ossil)le l)y xa^gulating tins 
admission of steam to thi‘, cylinders. This is aciauuplisluul by 
using the cmitrifugal or inertia force of rotating balls or arms to 
open or close the valves. The arrangement of several of the more 
common forms of governor are shown in the following artii^les, 
and their effects analyzed and compared. 


143. Watt Governor. - The simplest form of govm'nor is that 
known as the Watt governor, which consists of a pair of halls 
suspended from a fixed 
point and rotating 
about a vertical axis 
(Big. 257). As tlie 
speed inen^ases tlui cen- 
trifugal force on the 
balls also increustm, 
causing them to fly far- 
tlier out from tlie axis 
of rotation and ilierctby 
partially closing the 
admission valve. If 
the speed decreimes, 
due to incirease in load or other causes, the balls fall in toward 
the axis again, thereby opening the valve. 
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li. P. M 

llEKlnT h IN Inoiiks 

(UlAN«K IN IlKKillT IN iNItllHH <’OUHKHl»ONOI.N(i T<> 
OltANIJM IN HI'KEI) of 10 I£. P. M. 

50 

M.O!) 
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00 
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2.00 

80 

5.51 
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2.01 

0.01 

120 , 

2.45 

0.40 

130 ' 

2.00 

0.30 
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1.80 

0.29 

150 

1 .57 

0.23 


In 258 thin rcila-tion in plotted in tlu‘, form of a curve, 
showing the relation of Infight to speed. Since the left end of 
the curve is much steeper than the right, it, is evident that there 
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If the ratio of P to W is denoted by m, i.e. 
sion for h simplilies into 


h 


B528() 



P = m the exj)n‘H- 


The valu(‘- of m in this formnla usually lies between 10 and 50. 

Comparing this expression for h with that for the unloaded 
governor, it is evident that if the governors are r\iu at the same 

speed, the height of the loaded governor will be 1 + titties the 

height of the unloaded governor, and liencts neglecting friction, 

the loaded governor will be 1+^y times as sensitive as tlu^ 
unloaded. 

If, however, tln^ lunghts of the two governors are to Ik^ kept the 

same, tlu^ spetul of t]i(‘ loadial governor must be tinu^s the 

speed of tint unloa(h‘<l. 'Phat is to say, if the engines is to run at 
the same speed with eitlnn* governor, the loadetl governor must 
be geared up this amount. Ni^.glecd/mg friction, the stnisitive- 
ness of the two govaumors, or travel of the valve for a given 
change in speed, will tlum he exactly the same, but as tlu‘ loathal 
governor runs fasbu' than the unloaded, it exerts a gre^attu* lifting 
effort. 

When the (umtral load is carried by nuains of links, as in the 
type known as tlie PorUu* governor, shown in Kig, 259 (/c), tlu^ 
load rises faster than the halls and conseciuently does more work 
for a given change in height than if applied directly to the halls, 
as in Fig. 2*59 (a)* lait a denohj the ratio of the travel of the 
sleeve to the verti(*.al motion of the halls. For examjile, if tlu^ 
arms and links an‘ of ecjual length, the shuwe rist^s twie.e as fast 
as the halls, and # = 2, 'riien the expression for k htHtomtus 


A 


imm 


W + 


»P 


w 


H5220 A Bm\ 


The simplest method for finding the ratio t is hy nit^ans of a 
diagram. Thus in Fig. 290 (a), let OA denotes tJu^s arm of ilie 
governor and AB the link connecting it to the skuwe. Froduci^ 
<7/1 to meet a horizontal line through B in the point (). llien O 
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The crossed arm type of isochronous governor is sliown in 
Fig. 261. To explain its construction assume that a parabolic 
arc (the is laid off, and noinnals drawn to this arc at the highest 
and lowest positions of the balls. Let c?, d be tlie points in which 
the two normals for each ball inter- 
sect. Then if the arms of the gov- 
ernor are pivoted at the points tZ, 
tlie balls will move in an approxi- 
mately parabolic arc. Now it is a 
property of the parabola that its 
subnormal is constant (Fig. 262). 

This means in the present case that 
the height of the governor is con- 
stant, and therefore that n is also 
constant, wh(‘.ther the governor is 
loaded or not. (k)uscqnently there 
is only one spciul at whicdi the balls 
will float, and, n(‘gle(*,ting friction, a slight valuation in speed will 
cause motion to the full extent of the entire travel of the valve in 
either direction. 

146. Crank Shaft Governor. — The governing of an engine is 
frecpiently effected by changing the point of cut-olT in the 
cylinder. This is done by changing the throw of the ec.centric 
wliicli operatem the valve, and to accomplish this the crank shaft 
governor is now generally used. This type of governor has the 
further advantage of l)eing practically isochronous. 

The crank shaft type of governor is shown in Fig. 268. This 
consists in outline of two bars AB and OIK pivoted at iV 
with centers of gravity at 6?^^ ami (jouneeted by a link AO 
(Fig. 264). The lower bar 01) has its ctmter of gravity prac- 
tically at the center of the shaft, so that it generates no centrif- 
ugal force. Its object is to balance the static momeud. of the 
bar AB in all positions. Otherwise the weight of AH woul<l 
have an upward moment about during one half of a nwolu- 
tion and a downward moment the other half, thus affetding the 
governing. 

Now let IF denote the weight of AB^ and r the distance from 
its center of gravity to the center of the shaft, I'hcu tlie can- 
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PROBLEM 

408 . In a crank shaft ‘‘•ovenior the w(‘iglit of the centrifugal arm is 
IF = 00 lb., th(^ distance of its center of gravity from the cenk^r of tine shaft is 
r = H in., th(‘ tension in t>he s])ring is hOO lb., the h^ver ann of the centrifugal 
forc(‘ about the pivot I* is 4.5 in., and the lever arm of the tension in the 
spring about P is 8 in. At what spe(ul will the governor lu'gin to act? 


147. Governor Effort and Power. — By the effort of ag^overuor in 
meant the force it is cainible of exerting on the sleeve for a given 
percentage of change in speotl. 

For asiinple Watt g()vern()r 7t=== ’^'^, and for a loaded governor 

O)'® 

/ <1 P 1 

whene(‘ 

6)^ W 

2 <f 1F+ P 

h ir 

Now sup[n)He that tlu^ speed is inertuised to q(»>, and that the halls 
areprevtmied from rising imnnuliaiely to the height (a)rresponding 
to this speed by a frictional force Facting downward on tlu^ sl(?eve, 
which is etpiivaUmt to increasing the central load to -f /d 
The centrifugal force on eachl)all corresponding to the spetul 
0 ) is 

f ■ ■■ ■■> 

// 

and at the spetul qw, since the balls do not rise and heinu^ tln^ 
radius r nnnains the sanu^ this hecunnes 

fYJ/VV 

’ 

and eonsecpumtly, (\ — (Jsss {q^ ^ 1). 


Aloreover, equating the tnoment of the centrifugal fort‘.e ahout. tlie 
point of suspension to the moment of tin* weight al)out this pc»int, 
we also have 


Oh^(W+ P)r, 


and also since the height and radius both remain (he same*, 

P + P )r, 
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a w ^ p 

and to the speed qw is A. = - x — 

Conseqnently tlxe chanpfc in height AA corresponding to an in- 
crease in speed from oo to qco is 

The work V done on the resistance It during the given change 
in speed is, then, 

F= « X 2 = ( W+ P) 


For the simple Wait governor (Fig. 27)7) 
[{.= .] and AA = 




Consequently in this (‘.ase 

P=x X 2A7i^= 


U 


^ H 


148. Sensitiveness of Governors. — The sensitivtuiess of any 
given type of governor tuay he shown graphically by constructing 
the curves representing the centripetal and centrifugal monumis. 
For this purpose let IT demote the weight of one ball of a simple 
Watt governor in pounds, and R its distance from the axis of ro- 
tation in feet. Then the centrifugal force acting on the ball at ax 
speed of N revolutions par minute is ()=■ 0.00034 WUN^, Conse- 
quently, if II denotcH the heiglit of the governor in feet, the 
centrifugal moment T about the point of suspension 0, in foot 
pounds, is 

^ OH « 0.00084 WnmiL 


Hence, if T is calculated for various positions of the governor, 
that is, for pairs of values of R and if, and is then laid off as an 
ordinate directly beneath each position of the ball, a centrifugal 
moment curve is olitained for each speed, as shown in Fig. 207). 

Since the centripetal moment is simply Wlt^ the centripe- 
tal moment curve is a straight line. The intcu'sections of this 
line with the centrifugal moment curves show at what s|)eeds the 
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For a crossed arm governor the height H is constant. Ht‘nt‘e, 
for this type of governor the centrifugal inonient varies diri'ctly 
as ii, and conse(piently the centrifugal moment curves are 
straight lines. Since one of these lines must coincide with the 
line representing the centripetal moment, it is evident that at the 
corresponding speed there will be nothing to prevent the balls 
from dying entirely out or falling entirely in, wliich is, in fact, 
the reason why this type of governor is isochronous. 

For a crank shaft governor the centrifugal moment curves are 
very nearly straight lines, lienee the centripetal moment line 
very nearly coincides with some one of tliese curves, and conso- 
(piently this tyi)e of governor is very nearly isochronous. 

149. Piston Acceleration. -It lias previously been shown that 
if the speed of the crank [lin of an (mgine is constant and tlu^ 
connecting rod is assumed to be inhnitely long, tlie speed (uirve 
for the piston, or cross head, is a semicircle, and the acceleration 
curve is a straight line (dhap. I, Art. 28, and Prob. 71, Art. 32). 
The actual shape of the piston speed curve for a connecting rod 
of given length has also been found, and its ecpiation deduced 
(Art. 32, including Prob. 70). 

In the dynamics of tlic steam engine it is a sullicient aiiproxi- 
mation for most purjioscm to assume that the acceleration of tins 
re(hpro(!ating parts is rei>resontod by a straight line, whitdi is 
equivalent to negltudang the obliquity of the connecting rod, or 
assuming it to be of infinite length. The actual shape of the 
acceleration c.urv(5, however, may be obtained as follows : 

In drawing the piston speed curve, the distance from the middlo 
of the stroke is laid off as abscissa, and the corresponding speed 
as ordinate; that is to say, the general form of the piston spcnul 
'curve is 

-/(a;). 

Now in tlie case of any curve whose equation is the 

subnormal at any point is given by i\w exiiression 

Subnormal = y , 

* ax 


m sliown in Fig. 2B7. In the case of the piston speed tmrve the 
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and Bl) as radius describe another circle. Draw the common 
chord MN of tliese two circles. Then the intercept LQ on the 
line of centers represents tlie piston acceleration for the position 
shown. 

It will be noted that in this construction the intersection at 
L is never sharply acute, and consequently the intercept JS<7, or 
acceleration, can always be accurately determined. Moreover, it 
does not depend on any previous construction, which also insures 
accuracy. 

At the ends of the stroke the construction becomes as shown 
in Pig. 269. To determine the numerical values of the accelera- 
tion at the ends of the stroke, let v denote the linear speed of the 




Fia. 269 


crank pin, r the length of the crank, and I the length of the con- 
necting rod. Then at the out end of the stroke the angular 

velocity of the connecting rod is j and the angular velocity of 

V 

the crank is Since the normal acceleration in any case is 
r 

given by the expression a « 

the crank pin B hm therefore an acceleration in the direction Ail 

of amount y, and in tlio direction OA of amount Its actual 

acceleration at the out end of the stroke is thoroforo — — , or, 

I r 

if the ratio of the length of tho connecting rod to the length of 
the crank is denoted by q, that is, I = qr, this bccoincs 
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out end of tlie stroke is 



and at tlie in end of tlie stroke is 

<JT \ qj 

as indicated in Fig, 271. 

It should be noted that the point where the curve of inertia 
tlirust crosses the base line is the point at which the piston 
speed curve attains a maxinuiin, i,e. approxitnately the point at 



which tlie crank is at right angles to the connecting rod. In 
drawing the iiuudia thrust curve, it is usually Bultieient for iirae- 
tical purposes to locate this point and the two ends of the (Uirvcii, 

given by F = ^1 ± -j, and then connect the middle point with 

the end oru^s by straight lines. 

151. Piston Pressure. —In heat engines the pressure on the 
piston is, in general, variable throughout tlie stroke. In this 
case the pressure at any point of the stroke^, is olitaincul fi'om an 
indicator card, drawn automatically by a sidf-recording jnH^ssure 
gauge (see Chap. 11, Art. 48, Fig. 74). In the ordinary double- 
acting steam engine, two indicator tmrds are re<iuinal for eatdi 
cylinder, one for each side of the piston, as sliown in the upper 
diagram of Fig. 272. 

The effective steam pressure on the piston at any point of tlie 
stroke is measured by the vertical distance betweem the top line 
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From the beginning of the stroke to the point of maximum 
speed, part of the steam pressure on the piston is required to ac- 
celerate the piston and other reciprocating parts. The work so 



done is stored up in these parts in the form of kinetic energy, and 
after the point of maximum velocity (or zero accuderation) is 
passed, this energy is given out again, thereby suppkmienting the 
work done by the steam during this part of the stroke. 
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diagrairi of resultant piston pressure must be equal to the area of 
the original indicator card. • 

If the effective areas of the two sides of the piston are not equal, 
as, for instance, when one area is diminished by the cross section 
of the piston rod, it is necessary to alter the vertical scale of one 
indicator card before the above construction can be carried out. 
To make this correction, either the ordinates of the card for the 
smaller |)iston area must b(i reduced in tlie ratio of the smaller to 
the larger art^a, or the ordinates of the card for the larger area 
must be increased in the inverse ratio. 

If tlie pressure scales are different, a similar correction must be 
applied. For example, in a triple-expansion engine, both the 
areas and the pressure scales differ for (nich cylinder. The in- 
dicator c,ards must therefore be altered so as to give equivalent 
pressures on pistons of e(iual area. 

In vertical engines the w(ught of the piston and other recipro- 
cating parts h(‘Jps to acuuderate the motion during the down 
stroke and rthard it during the up stroke. Hence if w denotes 
the weight of th(5 reciprocating parts per scpnire inch of piston, 
the diagram of (dTective piston pressure must be corrected by 
lowering the base line an amount w for the down stroke, ther(d)y 
increasing the ordinates by this amount, and raising it the sanu^ 
amount for the up stroke, thereby diminishing the ordinates by 
this amount. 


PROBLEMS 

410. To what point hUouIcI compression be carried in the case of a horizon- 
tal engine running at 00 r. p. m., stroke 4 ft,, weight of reciprocating parts 
3.2 Ib./in.'-* of i>iHton, hmgth of connecting rod 0 ft.V 

411* Trace tlu! indicator diagrams slu)wn in Fig. 273, and from tlunn 
construct thc^ curve of resultant pisUm pressure, aHsuming t.ln^ W(‘ightof recijjro- 
cating parts to be 050 Ih,, crank radius 10 in., an<l hmgth of connecting r(»d 
0 ft. 8 in. 

412. Construct the curve of resultant piston pressure from thc^ indii^ator dia- 
grams shown in Pig. 274, the weight of the reci|>rocating parts in this case 
being BOO lb., crank radius 15 in,, and the length of connecting rod 0 ft. 

413. Construct the curve of resultant piston pn^ssurc^ from th(% indicator 
cards shown in Fig. 275, aimuming the length of th(^ eoniundang rod to Ih* 7 ft., 
crank radius If ft., and weight of th(i reciprocating parts lt)00 Ih. 
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Diagram from 18 x ^24nch Corliss 
Gaugr premire, 00 Ih./inA Speed, 7$ -P. Jf. 

Vm. m 


152. Crank Pin Pressure. — Having found the force exerted at 
the cross head by the constructions explained in Art. 151, the 
next step is to fin<l the effective force exerted on the crank pin. 
The product of this force by the radius of the crank circle will 
then be equal to the torque transmitted to the axle or shaft. * 

Let F dciiiote the effective force exerted on the crank pin, 
that is, normal to the crank or tangential to the crank circle, and 
Vf the linear speed of the crank pin. Then the product Fvf rep- 
resents the power wliich the crank is transmitting at the given 


instant. To prove this, substitute for Vf its value as the derivative 

di 

of the space with respect to the time, namely, =8 y. Then 

M 

Therefore, since Fis represents an element of work, 

Fds 

or its equal Fv/, represents the rate at which work is be- 


ing performed, i.e. the power being transmitted at the instant 


considered. 


Now let jP denote the pressure on the cross head oorrospomling 
to the crank pin pressure F, and e, its speed. Since, neglecting 
friction, the same amount of power is available at the crank pin 
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To eliminate a from this expression, let I denote the len^y’th of 
the connecting rod, r the radius of the crank circle, and I = qr. 
Then from the figure 

I sin B 
“ = 

r sin a 


I fence 


tan a 


sin a 


sin jS 


(*()S a 

(If-K 

-L 

X 

"tc 

11 


r ,.2 


siiiyS 


and consequently 

f==pLui$ + — 

\ ^ — sin**^ 


PROBLEMS 

414. From thn data aiul rt'sullus of Prob. i 1 1 draw a curve of roHultanfc crank 
pill prcHHunu 

415. (,)alculat<‘. from tlu*. <lata ami rcHults of Prob. 4P2, hy imuiUH of t;h<' 
fornuda ibnluctMl abovts the crank pin presHure wlum the crank has turned 
tiirough an angi(‘. of 30” from tln^ in cud of tlic stroke. 

153. Crank Effort Diagrams. — In all heat engines the forces 
exerted on tlui crank [)in is variable throughout the strok<*.. 
The constnuddoii given in the preceding article enable, s us to 
plot a diagram, showing graphically this fluctuation in crank 
effort. 

To construed a c;rank effort diagram plot the curve of effective 
piston pressure, or e.roHS head pressure, and also the (‘.rank cirtde, 
as shown in Fig. 277. The piston pressure curve in this figure 
is a dupliciite of that shown in Fig. 272, and tlie present oon« 
struction is tliarefore a continuation of that explained in Art. Iff t. 
Draw the crank in any convenient series of positions, as shown in 
the figure. By the construction given in the preceding arti(de 
determine the crank effort F in these various positions, corre- 
sponding to the piston pressure P sealed from tlie piston pressurt^ 
curve. This series of crank efforts may then be laid off so as to 
give either a rectangular or j)olar curve of (jrank cdTort. The 
former is shown in Fig. 277 (^>), the base of the diagram being 

equal to or the length of the path traversed l>y the crank pin 
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To eliminate a from this expression, let I denote the len^^th of 
the connecting rod, r the radius of the crank circle, and I = qr. 
Then from the figure 

I _ ^}}\§ _ 
r sin a ^ 


Hence 


tan a = 


sin a 


sin /3 


cos / 

< 1\1 

and consequently 

F=F(^in0+ — 


sin yS 

sin^^ \/(f — sin*^^’ 


2Vya~:sin^/3- 


PROBLEMS 

414. From th(^ data and n'sults of Frol>. 411 draw a curve of resultant crank 
pin pr(‘HHur(u 

415. OaUuilatc! from tlu*. data ami n^sults of Prob. 412, by imuinH of tlu' 
formula dculuc(‘.d abov(s tlu^ crank pin prewsun^ when the crank has turruMl 
through an anghi of 30“ from the in end of the stroke. 

153. Crank Effort Diagrams. — In all heat engines ilu^ fonu^ 
exerted on the (U'ank pin is variable throughout the strokm 
The constnudion given in the preceding article enahU^.s us to 
plot a diagram, showing graphically this fluctuation in crank 
effort. 

To constriuit a crank effort diagram plot the curve of effc^ctive 
piston pressure, or (jross head pressure, and also the (U'ank cirede^ 
as shown in Fig. 277. The piston prevssure curve in tliis figure 
is a duplicate of that shown in Fig. 272, and the present oon- 
struction is therefore a continuation of that explained in Art. Ifil. 
Draw the crank in any convenient series of positions, as shown in 
the figure. By the construction given in the preceding arii(de 
determine the crank effort F in these various positions, cior re- 
sponding to the piston pressure P scaled from tlie piston prcjssurc^ 
curve. This series of crank efforts may then be laid off so as to 
give either a rectangular or polar curve of (n*ank effort. Tlie 
former is shown in Fig. 277 (/i)i fb(i base of the diagram being 

equal to ™ or the length of the path traversed by the crank pin 
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As tlie number of cylinders is increased, the crank effort, and 
consequently the torque on the shaft, becomes much more uniform. 
Figure 278 shows rectangular diagrams of crank effort for a four- 
cylinder and for a six-cylinder automobile gas engine. 


PROBLEMS 

416 . From the data and results of Prob. 413 construct a rectangular crank 
effort diagram. 

417 . In the preceding problem construct the polar crank effort diagrams. 

154. Standing and Running Balance of Eccentric Weights. — 

When an eccentric weight revolves about a fixed axis such as a 
shaft in hearings, a centrifugal force is generated, acting outward 
from the axis of rotation toward the center of gravity of the 
weight. Lot o> denote the angular velocity with which the eccen- 
tric weight W rotates, and r its eccentricity or distance out of 
center; i,e. the distance from the center of gravity of tlie weight 
to the axis of rotation. Then the centrifugal force 0 developed 
at the speed (o is . 

Ossz 


This centrifugal forc^e may be balanced, or nentralizod, by adding 
another eccentric weight in the same plane as the first weight and 
diametrically opposite to it. Let W' denote the weight of tins 
counterbalance and r' the distance from its center of gravity to 
the axis of rotation, or eccentricity. Then the condition that the 
two shall balance wlien the shaft is at rest (standing balance) is 
that their mutual center of gravity shall lie in the axis of rotation, 

Ifr- W'r'. 


Tlui condition that the centrifugal forces shall balance \vh(fn the 

shaft is in motion is „ , 

WoA- 




or, cancelling oixt the common factor 


H 


, simply 


TTr^FV. 
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Cancelling out the common factor — , this reduces to 




or simply 


]^Wrx = 0. 


All cases of counterl)alancing eccentric weights can be solved by 
applying one or both of the conditions ^ >Fr = 0, ^ Wrx = 0. 

For example, if a number of eccentric weights rotate in the same 
|)lane, only the first condition is necessary. In this case both 
standing and running balance may be secured by adding a single 
eccicntric weight, rotating in the same plane as the given weiglits 
and such that the centrifugal force exerted by this counterweight 
shall (upiilibrate the centrifugal forces arising from the given set 
of eccentric!! wcughts. 

If the eccuuitric; weights rotate in different planes, each one may 
be treatcal separately and balanced by a pair of ecjcentrici weights 
so arranged as to satisfy both the above conditions. If a pair of 
planes perpendicular to the axis of rotation is chosen arbitrarily at 
tlie outset, and eacdi pair of counterweights added to balancio one 
of the givcui eccurntric weights is so chosen as to rotate in tlu^se 
planes, then when all the given weights havc^ beam balamHul, half 
of the counterweights will lie in each of the assigned i)laueH, and 
each set may then be re[)laced by a single counterweight, as 
explained above. A simple illustration of thrs method is given 
in Art. 159. 

It is evichmt, therefore, that all cases of balancing eccentric 
weights may 1 h! solved by the applicuitiou (d* the simple conditions 


JWr =0, 

^Wrx = 0, 

and that, in general, not more than two c.oiuiterweight.s iu‘ed be 
added. It may also be noted that the first of tluise conditions is 
simply ecinivalent to saying that the (‘.enter of gravity of all tlH‘. 
weights taken collectively must lie in the axis of rotation, while 
the sc(a)nd (sondition is simply the principle of nnhnents applied io 
the centrifugal forces arising from these weights. 
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155. BalanciiiK Reciprocating Parts. In c»ni»»r that an rin^tin* 
inuj run stnadil} ai liuah sihhoIn, iht* rutatinif au4 ri*ri|irtn%it imf 
parts nuist hoth f»r i'arr!ull\ balanon4. As rrcfariis tin- rrri|»i*i^ 
oatiiig parts, it was sliuwii in Alia lAo thut fm* a tHoinmi iii»r !•!„{ 

q cranks loina’ the inertia, thrust is ^th greater at t»iie niil nf thp 

I 

stroki* ami l!i h*ss at the ulitcr einl than ii the r».al ivas iiitimfihv 

V 

long. Hence if the eiHiiiterhalaiiet* fer fh«« reeipr*»i'al in*,*' pari ‘4 is 

1 

minh‘ ih greater !«> alhwv ft»r the uhlnHiilr of llir rml at one 
end <d the strukin it will he “ih tmt great iit the iUIiit end 


Therefore siiiei' more harm than rs dune hv truiig t*i euin 

jHimate for the o|.tIi«|iiit v of the eoniieeiang rud, it is eiistomari t,i 
negleet this eorreeliuit nml proeeed as llniUgh lh»' ruil uas uf 
inltnite tengiln 

Silicp the mink end tif the euiineefing |-ud while fhe 

otlu‘r end reeiproeiili'H, it is etistumary f** h.iihiiice the crank end 
iiiid half the idiiiri purl of the mil fur rcUatium and the uflie.r half 
of tliii rod and the reimiiiiiiig reeipmeating p-arts fur reeipruc-ating 
iitotiori. Hiiieii liy imsun of the oli!n|ttity of itm roiiiieeting md 
tl k litniimnible t.n pmieiily halane*^ ati tmgtite, .it is ii.sii,il lu 
Imlaiieo iihoiit | of llie rimt|iroiniliiig parts, this itppro%iimiiiufi 
hiiiig m dum m Wiirritiiled hy the eiriiiitisliiiieeii. 


I5i, Siagli Crtik Itliiciag. When no hnliiiiei* wlnads are 
iwtih lilt* tiiirving piirls iiiny Im twliyieed Ity pluriiig wadgliis in 
thfi planes of the riiiiik wetm. dinitietrieiilly the eniiik 

pin. Alt illiist riiliiiii of liiln hirtii ttf liiilnindiig i.s .uliott'ii m 
2$ih 1 he si/jf of lliemi ll♦ll|:|||in» %%angtil#4 ititiy Imi ileteniiiiietl m 
fotiowi: 

Lot iiadglti tif rtiiiiiiiig jiitrl^ 

I fiiiiik |iiii +rriiiik iiidis -f Inrge end uf 
rod d mie liiilf plidn part of 
If ' m weight «if reei|iri*eiiiiiig pnrts 

{ - pkiiiii md rro^ heiid + mnmtt end of 

riitiiiwlifig nitl 4- iitttf pluin jairi of nsHf .iliaHo 
liieiilt mirli im ete. I. 
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t*ai-h tH>un(t*rwt‘ig‘lit in phun* i»f weh, 
r . ■ r;n li us (»t urauk, 

r/| — <iisfanut‘ from t»f gravit)' t.R* fuuiitiu’haliiiirt^ to 

axis of Hliuft. 

1111*0, if W(* ft)llow tito tualinary nilo of Imlanriiii^ two ihirdH tif 
tlu* n'riprooatiiig' parts, \vt* luivo, by oipuitiipii' tho ooiit rifitgal 
fort'txs arisiiii^ fnnu tlioso and tht‘ i’utnutt^rvvoi^hts. 


nVii ^ i »■: i »: 


wlirnoi! 


h; 


c »: f n: ir^ 
2 /%, 


Sinoo tlu^ two haliiiirt* \v«ni^!its aro sviyiuotrifaltv plamt ui 

tHpial tliHtaiirrs frion tito milor of tin* rrauk pio, it is itol nvvi*n^ 

miry in tliis raso to apply llio romlttinn llV.r ^ In 

iiig' nionionts ahuiH llio rioitor «»f fho rrank tins rHiniitiiin ttmild 

Ih'-Hkiiih* t ■ tt, uliitli is dimply an nioiiftfi. 

157 . Double Crank Biilanciiii. ■ Whmi tlno'o arn tiio rraiiks 
liial rinisiajtiniitly Iwti nvtn u{ rinnproi*af in^ parts to balaiii'r. iln^y 
limy iwmli tin liiilitiinwl sopanilol)- as slnovii in Fi|^. wliirli ri^p- 
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rwniits lift liy ,\ii% |l|■llliln^»npl lor lli^ I.Miiil»*ii ninl 

hoiitliwtrstrni lt#itlwiii i or tlss«y may lit? h%- ii siiinli? 

fotlliliwwni^lii III III! aiiifli* of 'In' to oioli of flio rraiiks 

ill F%. wliirit rrjirnsoiita itiiollmr lypo 
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parts, ilui (*c‘nlt‘r lin»' «>i‘ rouiitrrwtn^^ht histn’liiiif tli*» 
botw(H*Ji In «l«‘siLpun^i*‘ this typt* t>f niiifiun tlin t uf ri*, 

cnpronatini^* |>a.rfs art* niadi* as nearly an pimsihle nf the Mann* \vthi(ht, 
This is ar<‘uinplishetl !>y disltin^ the piston in tin* hiiypn* ryliiuter 
te make if liirlden*, uml iuereusiai.^ tlte winght ef the siiialhn’ pistnii ns 
murli as iua.y he ntH'essary in inakt^ the fwe sets uf reeiprumtiiiir 
jmrts i»f equal weiijfht* I'he e«nutter\v<*i|^ht is then iiiiitle ef Hiillirieiit 
si/,i’ to huhiina^ iht^ itiertia ihrnsi ttf tfie ln»ri/,entHl reeijiruiattiitK' 
[larts when passing the huri^/tutlat renters, 'rhe siinte eiiiintiu'^^eiglit 
wnll then apprnxiniattdy haluneettn* verlieal tfirnsi of' the vertienl 
parts when passing the veiiieal eeiilers, amt at at! interiiieiliiitr^ piwi- 
iinim the siiin nf these thrusts will iilsn apprnxiiitatid) tsiliiiieeil, 

158. Conatarwdghting Balance Wheeli. ■ In siiine types fif 
engine the inertia thrust nf the rtitaiing ami reeiprnraliiig parts 
is biilnneeil by lulding enunterwetghls in flu* Ily^Uieel nr pulley 

at liiehr’it In the Jifiafl . Kv i- 
ibuitly tW'n liahtliee \ilinels 
must Ilf* iNeih h*r if niily 
niie wau'e tlseit a riiiijile 
Wfilibl tie |irntlm*eii iiliirb 
wmitht tiUiil In eiili»ie llin 
stiiili In wnbtile in iln 
illgs* IIS exjibiiiieil iii Ali. 
lujJ. llie iilijeelinfi In fins 
inetliisl nf tiiilaiieiiig is 
tliilt ns the liiiliiiiee wheels are iieeessarilt" at snme ilisliiiiee friiiii 
llie eriUikf the sliitfl is suiiji*«i-e«l In a eniistiieriilile lieinlillg strain. 

(*niisifler first ii siiigln eraiik walli Iwn liiiliiitre wheels, us slinwii 
ill b'ig. 

lad. If^i ivetgiii Ilf etiiiiilertiiilitiiee nii Iitrger %vliet4, 
lf| siiltif* fur Sltlitller wJieel* 

]i% f m itisliinees friilll eifliter **f gril%'ily nf ffi* 11^ l»f a%is nf 
sliilfl, 

e » imiliiw nf eruiik. 

t « illslillirif lad ween eelilersnf entiiilerweigiits iii«’ttAtire«l 

pariiltid In sliiift, 

lfii » mauglif. In la-* l.ialiitieeil « | I ♦ 

I t^sflllriftigill fi*rees ilif¥»4njeal III 11 * 1 , II 
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iNa ilti' siiiM Ilf ilui liiKiitcntH of tho wijitrifugal fiHuaw 

.ilixii! ,ut> iOVi it j>>nn! mti-,! In. /i.int. Thius from 

^ iilisiiit J ,» 0 

h.M.- i‘.J ,, i\.(l 

H// X); 

iiini **tfiiil4rli' 

HlMiltl /# 0 

< ..jimollv ir, ’ 


if ili^ Ill'll li.iliiiirii iiri^ Ilf ihi* MiiitiiJ thini It » r and 


ir. 


II" 


ir,!. 

t 




IS'i. itiiilf Twn-cflittdtr Engliii. - ■ An lunitlun* tixiititplt'i of tunin- 

miwiiltir II iwn«i*yliiiilin* nngiut* with 
rrrtlili'^ llir liriiril|||ii illltl 

ill III Ail 

I* % linn 4*'’ * t in- llm liiv 

ill*'-'' III «^*i, 

mii^ph'nl Ilf jirii* 

111 linn Iti llillllliril 

ri 4 iih m^l*-At4U4y m 

jil;iiiir:4 Hi ilii^ iirliidt’ 

*iii4 liiPi'i |.jii^ rrniilln. 

|,ri lir*^ imiiiitiMii l«»r wi4gtit-« ittid tliininiHiiiiiH lii* ii« hIriwh in Fig. 
iiifli rfiiiii^.% pr in»4re* nud bngiii l»y Itiiliiining tin* cniiiik 
J ’Himi if tin* Iwn hithiiirt* wlii?i?b urn of ihn miiiiti mm 
iiii4 fr, ilitf rmliti-ti *»f ttin niiiililnrwitiglii nit mvh whnnh tlin 

*if lliii Imliilirn wniglit to btMliiilrtlntttnl liitiwiHitt tlt« 





W 


■I 


« »: + 1 







tnWMlVH tir llllTATIilH 


401 


wlirr.- II, 4ii«i 11^ lli,^ i*i‘ flit* rtitiiliiitr iiiitl 

, ,itliir|li.|| t,i llll^ friU'tiull uf 


I 


i» 



Iri l.ir j44»'r4 Mil i-.m Ii in iliirriiiini*it hy iiuniitnitH 

llir^ *4 ihr wtiwl m*nU tilkiu^ IIHlUlitmtH 

,il#ji*iil tis*' iifOit- I#, 


*IV »*/.- ■ ' 




H 


f 
' 4 


I I 


W ln'M« «1 


H*. 


H*. 


i j .• 

■:i ' 


>)i)ul>i)U, l.iLiui-' tilt' i'fiil N, 

ii; - »•/ 

^ ‘ji 

TIp^^*'* ff^i hipI ir^. jikirpfl lift iliP liiiliuin^ whi*i4H at- tlu^ 

r*i4iip4 fij l*--a«4n«'’r il$*^ Irfl4iiiii4 rriiiik ittal |iartH. O’lu* c»tlu»r 
rraiik thru lijikiii»*rit in l!ip mittm iniiiiiipr, 
milli :ii liiisiikir -fiiiirii itip iirriiii||Piin*iit 

in nviiiiiir-4 1 i-*'4il. ilr-iP'P, im «W'tl %l4iiait 
mill |i4i iliiiiiii4 fit’ll tty 

tip’' tnnir ri'ank aii4 ii wiaglii 

11!^ Oiiiiiir.tiPMlIy ifiti far rriilik, iiM 

nlpittii III i'lty imii rMtiiilia'* 

%r’i|.»j4in Inal llp-ii i*«i i'nitiliittnl tiy llip par- 

M*\*tin,km \m%' %uU* it niiiglti r-Hittilinnvtaiflii 
»4 iiiii«Siiil 

H "V ", A^ V - 

I !.<' f» wl.t, h tii.’ itiiliut >*» till’* «'iituitt*r«f'ig!<t, makt'H with 

tiff li* » t .u»i* I* J»% 
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TliKtiin A\l> iiiArTli‘K OF ,\IKO||A\’lOH Iniir,, vii 


Tlu'Hr t \Vi» r«|Ua! Mi-. ihiTtAMri* tlir 

and iiiiitnuii *>!' tli‘* 

liLsiraii nf adiiiiiif lli*^ IF!«» thi’ rim i»l‘ tli*^ hiilaiirr w!ii*td, 

nil t*i|i}nl wi’ijflit iitnv Im furi’il iml «»f thr rim ni n |t*iiiii liiiiinrtri. 

viiUy *riir hiihimdii^ wilt In^ lini t^iiiji*. ^linl |||,, 

iijipfnraiifr* h m it tln’ tinlniin^ ii|ijit’nr jirr* 

IVrily H\ inmi’irii’iiL 'rhii 4 tlindt'i* in nmnt tu Itiilniii'iiig t|m firn r-ngiiit^ 
.hIihwii ill Fii(. 

fl§, In flit* fini m Fiij lln** w*ni|tii.i 4ii»l fMr 

I«tii4»n'illg nrr 4A iMi’rntin*’ lli*t 4«i.| |«.r%il|v»ii «f r«#r»s'’4 

ill til*’ rim *l*;4l nil ili« ninl 

1^11 Iliirti# nl llir |*jiri% sim 



fm -mt i.» # H.' 


irikr. 

«i i.. ? ... .. it 
1 .=> 


r-K;t 1 

>J. ’SJ-* 


1 |phi4 , , , - 

M 

1 

nmuh, 



I ’i 1^-4 III |«i^l«ii ri«4 m$t4 *»’»|* 
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tn 

’j 

r*-.* S'? Ill u*' a 



1 imlfk 






1 |♦li♦ll|l |♦i%t*<^|| rwl «i4 |i»iitU*#4ii 


S-f mi 'v#?^ f-i 

.*>■..{ ll 
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1 jrt|iii|# siiiii , , . 

fi 
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1 

1*1 sn . * 

■«' ¥.,lsC f 




*4 IH 

1.. 

if 



S»l i*rt^4 

! .. ■: •• 

1 S-I’ Fit. 


1 

S.. #lf ^|5 




1 

. .tH 4 





1 

*I8 4«' 1 




4 * , . . ^ ® I 

.VI I j 
it ' 



s l««j 


«IP leoTATION* 


4(« 


S..M n..«. |„ l„. ISHI ll../ft.«. tilt' weight nf 

, Ji . » * >1 !:■ !•. ■, . ill, ,„„j {[,„ nf thi* t'nuik jiiii III 111* 

!1,.- Ilf •<t■|■|•llt^)|■)i Kltit Hlillil Vttlvi*, HIlU 

t ill. I. lit *ii *1 til , i-.i;? t 111 ji( tJm jiin^ havti 

. i»»« . . Ill li’., uit H7:, n>,. 

H i, *<•»*< ■ ,•»•! > *7 1 . 111., 

” . » ** . . • to 111. 

Ih 


iIp'- »|}%1 

Mil *' li 


mI rniiii|*-*rwi*iglitH ifi I :|| ill, iiuti th« 
»4 i’ ■ iii.^ iini fyini atmiikH'wisight IF 


$i 




MiM III. ; 


f#n4 lli« si.4 ilp« n«nit' rriiiik m giwti hy 


•i I r iH.ii 

0 'f| ' 

ISi Cf Hndfr l#«€0iiioli¥i - An ii ty|iitml cmra of Iock)- 

^ *m*n4*H thi^ iiiititidii oyliudar inigiiie 

niiitllll 111 1^'u* ^iiirr llis^ 

I Mil |t5 til 

llir Iiil44lp 4ll%*'l» tlip 
III l*i’ Ii4il;iif*.*r4 mil l«" iirr-aipr 

fsir ill'll »'■!' lli'iiii i*it' '«nllipr 

Ilf llir Ilplirp Willi lll« liudllttf tlrifOr^ or %¥hillll 

Kill ^ III Imh* hi 

If ,, «*.. *4 iiiidiitiliig Mtflti roll from A to /I, 

If^ *4 jliirili 

i t r*iii F r-r»w?i lioiiil +’ oml of tioii* 

f I jdrtin jtiiri *4 r<rtl I* 

If ^3,, I** ■■--a h: i i K, 

V- t44iO%, 

i'si4s»i-% *4 riliiiilri iiti Nti. *!» 

*i1iri| tllirlirp 

11^ It; " • 

J i X.*** l 3 tli«* jMirlH to iw I’lMintfrUiihuKMHl chuiwhI 

*«»i% «•< i»o- . i«t»k j.iiin .iiol iIh’ jtt»rtiotw of lht> mijIi* roil. 



rm. 'JO 




I m \ Ulirs OF IIUTATIIIN 

llrilotlULf ltu’% 1*^ II ^ IllIVCl 


405 


'I 

o4.iiioi ^4 lU*^ rriiiiiiiiovin'^lilM in liliiiwu in Fig*. 201, 

ISL IMI«tw:«d C»iiipiniii In Imliuiring^ mi ordi- 

ii*if% ll»*i rMiiiiirrwinglil in tli-mgnntl to hiOatinn the 

liofii.uniiil pmtM, m n^fihtinml in tin* {mnnHling^ 

miir'lis I iidrf iUm m % , titnv«*vt*t% ihn intghw in ovnr- 
l».iiliiii»***»i I , iti*^ fi^^iiilt ttiniin til jiriiitiinn n hainmnr hltnv 
1*11 ilir i ;ii r.o'li F*»r itii iirilitiiirv tniowluHil locu>- 

iiiMliir= ii r'l ||i,^ iiiilli l25»mNllli, oil nyliinUn’M 

'Je Hi, ♦ Hi., ii1iris4% ti!> ui,, fhii .Htutu? nntl (lyunnuf 


-‘Pi tii*’' 


|m| j*HI *i : 


;j ■< ... .. ,» 1« - ,i i 

'Va ,,, 

!*«%♦, win 

r%lll 

1 i, .» fSli . .h 

1 


»l" Vi”»0;U 

1 '4* 


t mjmi 

fv^ln 


1 J •; RMfH ji 

1 

i H,:ilo 

1 a* 

1 


11. ion 


A‘’» tip’ *4 Rifi tliti 4rivpr.?i *4 ii lonoiiiotivn whitdi 

llir liiiU #ii4 %iill nii.Mi' wilhatiinil y ihn it) niunh^ iind 

11*4 ilp‘- |o,i4* si f#4|.»ws» tieit II iiiore jit.iwi*rful lononietivn tmn 

t#*'^ liviili If ii^hinidsig i^iiii t**» mnniri’il, 

t lun «.|r«ii,iti4 h.m III llip fotir«ry tin«Ii*r hiiliiiiaetl etnti- 

l«Piii4 sIlHaotlrii III Fin* 2**2, Feur rylititlnw tirii 

nnrd ii‘i r)'hii*ipm «inlHii|i* the fmniii 

*11% III .Ills iitel Hvp Iiii|ti4iri*.f4«nre oylitnlnrH 

tllllAr liar fs-Oisr. Il*r. rOlllil^ f**!’ lllP hlgll’IirWlllirP I’vliU" 

iitr Hui .i| .m, , 1 ,# 4m%%n ill Fi|f. 205, iiinl tin* nriinkH for 
liar- |.M -Y-'ttsfR. « iliii4*H^. sifp 4i4ltl*4rir4tly ojijwmitP tliuHo for 

liir la.-k I'i #0% s i#%s4p |*i.«»loii iiiiil tin iilliielilllinitH lift* mov- 
ing %ilislr- Ii»«t |•^*4r«^#jM4l4lil|| Itiilfiitip jit^^loit i-h iiiovilig 

|ni4 L«iii4 Hriirr.-, 1«% 111-41^111^ %vini|iit« of ilip.Hr rori j»rot»itting 
5ir«’ ii|4i 4»’ t«* p%4-*‘lly Ifilhtliro otlitn* wiltiolli 

ihr* **ll lIlP %vl|t*0lH* 







I’ilKiiliV A\i> li4A4‘Tli‘K iH*' MKVUWIVS jfii.ir. vii 


4()H 

.‘f Hi.ikit-Ii: till* ivri|iriiriiliii^^ ji^rtH fnr lln^ lit|^}i imd 
low [trrsMiri* uf oijihil wtn»45it -nIihwii tit Fii,^ *2lH, llu* 

tliHlimt In ii$iiko tl light, wltilo l!n^ liigli- 

jirt^sHun' in iii;itli^ mi!i<h A ^iiiitihir iirritiigoiiioiil ulmi 

sliowii ill hig. *^"*^* 1 * 

Siiii'i* t!i«' rooifir«>riitiiig piirtH thuH iii*i«ti^ tu ti#i!iiitro oiioli 

oilii*i\ it iH tiiilf iiiwiwiin' l«* put t‘iiiiitil.f^rwinglifM «»ii flu* wlioob 
..HiiHiri«*iil l*t Iwiliiiiri' ily r^*iii|4iriiig Fign. L*!HI 



mill it l%'lll i»i.^ nt.mu liiilt llw r*<i||||orws«i||lll-^ ^Itv rri||-*%,|4f'l s,|l4l'* 
Ktfiirtlii^r III fill" lr»iir*ri iiiiilrr |i«i.hini-«’4 iliJiii m lln^ «#r*li' 

iiiirv tij*!'* *4 1%'p, A fiiy*4i nioro |iorfp»‘i- l»ii hi 

iirriiirit lit llto f»iriiii*rfc iiriil llw iihn%- mi ili*« r^nt m |4 4»-* 

Ifi'ilill olltiiitwlril* 

ill. tmmfwrnlmBt W^mmtMm In Art. ft, 

WlW illl t i|t i*»H ill*’ |»l ill*' l| 4 i’ *4 flo’ 

rsiilwrfiiliiiii Ilf liimiir iipnimiilniii, «iii4 m Ail. -t-* ^4 ilir ■•f.iiiir 
rlwH*t**f liiin jirtiinjilt^ r^li^ii4i*4 t** iiiii 

«#f tip’ siliPli *4 4miI^’4 

ill An* 14% tlinjilrr Vi, m .l|^t$i|||| «'-*4||#i4*’l»'4 4'* I 

ltii|i»4tiitiit jifiitiiiiip *4 Imi iis *4 44^r|#»|4‘ 

IliPtlN III rtiiiifiiPffiiiil in*|il|cnli«f|i* Iff |l<r *4 



inWMU^H or HOTATttIM 
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fiii^ ^4 ..lUiniliir in*'iisii»nlmii in pra%*trig in ba of inuoh 

4 ^4M44r ^|n4uisiy, iImI in lu miy, n immaricml miiKiii- 
Iii4*’ 4iir.-is«»ii, 4114 e-iin llii^ri4nra ho Hrocitkitl by n HUigln 

i*ui4ilif ^b««to-ji!4isii, h*ii%i,Hi"r, in ii vtfotiir nuniitity, liaviiig 
itit«n’ii-*ii 4A iirli ii,»i Siiiii.^iiiiii4«% iiipI ihurofuro riH|iurtiM tliroo ooii- 
iiili*oi4 t-»* ii. ill rMtimn-|ii*oiot! Ilf tlui eoiiHorvatioii 

nf iioniiriiiiiiii 1 % A jiriiii'i|>lit ihitii thti ooniiir¥atioii 

tif i-lirti-O ’ 

tlir- 1114111 iho iisniitiianoti of lliin |iriiicu|4a in tliat 

ittfi^i i4 ih«^ iio*^b^rii iijn4irati*niii iif nipoitiiiitim tiro oonoamud 
mtli r^4-4iio.*ii, Tlio iiioriiiti fiiroon oiilliitl into play liy 
r«t 4 iti«.*« ii 110^411^ m{ oyiitr*4 wlibli in oiitiroly lacking in 

iiip.l likt'wiw'* ill miiiitiOH of iraiialatuai, wliiolu 
,ii% ill «r rrminjito* am otniioly ndatiitl to BtatioB. 

asigiiiar iiiiittioniuiii ia goiioraUHb and 
by in#j4%iiHf ih*'^ jiraiir-ijdi’ of iho ooiiMorviiltnii tif angular luomtin- 
liiiii, lli«' kniriic ir4*'it»'ai« niny \m iiinl tho problem of 

itioioiii r-*#iiij*lr4.#i|y ilititfr laailitalai MUidi m Hamiltorda 

jtf iip.'ij4r^ iio4 r^|uaii«iiii* aiighl tiaad to aolvo Hiudi prob« 

lull mn*A% ht«ii iibtttiiii iiiid tliroot motliod of tnmt- 

siprsii iii4ii ili« piiro'ipitt tif ili 0 of iiHiniouiunu I'ho 

iiirilpwl *4 Ar|4%iiig iliit jirisioiptii ia iltuairiiiiiil iti %¥hat followi 
by *.4' iloi mijiUriilioiiB of gyrcmaopia oontrol. 

lil, liittilf mltai rtf Ihi Cmmtmtlm §f Aagaltr Momta- 

l»»- III Art. tiiiiplur It llw ox|iriwstoii for tli© 

to« 4 Wf^ 1*10111 III liiu Ilf ii Iwiily riiliitlitg about ii flitid 

ii%i% 11^ 1^^ 

Iilirtr I 4p#p.tr:ii ii;^ fipoitfUil tif iiiuflia iiiid m iln iiiigitliir vtdooity 
^"ilh I I** ito# 

'"|ti Hurt |*isti*-i|4« 

it ^ 

»•>*»»!, .|« i .» nhaJi < » litwl jmlli') ki'ywl t»» th« Hhikft luul a 

|«»iU< t <«» <ni«i tlmt will’ll llii’ Hliitfl iuul llxiwl 

|.hU. '. .»*« « <•*'»’ J***"*’ w HtuUkmly 

.».,j 1-1 nj. I.r ila-’Wiiitf .« « cIiiUtIi. TIh’Ii 1 »v lli» |.rimnple of 
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I'liKtUiV A\n ru At ' ri< * !•% .Mi%t it \ » i- 1-** in 


thi* n»»Mi^rva!i*»n t‘f nu^nivninm l-t.il .Ui-nLii 

turn «tf flit’ Hu» H aii 4 Hh.ilf lii'ril tiif •■muj*' ,11 ih.ii *4' ij.|, 

j4j||,fl|. ti\i*ii |»lllli')- hIuiII UrlMii^ lli** tt.l-i lil|.■•■■llii HI. 

II 111 .S if /| till' Inuiiiriit mI iiiHlii .4 thv | n, ].■■■% ,|||4 

hIuiI’!, f '2 iii»*iiii’iit. »*t iii»’rlia *4 lli*^ h**w |>.iiHr.i, m.i liinr 

i 4 {ft*H«l w fit’ll r«»ii|»lr 4 II • - 

ill ihin vmv l\m . 3 1 Ij I- 1^ 


it fiiiilp’r il!iiMtr4li»»ti» iH3tiifis4«n' *4 ;i|»|'.4rjiiu^i tiliMitn 

ill Fig. -‘Ft. llii^ i4 ii ji*iri*t»lil»il 41 in j| 

ii%«Hl %it^|-||f:;ii ,iii4 

#4 4 l 1 1 » I Ht « I n ' I » il I' i t r I « I 

|4:}i4«^ I#'* H 

m'm r%f «44 m IIh'i. 

tiji' tli«^ sit . 

I4*'J|*’‘4 t»* I Infill 4li4 irir r.l|}|||* 
III i'\ Ih^I lli*^ ^4 «';!«■ |l 

A Hi sl«v||,4,r4 i»v 
Ift «ili<l l«^l f ilr<^ 4i%* 

tiilir'fi Ilf il<# *<4 

lr«*iii «4^ t *|i., 

Tlii^il llnil wlir^li llm iitni wslli li# i%«n,gi*l.# 1 * #w%^4ii .sHg nt 

mi liligiliiir m tlin # 111 ^ !«4 «ml mu rtiiirwiiiii 

I, nu lliilt tin* lly niil ti #l|til4iir«^ I i r ff»«nti ll.r 

*riirn, iij*j4i*tfig lint |ir<ii«"ij4p *4 iln-t «4 ii#c»» 

liiriiltiiitt if tlie iir»w mtifulm Vt4*.#i’‘ti) nr> 



^ II 


tIA I # ■ r 


7 - - ■■■• # 

wllllltcs ^ V 

A I |- r 

Tim ftii^tilif w tliPivfiifwt f|ftt3rm«^4 F% »^ir 

milgtito I# #i#fi mil frtiiii llm #%w* 

fiteillf itirrmm^# m itmy mppm^k tim 



I Ii4 


inwuu^H iir iitiTATicix 
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mI ihiM }iriitri|ilii m thiii uf u ntoiu* 
-’'^Iniii^ ^viiirh in iiUiiwihI iti Wtlitl li|i an tlu^ 
■•♦iiur.’ %%imU ii|i lUv Hjiaatl of tha gtoluj tiiomiatig, 

jii»l ri-’i /i-tt. 

til Mr|iff^fciit#ijori ui Aii|ttlar Mimeatum. — In Art. 

«1. I, i! *4 iltiii 111 ! «|iiiui|.iiiag hiiviiig cliractinri 

,i.% ^%rH .1*1 iii.u4a*n4*^ \m* rr{ir«wiiiinl liy n Umi af givan 

a In iha awa of angular 

niH liiviiA.^l .^4 %«vitir r«^j»riwutiititut alTardg a maauH 
I *4i4i^1i wuiilil nitn^rwii-ip lip ijuita (uuupliaaiad 
iiii4 tiiaf \w fitllv irpiilpit ili 11 ultiar luul 

rlr'iiimliit' % irsvMiia'r . 


|»\»f ^ a !p*iii*»giu$tn»u«% ryliuitar, HUali an a tliak 

il% i.% lrrr.-l , ^4 ^,i4u^l■l f aiii 4 rHliiling iiliiutt itH gtH»iuatrici 

i%%ri Hiurp Ilia riiilitw of gyratian af a 

rjit'ulvii s^hn 4 «-f lip* %iiip^ m iIip {mliir riliUua af gyratiivu (4 

lifi « irrul:.u ipitiirlv k if IfiliUiatPH tliP waight 

Vi 

r*f ll'rr. n p-iiid*-','.- iiiprliii witli rpujani* tii itn ginuruitrie 

it I — aiiiiiilar iiifiiiiPiiliim af tlia ryliudar may 

liirft'lnfr. W 11^*4 lii’ A tapltir lying iu ilia iiiciH af tha 

rVi^adrt, p,# %u wlnwa laiiglh ri*|irammla to iiuy 

*4 tip* 

, n\^m 

‘ - :i 

p||»! l»* 4 i ifl^l 

sn mhi*h --k iiclll 4 «l'' 

IIh' sr« |||P 

III !l*r cr%.%i^r| 4 <^r«ll'’ 

. I ». tt« «irU.Us 111 *' iU»!|wli»r rM«.m*'ulv»m t»f i\w 

N ».'4 J!.,:. -!, 4 i «*4 als*<» t* r*i»ru*pnt«'*l l»y »li'» v»n>Uir /,«. Aft«r 
,1k, Um... ,.M!i. V .ij., U.»- ttHKiiUif ,,».m,*ntiun of 

thr tmlU-% «»*4 .Iwfl /,«*. *‘»'l *^'*4 

. .»,.4 III" f-,»iKsi4" H MitVK tlittt tho HU, I, 



rill. SM 
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TI!Kti|<\ \M* rU\< IM l- "S . 


uf tll»-.sc !U" W.'l.'f. ill!)'.! ■•fiS.l. li,f I- 

( Kiir. »• 

In ihr si'i'Hii'i -,n lli.- .u s . .in.-u ^ 

lltotili'llluiu n i!‘ *‘11' .■} !li.' M .-..•i « , i ,, !. 

i*i ihc |tr"ilui't •'! iS j< **. / .ujtl ui, *■* ■*!<•- .n* ; < it- 


/ /‘‘i 




I 


' i ; 


fit* T-K 


An, l^i*A V f 

Itl rtll tll« ptm^nirng lli*'.! khfrrt-SH.ri .4 ll%r- Sn-i*- 

ItIWlllltItl riftllilll*r4 inwl 1 illli.nt.ifi 4 Ii.^ Irtifftli A 

Illlj«»t'l4ltl rMAtti- It sfl tis« 

till «4 ill# nils .< 

%lr4| Iniiflli |,j,l 

# ^ * it I I * I' f ^ II I 1 1 i *1 % iff.- I « >1 f I 111 i j, I |j| #■ i I n 

tiilll Vil 4I*% ^flr# 

#-l| ,4' lllllt' ..If l:r| ;sl 

tftfli'lllr •I In 4»* |!..-SS il‘ * yc'j.fr 

«IH* till? |.w4«ir m mnfnr.nitMi) m Us«. sin.,--, -i if t ,*1 

tilii li« Ikv ntH Tlw'>« «sn<-.-. 


, 1 ' 


fm ’Mm 


M 


Ufi 


.ii 


nf 411 — I# f f , 


i| tt» , - i S ' 


it ii lii^i mi iiiniiibii-*, ,.||4f .. 

lint mignlitf' iinniiitiiiiiiii tt }*j'^ mt ..Hi.., 

lil lllllftitilti’* iillf *4 « f Itl t|,r 44#4- . f # 1 , 4 ’ ^ 

lit flllllliaitllin^^^ pwlinitli^r || iff ^mUr > 1 * irir.l % 4 74 If 



1 i*4. 



in 


■) ..-i ■■ 

1 1 





.i;s. 
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lit, Eiftvl III ErlKlioii. ' it- k wall baavn that wluui an ordi- 
iisii i toj# o» -fjoyt ill! a roii||li i$iirfiir«% it will gradually rino until 
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AA. I h 


> mh^ra, ^ 
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hy toothed Hectors, 
, 1 -, in 1 :!!;S. ... !i,,u ,, revolution of one ginilml ring 

it . .!\iH .14 e.iuHeH an e(|nHl and oppuaito rovolu- 

SiMii ,.t th.- ..tiu j Kitui.al ring alumt its vertical axia. The fly- 
1.. tag 1 . v.u. d in oppoHile direethiiiH, an indioated in Fig. 
:n:\, ilie puip...... the «e,-i,„s IS to hidaiic.. tlui eonHtfuint exerted 

1,V one gt !,.H.-..pe w h,.n the ear in rotmding a curve again.sfc that 
eveiie.l hv the ■.iber. w. .w to pitwcrvu till! aliguiueut of the entire 

t .. l.. , p tie ,11 upright, the outer end of each flywheel axis 
r' n. lu ei. pi..pn t over a hmiritig .Hurfai-e <?, attached to the 

Hide the * * 1 . 'V lien liie car in in perfect halauee, the.so shafts 

t* cle.u- the l«-.iruu; HurtaicH if hy a miiall amount. Any tend- 
ein v to tip hriiig'. one ..{ the hearings (} in eontaet with its 
shaft i', iheiehv rreaiitig a fiiclionHl reHistance, This aets in 

mmr^ iii.iiii'p’r fnriitiinil 

,llirr mI ii if H 

ihv *" Ili'itHlIg 

a II* I 4»i«' 1'^* 1 1 1* j ail g stf I III! riil% II 

ill f f 

Ilf |ill» wliirli III tmiimi 

im |iri*** 

rr*iAiv»ii lti 0 Vininr 

II a Vini.iir 

rif iifiiMtifif , .III — Ii!i0 Ilf 

wiiM 4 i $.% liuiu^Mnistl i ilM)* Tlitt itti|iiilHiv« tumplii Mdt b, 

liiri'r-'fiiMs tlijil in III mt\\ llm farcHiti (‘.miititutiiig 

ilin i4ai|4r- M air vriiiriil tlin nliiifi ilowii (III the! bcmriiig 

Ilf ihr %||iir r i trait sW till? ll|IWHrit TOirtidll iO itf4 Iltok of 

hiiLiiirr, ilir^ t»r IMHiUlHivi! tiriU|4(^ If (le- 

jf«*ii4% «*ii llir Irir'liuiiiil rmifslAiiri* ^11, it ih ^vklciiifc that. ihiB 
kiiirii*.' ir 4 rti«*ii ii4}si^N iiitliifiiitli 0 iill| Ui lliii U{>wa.r4 Hiaiic) 

no AnlttiHiitfc Tarpdte. ■— Aimlher eotnmoreial application of 
f.miiit iM the milninohiiM torpedo invented by 

• r ♦ « t» .irisUr-t .nwriisucM ef ilw i«e««r»il e«r,«»s« Kitfiiniirinii, honilon, 

1 4.1 |.|» l-Vf # |i*i|*iiiftr 4 i*«**rl|*ii»ai Jlr’diirr*# 

lr|f%»fi, iwii. 
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t'l.i. at t 





«.||v I'li 


4 m 
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4ii ^ II 




ri« 


Ailflllt'ill Ilti'llt^il mI I1h> r liili'st M.iir'i I im%U\r fill* 

lilt'* !♦% f II ri ll Htn.lil ‘4r|;,^laiK^ I.».i I!*,, ,||||} 

fpf flit' I II If rtf l.ji, tii, riu'* tllli-rl I’-i liiMlilif «*4 Mft a i|ii|*|. 

y:.t*iiiiii mt lliiil ill'*' Vin;t**r liiMiiiriil Uiii H |‘«'li'*!i^-'ii] 4 r tii 

th*’ i|j|r«"lrMii ill iitiirli |j||i 
-1^ ii/t iijiiHiii til 

/I ^11 11,^1 

l,M tuin tiiil III 

%iM r-* ^^141 -'M-* . ilif»|rii4 *.»{ Iinil''. 
IlHf III IIp.^ 4jtr*i,|r»|| A ft, lUr 
\ |.*% 4r-l r''|rijir*l 

mul il 1^1 |■»»'U ill lli»» 

lllfvr|if*'tl lit tii*’ r|||%|1-4 I lull la In %:;|V„ lllll 

liiiri#.**iil-il f**!*"*- fl |l iM trii4 !»■» II iu m j*|}iiii% 

ttlpl jirMsillri’* fl *111 -«-* I'^r snii#.' Iiliif tr* ||^ nf 

jalltlll^*! I«* lll« is» ttllirli llir l«.#f|^r:4<- llln-% ij||,#. ’T'||f 

Ilf tli*^ rril|j4*' J| llris'it a’a i|| 

tlsi^ ■i|iftH;li«»ii a|pii%'i4 1*1' tla*" *'nri«'4 ill , iiiiiiirli .* liii> iiltttH'lp:*ii m 
II .ii’fPW liilial Im*' litiin"4 In 

111 tliP illfrftliill 1 14* ill"#! *^'4 h% 411. 

4li|t r*.4iiii|| sir'IlMil 4*1 l|l|l|#i-4 i»;v 

i4 il |*r'ii4til'^iiii %%'illiiii ih*’* |nr|^^-4«<^, ati 

t*i i'li44«'ia #frr-r tl»r. l^ia'isu 



l?i. iifi^ii iifmiim Mill- ■ \u*din-i 

f <*tiiiiirir|si|| #|^j4ir4t «4 

|i|nl4«*H 1% l|w Iftiftlll ■^flll44l»|| 
lii4L 4‘hin rniiaialu wf is h*Ht% % t'‘.4lrt nf 
J I l‘l|f 4 |«"| ii$«»i||8lr.€| till # 
khh'^^h ;# liniiyf -ji |«4iil C* 

4si»i $ni,if4'4 iiic4na *4 m tw»4^.«f 1 #ji tii» #li4ll jiI f ia% 

I %|r.-r| H, Wlli^ll llpi^ •Isilfl Pi M'4 III 

llir- 411*1 li«* 

f II* tip'' f*4l*^f ^4 i# %§44^«»r^ 

4IP!m ;? p,p|r %4 .|l, ll Ill^l♦ir4^#ll4% 
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'll itlj riilUii|f iinniiitl on tha insida of the pan 

ill si liHlh ^ , 

I** i'%|i44im j»h*oit»mriii*ii, y% ( Ki|f, S17) represent a cir- 
rnl,ir Nt'fiioii m! th«^ rinU-r A, iiiid tin* tdrcular path» or section, 
Ilf ilir If. nil wtii*‘li It riilk. 

Tli^io rii frs*iii mill ptmi* 

linii In A itiii 

ili0no4f iiiniii*‘iil ntii II i** rliiiligetl by 

411 ;iiin»iii4l ,||| -- TIih vector 

rli4iu:*' Aii ri 111 ii litttKen- 

loil It* 111*-' «nr»‘»il4r path I llenet% 
the iii* 0 'is*'iit Jl, hm the miiito 

ilireeiooi AM niti, of ii 

rniij4«^ are jiwTjNtiiitUtHt* 

hit' in lit ttell in In Mi%% , linroilll to llltl 
eircle'ft $il liirii *4 emilati.-, thin 

mI |1i« "'fttiis ii'iti'r’fi iM iU«’ Ilf till’ Iwaring at C, aiul tho other ih 

ill!’ n.»tni.»! j.K ■♦«nini lKr»ittw!i till' aiirfawis in eoutjw!t,on which the 
imu'hiniiitni »1«' jiif it» I'flfiHitivetntiia. 



if a Moiiitig CoiiiMt In ih« iliiMtmtiona of gyroacopic motion 
u •) lh.5in sirw in iumli «««» two niotiinis : a rotation 

.•< ilii-' rtUoii itn .nil, ami a jinuHiKKion of Uuh axia. The 

HmtmH iiisii tlnatirllaHi an a rotation of the body 

stlwmi III Mwiam.inmiii'* rt*i*, which ia itaclf revolving abont a 
n\. «l |sn« U.ii t«'Vi4iil«iu »f tliM inatantanooim axia of spin is 

what w ealleil the precwaaion. (Jyro- 
Mi'opie motion thiia afforda an illus- 
tration of the general theorem stated 
in Art. HtJ, t'hap. I, tliat any motion 
way lai etinaiilered as made up of 
rtitttUuns about dutinite axea. 

The motion here ecmaiderod baa 
laHiH illnatrated geometrically by 
{'oiliiHit by im-attH of a pair of conea, 
one of which Is llxed ami the other 
rolling upon it, "rite motion of the 
Iifidm i^'tooliiHf mill o* a gmsl illiistration of what is meant. 

H»« toslmg *1.10’ H* l*«»msot's motion may Im either internal or 
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-A\n rH.u''ritA^ ay it \h 




t‘\l rf'IUli t«» !!i»‘ l?i r::'. ihf’ 

!•* tli*' !i\r»l rtili.', Ilirii ,,t r,»||| 4 i'f ,|| Ill‘it4||t 

l**Uliif fh?^ lint all! .iiP’Mii riiH 

Il|0\r4 .li-MlIti,! ih,, lif jlfr 

V in ill*' 44in*' «.iirr**iit«ii ,1% lli,ii 

/i; ^ / Hi A flip hiiiiv imI .4l*'4, 4ii4 HI ilii4 

IIm- lil>*l|M|| 14 441*1 l*i |:t»i prtigrr*:. 
’ r ilvr, 1 1*4 motion I, I .ni iirHiii.iii f«4|i 

kj^ 4li r%i|lil|*I*“ of 4i|r|i 

rin^ 44l||r rf^illloli if\ innlr.iil 

J,|., *4 IwHIlXf flu'- rolir^ ,|||,1 |•,»||,.: 

141 %'t^ *4irli oihrij ii,4 'ilpiiiii III 

Fii(. 41P, III I*s4.h lii.fiir«*** i}p« roll 

tHH I'ttiir ni to ili** numn 

If llm f»*IIiii|,f roiif* m inlrrmil U* llit^ / 

%n* iJ ^ 

ill llm to ih;ii m A -* ■ . 

It'llirll tlin |Mlai«*-n .in»i ^ 

mtifi m niiHt>4l ffiiofintlii rrgrutilvi? 

CW|f* 4^' of I'r.lfooi iiilti , . r’ ' 

|irrrim#i»ii i* lli#l fririir^liiwl h%^ ih*" im#^. 
limi Ilf tiw ifiirtln roii,#»ni*Hr«l 

lllfirn fully III tim lir-%t 4 ltn‘lr'. ^ 

1*11 «44iiiii 411 *^ir|i|r%fiion lor Hn^nt^r *4 ||n^ li-iily 

ftlifMlI lliP jniA** ,i |4.iim |MfH |^^-•'lt4l■*'nl^lr l^.* lliw 

»tii*i IrrI I|i«* f44ii of llitt |*|aiir ♦wn-liofn *4 |fn» 

r roil *oil t|«iX|44lM^ 

/ 4l iflri# |«i.#l|t **! 4 oliLi* I 

M 'i 41 'A#' 44 / X..-4 ,.,|.}.o,., 

\ // tinii fillr. oyr ii|| I l|f* 

/ t n*i iLoi t inm*# to 

';t '*»’■ '••'»'* »*■•’ ■'* 

^ ij ^ '' / fioiii 4 * . II 

ly \ Jf ■' " I to- 
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.U..I f.j Tht-ii tlw tunuHl through by 

Ih,. 1,. . 1 , « u. ..v..r tl„. uiv ih is tla + dA ami oonso- 

i.sh a . .in.r«iuu v « hIhuu ll«. instantamioua axis is 


mi 


t/»i 4- 


Hiiif*- *1* -■* •- limy }it^ written 



Si%%% |«4 %t| ;|lp| llrUillt-i 
tll*^ I r}or mill 

1 %'llirll lIp'. 

i*i Irtin r-'liiuf 4ilw»iii |||«i 
mI IIp'*! I «♦ 

if *f iiii4 h iIip 

it t nr- it I f ' ?i III .1 k f I tl 

itiP llpfilalvS I Fl||# 

*!«« I, I’y, |'.g 4rii#iifp tlm 

|fr-| jsPiitip' tiLis Ei ,1 iifi 

tip' si % r- #1, ' %%. P lisil' r 
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^ |l|#l m fj V-m 7 filj, 


fiii4 

f.*'Mir^r».|t|r.fil|f 
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I ^ vm h ftig. 


I lilt I il« ft 

f 4 *# f f »i If i 
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' I 






s. 


Slip r thm ftiniiitiMis ili^rivnl iiliiivi* itii kft miimbar of thin 

f"i ifi rr^n-Al liiifr 

M *f -f rill* B, 

i%u4 m ri i!i.pfrl**fr %r#:-|iir rr^iillttiil of #| iiiid &i ihowii ilj 
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VU'l> Ml'ii’IIWlt N Iiir ■iii 


W'^n ir^MH !fi»' xfi'inr in.iiii'ir 

HI I Ih |.iiii i.in- 

1*1 HlUi-’s 

4»| «ik» 

nil4 f- hiU ! :4|i| 

iili4 l»y lh»^ i.ltt" i%i 

I I m fl, 

ffoiii %% tl»*' 4iri“^i ^.««fl jiipi 

alil*»nill *4" # 1 * Hl»l% »ls4«'l liUll»^*l 4 ip| i;i,»,^ ,llr’ Li|M*t%ii, 

173. Prrcr^bii of Eaith. It iIp.^ iU^-4 viii 4 I'MlInig 

i's<ip''f «4 1*=*% **!ut Jiii4 *lii4 *1# ..in^ .111 »ii?4 iiiil ^ 

llir j*ri'*rrm*S»*l| in I‘2ir4p4 ffillttl'. -An l JH|«^ *1 I -.Ult r,i/m uf tri^||I: 4 | 
lliJii f ni'in’tli^"4 hi ih*'» iii44i**ii *«! ih»’ «pirili,. Ilfip 

llw »»f t!*«^ ipiiih sh'-'n'i'ihr.fi i% r-Miip *.4 ' «4'' *^1* rrj'’ rsnr-p 

ill .1 |■■•ri r .i4»‘^ iii«4ii»n, 3 4iriti,it*’*4 in I’l^n 4**1. 

liking 4.II n.n tin’s- *.4 luii«% -1%*^ liiii 
ti#| ^ W' •*. I, ■- ’,! <!> > .4 •*,'f . 'J* i*h 



|"|l| .i'llJ 


.ifl4 fnilil llit^ t■i4|,||n«n ^ 

*■' 


nii% 'I 


ii.|ii il* %'4i'4 'S'y ' , , _ _ , . , siiH ‘J i* iTj 4 
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41il»i 5iii,,||l«'’ IS I***** »|-iiii4l Ia» rti|r-r| svtlr**in^itin-4l *n«’ii.i-»iifftij||riil,iij lli# 

riitliil* ni ^'livin’ tnil lyl" tlii# ««* ihr- .^ns »4 ilsr riirf,|i 

l^iltf Willy 


Ifi* l§iaii»fi itott Priicipl 

4*ii^ -**IW»i4rt itm gpiit^'i-iil r.%-: 
jirii^liltli |§f ill# liw»tn*it -*4 m fiifnt 
I«i4y* II 1*0 in *|r||*.ilr^ ilii^ 

*4 il^ 

l|in:%ir llltiilltillllllli* sit4 ti^ 11^# II# 

tlm ri«rtaiigi-il«f *4 ti# 

aiigiikf iiii.iiii#iiliiiit S'i-li, 






0|>* UdTATlOM 


431 


il»t' •>( tlw u •iilint'it by fhn rwlatiouH : 

X,”*' ■****11 ■” 

( ••riiim Wtuwn tlift Uitour nud luij^ular veloc- 

,n,,« th- I h„*, ridiirriitg to Fi^. H'if., if donoto 

th,- . ..uii.Mn. iit.. tl»< lui„.,r vidm-iiy nf h und m, the 

||l|| ^ 

III 

ili«l 4<‘'4^ivr.4 III „\il. 

I I,, 






I — . llp 


L'"'" 


fnr 1-^, III %1-m rn^mlmm tm if,, //^ ^\vm\ abova, tha 

rr^iiil I# 

iifc "fe 


/I. 

^ •<»Pt)ii^ w^i«, +" 

1m Iti !t.m<'irf, tliii !»id {irodtustH of inertia of 

in*t<TiM Will, !•» lb* omirdiijutt' axes w«r« didlned as 

A ^ w« »* + ** >. ^ 4 '«F» 

ii — A -I #*), A' « 

I - V,», #t 4- y*). A- V »»■»■»/■ 



TIIKniiV \\!t riiAi rit'K kf \tl:iH\Mis ,,, 

ill !. Tills ..f til, .jiiiiiini i, . i!i.- i,,i s!,„ ^ ,,j- 

tiii* aiiit'ill.ir liiMiHJ’iit uin 


//, Ah* 




*, f J*hK 

/%»„■» 
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i 1 ^1** . , 


a I Im lii* 

A\%%m%%r,A *if 

IMmI iM|l, 1*^1 A, 1 » ^ 

* ilia 


am jiMiiii «»l ihr , 


*/ . >r. 

fji*- ro|ii|„,ii,.t||,, ,*,f 

iHruiir’ tiillh |r‘i|»s"«i Im ih' 

♦ ^ oil 

i'ui, ii 

M-ri, ,pi filioiiii III 

t1ia|4ri II. 
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Jf 
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,/ V ., 
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Af 


4r 



r i 

/ V, 
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i/f 


if 


In |.f«4i0riil» 

of a 



of t||,n 

lli?tlalil:4ilirot|«i |L^, 

lii.iU.iH jir... ,t, 4!.. I hn-i J|, 4 t 

illiv Ill♦ll4^||| m for it 

*<•* ^ , 

I'lirli if r tf'ip 

litlirp Ilf ttiiy imml lim, 


mijiin'l t« ^%vi, ifip rr 

■iiini 


i?» f.^1 jIIpI |j|p 


, Ui«^ 


ii r«t 





m* * «yf .f 

«II|M# 

- •»* ,1/ i , 



~ .(.*,Vy, 

im,,. 





wlwrts J| «tw mm* •>( thm sI.tu ..u. 4 y, g .,t,, tj,„ 

,4 , 1 * ,4 li». .■..it«i«»i,.Tit* 

(if lln( |Mri|I|« t*r I* lire, Hi liii» I, 
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I i* 

i t,.- , . n5iu'n-- U . in giwml t» nU«r tho jiasition of 

iin nvt'Au'.iSi .n; ., howi'vcf, that this axis passes 

i!i<- • * ;i!< t J ln.|| . -0^ muj (.onsoquoiltly 

iJ,. . . Ills i! !!.;-»' !■.:««• Mni'inivor, if tho instaiitanoous 

.S’. .> » i q *h.’ |.n«ltH’isMf inettin />« K~ 0, and the 

fi'it! J itk.i 

t # i* ^tiwut i» 

l.rin/'SI' I; .(.s#, sf trt.sl ivntinuni 

f,> f -t lU' t’ ‘hi* .ilii, 

nifHtii/ ^iH f-y 

f'.t! 

1 1, ID ..f A pruiKj'.il 

a%i^, th.st svhrn nui'sj i%n 

iiii ' i t -t.iiiKji »i %si\\ niiun- 

lAUi »ii! .in’ - »s n m !« dluMtratftl in all the eases of gyro- 

«. ..pK Mf.io »t j-K-ii s>.ii»lv » sinew in eaeh ease tho axis of 
»j.n» 'A m Ats AM:t «*t .>% iiitnt’iry and tlieriduro a principal axis. 

.V».4h.n aj.plt. .iiwii m( this prineijilii is found in Fou- 

rtinis's t . til” aij* *4 which jaiints in a llxod direction 

ill «hsU tin- .arth iiirn«, thus niakitiil apjwrent the motion 

I, I th.’ < .iii4 .’iirti.jinj' »l« r»t» to Is* measured experimentally. 

ITS UirtiUtwfi ftlwred l« Ellipsoid. — If the instanta- 

iisifl S'* •« pMie ijMil axis, the centrifugal coujdo jfouoratoH 

all .iii/’sl.ii ’SOI winch eoiii|sHinds with tho momentum 

iilt.M-h I he Issly aiiil thus alters the axis of spin. 

lis»i. .»4 .4 the mslaiitaneons axis for tho .^-axis, as in 

It,.’ j.f. . irtsvh-, lake the three pritiei{«d axtss of tho body 

Jtn AAfA ..I . .*.»4i«sAt. with origin at the center of mass. Sineo 
the u ,4 Iiieiu* th K, I* all vanish isi this eastt, tho compo- 

»*« isirt ..f il»«- »tt*.w»«’niuiii Iwfome simply 

tr,mO»,, 

j s-.y, t»t l-,»* ti.r r.pialMiii of the inerUa elliiwoul, or I’oinsots 

. »• a! I .* I «■ a S j -n. .«4 , S5» .p (t *1* *, t . 

JH »!/• , I SSTi .iemile the .Urection of tloi instantaneous 
.«ti» «» 41 . » »n*tat»h and f the length of the twUus vector 



Kiti. U® 



4:i4. 


TUFaHIX AXU l*UA<"ri«XK MKrliWir.'i iliiu*, %it 
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